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A kind of delayed predator-prey system with harvesting is considered in this paper. The influence of harvesting and delay is
investigated. Our results show that Hopf bifurcations occur as the delay 7 passes through critical values. By using of normal form
theory and center manifold theorem, the direction of Hopf bifurcation and the stability of the bifurcating periodic solutions are
obtained. Finally, numerical simulations are given to support our theoretical predictions.

1. Introduction

The classical predator-prey systems have been extensively
investigated in recent years, and they will continue to be one
of the dominant themes in the future due to their universal
existence and importance. Many biological phenomena are
always described by differential equations, difference equa-
tions, and other type equations. In general, delay differential
equations exhibit more complicated dynamical behaviors
than ordinary ones; for example, the delay can induce the loss
of stability, various oscillations, and periodic solutions. The
dynamical behaviors of delay differential equations, stability,
bifurcation and chaos, and so forth have been paid much
attention by many researchers. Especially, the direction and
stability of Hopf bifurcation to delay differential equations
have been investigated extensively in recent work (see [1-7]
and references therein).

After the classical predator-prey model was first proposed
and discussed by May in [8], there were some similar topics,
regarding persistence, local and global stabilities of equilibria,
and other dynamical behaviors (see [5, 9, 10] and references
therein). Recently, Song and Wei in [7] had considered a
delayed predator-prey system as follows:

x)=xt)[r,—ayx({t-1)—ayy®)], "
y () =y @) [-r, +ayx(t) —any (1)],

where x(t) and y(t) were the densities of prey species and
predator species at time ¢, respectively. The local Hopf bifur-
cation and the existence of the periodic solution bifurcating of
system (1) was investigated in [7]. When selective harvesting
was put into the predator-prey model similar to (1), Kar [11]
studied two predator-prey models with selective harvesting;
that is, in the first model, selective harvesting of predator
species:

% (t) = x(t) [g (%) - yp (x)],
(2)
y@)=y@)[-d+axp(x)] —qEy(t - 1),

and, in the second model, selective harvesting of prey species:

%(t) = x (1) [9(x) ~ yp ()]~ gEx (¢ ~ 1),
(3)
3 (6) = y () [~d + axp (x)]

had been considered by incorporating time delay on the
harvesting term. They found that the delay for selective
harvesting could induce the switching of stability and Hopf
bifurcation occurred at T = 13,.
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Recently, Kar and Ghorai [9] had investigated a predator-
prey model with harvesting:

t
xmzﬁxm—hggylgg%%?—qmn,()
4
() = (t)r_M _ (t)
4 4 2 x(t-1)+k, @y

They obtained the local stability, global stability, influence of
the harvesting, direction of Hopf bifurcation and the stability
to system (4). Motivated by models (1)-(4), we will consider
a predator-prey system with delay incorporating harvests to
predator and prey:

c () = __x® ]

x(t)—x(t)[l kl—ay(t)] hyx (t), 5
5

) (1) = A Gl N

y(t)—y(t)[l k2+bx(t—‘r)] hyy (t),

where x(t) and y(t) represent the population densities of prey
species and predator species, respectively, at time ¢; a, b, h;,
h,, k,, and k, are model parameters assuming only positive
values; k; measures the scale whose environment provides
protection to prey x; k, denotes the scale whose environment
provides protection to predator y; T means the period of
pregnancy; x(t — 7) represents the number of prey species
which was born at time ¢ — 7 and still survived at time ¢; h,
and h, represent the coeflicients of prey species and predator
species, respectively. We always assume that 0 < h; < h, <1
in this paper.

The organization of the paper is as follows. The stability
of the positive equilibrium and the existence of the Hopf
bifurcation are discussed in Section 2. The effect of harvest-
ing to prey species and predator species is investigated in
Section 3. The direction of Hopf bifurcation and stability
of the corresponding periodic solution are obtained in
Section 4. Numerical simulations are carried out to illustrate
our results in Section 5.

2. Stability of Positive Equilibrium and
Hopf Bifurcation

By simple computation, if k; + k,a(h, — 1) > 0 holds, system
(5) admits a unique positive equilibrium E*(x*, y*):
o (1=h) [k +hka(h,-1)]
l+ab(1-h)(1-h,) ’
. (1-h,) [ky + kb (1~ hy)]
l+ab(1-h)(1-hy) °

Letx; = x—x",x, = y—y", and then we get the linear system
of (5):

X, (t) = —a;,x; (t) —apx, (t), -
X, (t) =ayx, (t—7) —ayx, (t-1),
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where a,, = x*/(k, — ay*), a;, = ax**/(k, — ay")?, ay, =
by*z/(k2 +bx*),a,, = 9" [(ky +bx"™). From linear system (5)
the characteristic equation is as follows:

A+ A (an + a/zze_’h) +(ay,ay; + a1,0,) eM=0. (8

Roots of system (8) imply the stability of the equilibrium E*
and Hopf bifurcation of system (5). Obviously, A = 0 is not a
root of system (8). For 7 = 0, system (8) becomes

A+ (a1, + ag) A + (3,45, + ay5ay,) = 0. €)

It is obvious that the root of system (9) has negative real part.
Now, for 7 > 0, if A = iw(w > 0) is a root of (8), then we have

—w* +iw (au + azze_“”) +(ay a5 + apa, ) e T = 0.

(10)
Furthermore,
~w” + gy sin T + (ay,ay, + d;,ay,) cOSWT = 0,
(11)
41,0 + Ay cOs WT — (ay,85, + A1, ) Sin 0T = 0,
which lead to polynomial equation
4 2 2\ 2 2
w + (an - azz) w” = (ay,ay, +apa,)" =0. (12)
It is easy to see that (12) has one positive root
2 1/2
w=2(e, -, +vE)", (13)

where A = (af1 - agz)2 + 4(a;,ay, + a;,a,;). By (11), one gets
that

1 ? j
T, = —arc cos G2 @ ¥ _271])
j 22 2w
w ay, + (auazz + a12a21) (14)
i=0,1,....
Let
A1) = a(r) +iw(T) (15)

be a pair of purely imaginary roots of (8), such that
« (‘rj) =0, w (‘rj) = w. (16)

Next, we will prove A(7;) meets the transversality conditions;
taking the derivative of system (8) with respect to 7, one

derives that

%]

20 +ay, + azzef’h

—1e M [Aay, + (ay,a, + a1,05,)]
Ae™A [Aay, + (a,a9, + ay,a,,)]

20 +ay, +ane ™"

T
S de T [Aay, + (a1 0y, + ayya,)] A

17)
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which, together with (11), leads to

dr1™?
R -
e[dr]

T:Tj

Re { 20 +ay, +ape T ~ z}
Ae™M [Aay, + (ay,ay, + apay)] A =1
_Re { 20 +ay, +ape T }
Ae™A [Aay, + (a0, + a0y )] =1, (18)

2 4 2

= (Zazzw + [2(‘111‘122 +a1,0y,)
( 2 2) 2] 2
T \G11 ~ )8y | @

2 2
+ (“11 - %2) (41102, + a1,0,,) )

22 2\7! 0

X (w'ay, + (ay,ay, + a,0,;) > 0.

So, we have

. dA
sign {Re [E] }‘r:‘rj > 0. 19)

Thus, we can obtain the following lemma.

Lemma 1. If k; + kya(h, — 1) > 0 holds, then the following
results are true:

(i) when T = 0, the positive equilibrium of E* of system (5)
is locally asymptotically stable;

(i) when 0 < T < T, the positive equilibrium of E* of
system (5) is locally asymptotically stable, and E* is
unstable when T > 1, where w, T; (j =0,1,...) can
be defined in (13), (14).

3. The Influence of Harvesting

Next, we will discuss the influence of the harvesting on system

(5).

Case 1 (only predator species is harvested). For h; = 0, and
the positive equilibrium of system (5) changes to E; (x}, y;),
where

.k +kya (h, - 1) . (1-hy) (k, +k,b)

T a(-h) VT T1tab(1-hy)
(20)

itis obvious that y; > 0and x] > O ifand only ifk, + k,a(h, -
1) > 0. Obviously, x| and y; are the continuous differentiable
functions with respect to h,; then, we have

dx; k,a + k,ab
L e L)
dh,  [1+ab(1-h,)]

dy? —k, kb
_— =< 0. 21
dh,  [1+ab(1-hy)) @

Theorem 2. If k| + kya(h, — 1) > 0 holds, then xj is
the monotonic increasing function of h,, y; is the monotonic
decreasing function of h,; that is, when h, increases, the density
of prey species will increase, the density of predator species will
decrease.

Case 2 (only prey species is harvested). For h, = 0, and
the positive equilibrium of system (5) changes to E; (x5, ¥, ),
where

. (1 -hy) (k1 - kza)

. Ky +kib(1-hy)
X' = _
’ L+ab(l1-hy)

T T a0 oh)
(22)

it is obvious that y, > 0 and x; > 0 if and only if k; — k,a >
0. Obviously, x; and y, are the continuous differentiable
functions with respect to hy; then, one get that

dxy _ k,a -k, <
dhy  [1+ab(1-m))
(23)
dy: -
dy, _ kyab - kb <0

dhy  [1+ab(1-h))

Theorem 3. If k;, — k,a > 0 holds, then x; and y, are the
monotonic decreasing functions of hy; that is, if h, increases,
then the density of prey species and predator species will
decrease; on the contrary, if h, decreases, the density of prey
species and predator species will increase.

Case 3 (predator species and prey species are harvested
simultaneously). For h,h, # 0, the mixed derivative of x* and
y" are given by

ox* - [k, +ak, (h, —1)]

oh, [1+ab(1—h1)(1—h2)]2

ox*  (1-hy) [k, +k,b(1-hy)]a

O, [1+ab(1-h)(1-hy)]’
(24)
By b~ 1) [k, + aky (i~ 1)

oh, [1+ab(1-hy)(1-h)]*

>

' —ll+kb(1-h)]
oh, [1+ab(1-hy)(1 —hz)]2

<0.

Theorem 4. Ifk, + k,a(h, — 1) > 0 is valid, then the densities
of prey species and predator species will both decrease when
harvesting rate h, increases; on the contrary, the density of prey
species will increase and predator species will decrease when
harvesting rate h, increases.

4. Direction and Stability of Hopf Bifurcation

Motivated by the ideas of Hassard et al. [12], by applying the
normal form theory and the center manifold theorem, the
properties of the Hopf bifurcation at the critical value 7 = 7;
are derived in this section.



Lett = s7, x;,(s7) = X;(s),i = 1,2, T =Ty + 4, 4 € R; 1
is defined by (14), we still denote X;(s) = u;(s) and s = ¢,
then system (5) is transformed into functional differential
equations in C([-1,0], R%) as

() =L, () + f (), (25)

- teen(d P8
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where u(t) = (ul(t),uz(t))T € Rz,ut(e) =u(t+0),0 € [-1,0],
and L, : C([-1,0;R*) — R, f: RxC([-1,0];R*) — Rare
given by

)+ (e, o) (6n) (26)

192 (0) + ¢, (0) ¢, (0) + ;67 (0)

fwd)=(1+u)

cipy (Z1) ¢ (0) = st (=1) + sy (=1) §, (=1) = ¢, (0) ¢y (1)

e; — e, (0) 27)

where
¢ =a(x"), ¢ =2a°x"y* - 2ak,x",

¢ = 2ak,y* —a’ckly®,
*\2
& =b"(y")",

¢ = 2kbx” + 12 + B (x")’,

* ok

¢, = bkyy" +b’x*y",
¢ = koby* +b°x"y,
(28)

e =(k-ay), e =alk-ay),
es=(k,+bx")’, e, =b(k, +bx")’.

By Riesz representation theorem, there exists a function
(6, u) of bounded variation for 8 € [-1, 0], such that

0
L= dn(6,u)¢©). (29)
-1

We choose

16 =+ (75" 762)00)
(30)
0 0
+ (7o + ) <a21 ~a,,

where § is the Dirac delta function. For ¢ € C'([-1,0],R?),
we define

>6(6+1),

d¢ (0)
- -1<60<0
Ap) ¢ (0) = Ode
| dn(suwe(s), =0, (31)
0 1<6<0
R 0)=4" B
(1) $ ©) {fw), L

Then, system (25) can be transformed into an operator
differential equation of the form

i = A(p)up + R () uy, (32)

e; +euy (-1)

where 1,(0) = u(t + 0), for 6 € [~1,0]. For v € C' ([0,1],
(R*)*), we define

—M 0<s<1

A" (Wy6s)=1 o dST) (33)
J—l dl’] (t)o)‘//(—f)) s=0

and a bilinear inner product

(v(©).90) =" (©0)¢(0)
(- (34)
- L LZOW (&-0)dy(0)¢ (&) dé,

where (6) = (6, 0); then, A(0) and A™ are adjoint operators.
Noting that +iwt, are eigenvalues of A(0), thus, they are also
eigenvalues of A*. In order to calculate the eigenvector g(6)
of A(0) corresponding to the eigenvalue iwt, and p(s) of A™
corresponding to the eigenvalue —iwt,, let q(0) = (1,a)"

%9 be the eigenvector of A(0) corresponding to iwt,; then,
A(0)gq(0) = iwTyq(6).
By the definition of A(0) and (26), (30), then,

—iw - ay, —ayp (0
Ty ( a21e—zwro i — azze—zw‘ro > q(0)= <0> . (35)

Thus, we can get
L \T
4 = (Le” = (1,22 (36)

Similarly, let p(s) = D(1, [3)Te"“’7"S be the eigenvector of A”
corresponding to —iwty; by similar discussion, we get f =
(ay, - iw)/ay ™.
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In view of standardization of p(s) and g(0); that is,
(p(s),q(0)) = 1, we have

(p(s),q(0)
=D(LB) (L)'

J- ino(f*B)dq (9) (l,(X)TeinOEdE

-f,
{Mﬁ
D]

1+ ap + 1, % (ay - ocazz)}.

i
ol

(1, B) 6*%dn (6) (1, ) }

(37)

Thus, choose D = [1 + & + 7,8e“™(a,, — &a,,)]”". Next,
we will quote the same notation (see [13]), we first compute
the coordinates to describe the center manifold C, at 4 = 0.
Define

W (£,6) = u, (6) - 2Re {z (t) g (6)} .

(38)

z(t) ={p. ),

On the center manifold C,,, we have

W (t,0)=W(z(t),z(t),0)

22 22
=W20(0)? +W11(0)ZE+W02(6)? .

(39)

z and z are local coordinates for center manifold C, in the
direction p and p; noting that W is real if u, is real, we only
consider real solution u, € C, of (25). Since ¢ = 0, then we
have

2 (t) = iwtyz + p(0) £ (0,W (2,Z,6) + 2Re {z (t) g (0)})

© itz + 7 (0) £, (2.2).

(40)
We rewrite this equation as
z(t) =iwtyz + g (2,2), (41)
where
9(2.2) = p(0) fo (2,2)

2 2 (42)
:g20(0)3+gu (9)zZ+g02(6)?+ .

NOting ut(e) = ((/)1 (6)’ ((52 (6))T = W(t, 6) + Zq(@) + Z_q(e) and
q(0) = (1, )" e"“™?, we have

2
¢ (0)=z+z+WD (0)%
22
+W(0) zz + W (0) -+
ZZ
¢, (0) = za + Za + WP (0) =

=2
— z
+W? (0) 2z + W2 (0) S
(43)
2
i — z
¢y (-1) = ze % + 2™ + W (1) =
22
FWH D2 Wy (D) Sk
é, (-1) = zae " + zwe ™ + W (-1) =
2 - 20 2
—2

— z
+ W (1) zz+ W2 (-1) R

From (27), (42), we obtain that

—_ |1 B
a0 = 2D71y | — (c3 + cloc2 + ro) + E
€ €3
™ (_Cse—ZIw‘ro + C6(xe—21w‘ro
+C4(X€_lwro _ 07062€_le°) ,
— 1 _ . B
g1 = D1y {— [2¢ + 2@ + ¢, (a + @) ] + —
€ €3

X [—265 + G (o + @) + ¢, (@e ™™ + oce"”‘))

— —iwT, — iwT,
—c7(occxe '“’°+oc(xe'w°)]]>,

Goo = 2510 — (63 + cl&z + oﬁ) + ﬁ
1 €3

2iwT, — 2T,
X (—cse T+ cooe™ T

iwTy —2 iwTt, )
b

toae " —cae



— 1
9 = D1y {e_ [Cs (ZWZ%) 0) + 4W1(11) (0))

1

+¢ (2057 (0) + 4aW,} (0))
+ 6, (aWyy) (0) + W3 (0) + 2aW}’ (0)

6
+2W1(f) (0)) + 2% +2(x + 2a)
€

xe— +2(oc2 +2(x&) %]

LB
€3
y [—CS (zeiw‘rng(é) (-1) + 4e—ingW1(11) (—1))
o (B WS 1)+ W ()
+2¢7 W (-1) +20e WP (-1))
o (@) (<1 + w2 (0)
127w (0) + 20w (1))
— ¢ (@ (1) + @ W (0)
£2ae W (0) + 2aW (-1))

+ 6e,Cs e T _ 2e466

€3 €3

x (&e—iwro + 2(xe—iw70) _ 26464
€3

— =2i 2e
X (oce WTo Zoc) + 269
€3

X (&(xe_zm" +ox + (xz) ] } .
(44)

Because g,, contains W,, and W,;, from (32) and (38), we
have

W=i,-2q-7q

_ [AW —2Re {p(0) foq(6)}, -1<6<0,
AW -2Re{p(0) foq (O} + fo, =0, =
AW + H (2,2,6),
where
2
H(z(0,2(1),6) = Hy (0) 5 + Hy, (0) 2
(46)

—2
+H02(6)Z?+---.
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Substituting the corresponding series into (45) and compar-
ing the coefficients, we have

(A = 2iwty) Wy (0) = —H,, (0),

(47)
AW, (8) = -H,, (0),....
From (45), we know that for 6 € [-1,0), we have
H(z(t),Z(t),0) = -p(0) £,4(6) - p(0) £, (0) "

=-9(2,2)q(0)-g(22)q(0).
Comparing the coeflicient with (46) yields that for 6 € [-1,0)

Hyy (8) = =20 (8) — 90,9 (9)» (49)
Hyy (0) = —g119(0) - ?115(9) . (50)

From (47), (49) and the definition of A, it follows that
Wy, (0) = 2iwt,W,, (0) + 9209 0) +G,q(0), (51

taking notice of g(0) = (1, o) Te™%; hence,

~‘902 q(o) e—lw'rge 4 E1e21w1’00
3iwT,

>

i iWT,
Wy, (60) = %q(O)e W _
0

(52)

where E, = (Egl),Egz)) € R?is a constant vector. By the
similar way, we have

i T,
Wiy () = =Tt q (0) ¢ -

.gll q(o) e—iw-rOG + EZ, (53)
0 iwT,

where E, = (Egl), Egz)) € R? is a constant vector.
Next, computing E, and E,, from the definition of A and
(47), one then obtains

0
L dn (6) Wy, (6) = 2iwty Wy (0) — Hy (0), (54)

0
| an@w,© -, 0. 55

where #(0) = 7(0, 0). Furthermore, we have
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1 (c3 +6a’ +6a)
H,, (0) = =g509 (0) — 9,9 (0) + 27, é

1 i 5 . . ) (56)
— (—csef W 4 e + e — i ef"‘”“)
€3
1 _
— (& + qa@ + ¢, Re {a})
Hy; (0) = —g1,9(0) - ,,G(0) + 25, [ 4 Rel R fogin . B (57)
— (—c; + s Re{a} + ¢, Re jae™ 0 — ejoxe 0
L (v el v Refoe™] - e fe)
Substituting (52) and (56) into (54) and noting that Namely,
o
<inOI - J e“""dy (9)> q(0) =0,
-1
(58)
o 0 2iw + ayy ap B
<_inoI - J e d’7 (6)> Q(O) =0, —a21e_2wT0 2iw + azze_szo !
-1
it implies that 1 (c3 +oa’+ ozoz)
=2 €1
0 ) = (. 2wty —2iwT —iwTy _ 2 —iwty
(ZinOI _ -L e g (9)) E, ; (-cse + cgote +cyoe cate ) o
1 2
. (C3 +qa” + czoc)
=2 ) ! ) ) )
Z (_Cse—Zzwro + Cﬁtxe—hwrg + C4ae—zwro _ 070‘22—11010)
3
(59) " Then it yields that
1 (% +qa’ + ozoc) a;,
ED = 2 €
1= . , s
Ay |= [(—c5 o L (c4oc - c7(xz) e‘”‘”‘)] 21w + a,,e Hm
€3
(61)
. 1 2
o 2 2iw + ay; . (03 + +¢'ro)
El = 1 1 . . >
Ay |-, e72n o [(—c5 +coot) €20 4 (c4(x - c7a2) e""‘”"]
3
where Similarly, we get
| 2iw+ayp a;,
A _aZIe—Zzw‘ro 2iw + azze—Zzwro . (62)
1 _
" ) 6_1 (6 + qaa + ¢, Re {a}) ap,
P | ) ) >
Ay = (—c5 +csRef{a} + ¢ Re {oce'“’TO} - ¢ Re {(xae'“’%}) )
€3
) (63)
5 | — (& + qa@ + ¢, Re {a})
E(z) - = €
2 A2

-0y i (—65 + ¢s Re{a} + ¢, Re {aeiw‘ro} ~ ¢ Re {(Xaeiw‘ro}) ?
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40 60 80 100 20 40 60 80 100
Time Time
—s— hy =0.50 —+— hy =0.50
—— h, =040 —— h, =040
—— h, =030 —— h, =030

FIGURE 1: When h, = 0.4 and h, decreases, prey species x decreases and predator species y increases.

40 60 80 100 40 60 80 100
Time Time
—— h, =0.50 —x— h, =0.50
—+— hy =0.60 —— h, =0.60
—— h, =0.70 —— h, =0.70

FIGURE 2: When h; = 0.4 and h, increases, prey species x increases and predator species y decreases.

6
& )
40 60 80 100 0 20 40 60 80 100
Time Time
—— h; =040 —*— h; =040
—— h; =030 —— h; =030
—— h; =0.20 —— h; =0.20

FIGURE 3: When h, = 0.5 and h, decreases, prey species x and predator species y increase.
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Time
—— h; =040
—— hy =0.50
—— h; =0.60

FIGURE 4: When h, = 0.5 and h, increases, prey species x and predator species y decrease.

X
40 60 80 100
Time
—+— h; =040
—— h; =0.50
—— h; =0.60
x
0 20 40 60 80 100
Time
8
6|
y 4r
2L
0

Time

4
3
x 2
1
0

8
8
6
y 4r
2L
0

0 1 2 3 4 5 6 7 8

Time

FIGURE 5: When 7 = 2.9 > 7, = 2.8015, prey species x and predator species y coexist; when 7 = 5 > 7, = 2.8015, prey species x goes to

extinct.

where

apn
—d)

ap

A, = . (64)

ay

Through simple computation, we determine W,,, W;, from
(52) and (53); further, we can determine g,,. Therefore, gij in
(44) can be expressed by the parameter and delay; hence,

. 2
i
C,(0) = Yot (920911 - 2|911|2 - @) + %,
0

__Re{C, (0} _
= TR () { =2Re{C, (0)}, (65)
_Im{C, (0} + pIm {)' (z,)}

- >

wWT,

which determine the qualities of bifurcation periodic solution
of the critical value 7.

Theorem 5. (i) u, determines the direction of Hopf bifurca-
tion: if u, > 0 (<0), then Hopf bifurcation is supercritical

(subcritical), and the bifurcating periodic solutions exist for
T> 1) (T <Tp)

(ii) ¢ determines the stability of the bifurcating periodic
solutions: the bifurcating periodic solutions are stable (unsta-
ble) if{ < 0 (¢ > 0). T determines the period of the bifurcating
periodic solution: the period increases (decrease) if T > 0
(T <0).

5. Numerical Simulations

In this section, we consider a delayed predator-prey system
with harvesting as follows:

o w0
x(t) = x(t) <1 10- 15y (t)> 0.4x (1), o
) (8) = _ M) _
y(t)—y(t)<1 610 =D 0.5y (t).
Because (H,) holds, from (14), we obtain that
dA
sign {Re [E] ]»T_Tj >0, 7, =2.8015. (67)

The unique positive equilibrium is E* = (2.907, 3.436).
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FIGURE 6: When 7 = 2.9 > 7, = 2.8015 and h, increases, prey species x and predator species y become stable; when h, increases, prey species
x and predator species y also become stable.
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FIGURE 8: When 7 = 2.7 < 7, = 2.8015, the positive equilibrium E* of system (5) is asymptotically stable.
If h = 0.4, when h, decreases, then prey species As discussed, our results show that the delay 7 affects the

decreases and predator species increases (see Figure 1); when
h, increases, prey species increases and predator species
decreases (see Figure 2); If h, = 0.5, when the values of
harvesting h; decreases, then both predator species and prey
species will increase (see Figure 3); on the other hand, when
hy increases, then both predator species and prey species will
decrease (see Figure 4).

When parameter 7 is little bigger than the critical value
7,5, system (5) will become unstable and predator species
and prey species can coexist; when 7 increases much more,
prey species will go to extinct (see Figure 5). Moreover, from
Figure 6, we can see that system (5) is unstable when 7 passes
through the critical value 7,. By controlling the harvesting
rates h; and h,, respectively, the stability of positive equilib-
rium to system (5) can been changed. Similarly, when 7 < 7,
system (5) is stable; if we decrease the harvesting rate h,, then
the stable system becomes unstable one (see Figure 7).

Since u, < 0, < 0, Hopf bifurcation is subcritical and
the positive equilibrium E* is asymptotically stable for 0 <
T < T, (see Figure 8); when 7 > 7, E* loses its stability and
Hopf bifurcation occurs; that is, a family of periodic solutions
bifurcate from E” (see Figure 9).

stability of system (5) and harvesting rates i, and h, also affect
the stability of system (5).

6. Conclusion

In our model, the harvesting term has been introduced
into the model (5); by applying the normal form theo-
rem and the center manifold theorem, we investigate the
dynamical behaviors of the delayed predator-prey model
with harvesting term and obtain the influence of harvesting
term on the prey species and predator species. Further,
we prove that the influence of the harvesting rates h; and
h, to the stability of system (5), by controlling harvesting
rates h; and h, of prey species and predator species, which
makes the unstable (stable) system become stable (unsta-
ble).

Our results show that Hopf bifurcations occur as the delay
T passes through critical values 7, = 2.8015. When 7 < 7, the
positive equilibrium E* of system (5) is asymptotically stable;
when 7 > 7, the positive equilibrium E* of system (5) loses
its stability and Hopf bifurcations occur.
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