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The purpose of the paper is to present a new iteration method for finding a common element for the set of solutions of equilibrium
problems and of operator equations with a finite family of A;-inverse-strongly monotone mappings in Hilbert spaces.

1. Introduction

Let H be a real Hilbert space with the inner product (., -)
and the norm || - ||, respectively. Let C be a nonempty closed
convex subset of H, and let G be a bifunction from C x C into
(—00, +00). The equilibrium problem for G is to find u™ € C
such that

Gu",v)=0, VWveC. (1)

The set of solutions of (1) is denoted by EP(G).

Equilibrium problem (1) includes the numerous problems
in physics, optimization, economics, transportation, and
engineering, as special cases.

Assume that the bifunction G satisfies the following
standard properties.

Assumption A. Let G : Cx C — (—00, +00) be a bifunction
satisfying the conditions (Al)-(A4):
(A1) G(u,u) =0, YVu € C;
(A2) G(u,v) + G(v,u) <0, Y(u,v) € CxC;
(A3) for each u € C, G(u,*) : C — (-00,+00) is lower
semicontinuous and convex;
(A4) lim, _ ,,G((1 - t)u + tz,v) < G(u,v), V(1,z,v) € C x
CxC.

Let {T;}, i = 1,...,N, be a finite family of k;-strictly
pseudocontractive mappings from C into C with the set of
fixed points F(T;); that is,

F(T;))={xeC:Tx = x}. (2)

Assume that

N
$ = F (T)) NEP (G) #0. (3)

i=1
The problem of finding an element
u'es (4)

is studied intensively in [1-27].

Recall that a mapping T in H is said to be a k-strictly
pseudocontractive mapping in the terminology of Browder
and Petryshyn [28] if there exists a constant 0 < k < 1 such
that

ITx=Ty|> < |x -y +k|d -T)x =T -T) y|’, )

for all x, y € D(T), the domain of T, where I is the identity
operator in H. Clearly, if k = 0, then T' is nonexpansive; that
is,

IT G -T ) < x5 (6)
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We know that the class of k-strictly pseudocontractive
mappings strictly includes the class of nonexpansive map-
pings.

In the case that T; = I, (4) is reduced to the equilibrium
problem (1) and shown in [5, 23] to cover monotone inclusion
problems, saddle point problems, variational inequality prob-
lems, minimization problems, Nash equilibria in noncooper-
ative games, vector equilibrium problems, and certain fixed
point problems (see also [29]). For finding approximative
solutions of (1) there exist several methods: the regularization
approachin [7, 9, 15, 24, 30, 31], the gap-function approach in
(8,15, 16, 18, 19], and the iterative procedure approach in [1-
4,6, 8,11-14,19-22, 32, 33].

In the case that G = 0 and N = 1, (4) is a problem
of finding a fixed point for a k-strictly pseudocontractive
mapping in C and is given by Marino and Xu [17].

Theorem 1 (see [17]). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let T : C — C be a k-strictly
pseudocontractive mapping for some 0 < k < 1, and assume
that

F(T) #0. (7)
Let {x,} be the sequence generated by the following algorithm:
xq € C,
I = Oy + (1= ) T,
Co={zeCtly, 2l <|x, -2l
(8)
+(1-a,) (k-a,)|x, - Txn"z} ,
Q,={zeC:(x,-2z x,-x,) 20},
Xn+1 = Pcannxo-

Assume that the control sequence {«,,} is chosen so that e, < 1
for alln. Then {x,;} converges strongly to Pyr)x,, the projection
of x, onto F(T).

For the case that G = 0 and N > 1, (4) is a problem of
finding a common fixed point for a finite family of k;-strictly
pseudocontractive mappings T; in C and is studied in [27].

Let x, € C and {«,}, {8,}, and {y,} three sequences in
[0, 1] satistying «,, + 3, + y,, = 1 for all n > 1, and let {u,,} be
a sequence in C. Then the sequence {x, } generated by

xp = oyxg + By Tyx, + vy,

Xy = 0% + BT, + pathy,

)

xy = anXn_g + BNTNXN + Vntine

xXN+1 = AN XN B T1XNe1 + YN Uns 1
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is called the implicit iteration process with mean errors for a
finite family of strictly pseudocontractive mappings {T;},.
The scheme (9) can be expressed in the compact form as

Xy = 0y Xy 1 T /jnTnxn + Yuln> (10)
where T, =T, .04 N-

Theorem 2 (see [27]). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let {T;}~| be a finite family
of strictly pseudocontractive mappings of C into itself such that

N
(E(T,) #0. (1)
i=1

Let x, € C and let {u,} be a bounded sequence in C; let
{a,}, {B,), and {y,} be three sequences in [0, 1] satisfying the
following conditions:

Do, +B,+y,=1,Vn>1;
(ii) there exist constants 0,0, such that 0 < o, < 8, <
0, <L, Vn>1;

(iif) 33,2, v < co.
Then the implicit iterative sequence {x,} defined by (9) con-
verges weakly to a common fixed point of the mappings {T;}~ .
Moreover, if there exists iy € {1,2,...,N} such that T; is
demicompact, then {x,} converges strongly.

If G is an arbitrary bifunction satisfying Assumption A
and N = 1, then (4) is a problem of finding a common ele-
ment of the fixed point set for a k-strictly pseudocontractive
mapping in C and of the solution set of equilibrium problem
for G (see [26]).

Theorem 3 (see [26]). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let G be a bifunction from
C x C to (00, +00) satisfying Assumption A, and let T be a
nonexpansive mapping of C into H such that

F(T)NEP(G) +0. (12)
Let f be a contraction of H into itself and let {x,} and {u,} be
sequences generated by x, € H and
G (u,, y) + 1 (y —tu,—x,) 20, VyeC,
" (13)
Xne1 = “nf (xn) + (1 - “n) Tun’
foralln € N, where {«,} C [0,1] and {r,}} c (0, c0) satisfy

[ee)

[ee]
nangoan =0, Zocn = 00, Z |ty — at,| < 00,
n=1 n=1
[ee]
llnrr_l)lorcl)fl’n >0, z; |7e1 = 7] < 00
e

(14)

Then, {x,} and {u,} converge strongly to z € F(T) n EP(G),
where

z = Pypynepc) f (2) - (15)
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Set A; = I — T;. Obviously, A; are A;-inverse-strongly
monotone; that is,

(A; (0 - A; (1), x -y 2 M)A, (0 - A, )
(16)
Vx,y € D(4;),

From now on, let {A;}Y, be a finite family of A,-inverse-
strongly monotone mappings in H with C ¢ ﬂf\:rl D(A;) and
A; > 0,i = 1,...,N. On the other hand, if there exists i, €
{1,2,..., N} such that A; > 1, then A, is a contraction; that
is, |4, (x) = A; (DI < (1/4;)lIx = yl with 1/4; < 1. And
hence, A; has only one solution and, consequently, the stated
problem does not have sense. So, without loss of generality,
assume that0 < A; <1,i=1,...,N.

Set

s={s» 17)

where S; = {x € C: A;(x) = 0} is the solution set of A; in C.
Assume that EP(G) N S # 0.
Our problem is to find an element

u* e EP(G)NS. (18)

Since the mapping A = I — T is (1/2)-inverse-strongly
monotone for each nonexpansive mapping 7', the problem
of finding an element u* € C, which is not only a solution
of a variational inequality involving an inverse-strongly
monotone mapping but also a fixed point of a nonexpansive
mapping, is a particular case of (18).

For instance, the case that G(u, v) = (A(u), v — u), where
A is some inverse-strongly monotone mapping and N = 1, is
studied in [25].

Theorem 4 (see [25]). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let A > 0. Let A be a A-
inverse-strongly monotone mapping of C into H, and let T be a
nonexpansive mapping of C into itself such that

F(T)NVI(C,A) #90, 19)

where VI(C, A) denotes the solution set of the following
variational inequality: find x* € C such that

(A(x"),x-x")>0, VxeC. (20)
Let {x,} be a sequence defined by
xy €C,
(21)

Xyl = OpXp + (1 - ‘xn) TP: (xn -A,A (xn)) >
for everyn = 0,1,..., where {A,} C [a,b] for some a,b €

(0,21) and {a,} < (c,d) for some c,d € (0,1). Then, {x,}
converges weakly to z € F(T) N VI(C, A), where

z= ,,h_{%op F(T)NVI(C,A) Xn- (22)

The following theorem is an improvement of Theorem 4
for the case of nonself-mapping.

Theorem 5 (see [34]). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let A be a A-inverse-strongly
monotone mapping of C into H, and let T be a nonexpansive
nonself-mapping of C into H such that

F(T)nVI(C,A) #0. (23)

Suppose that x; = x € C and {x,,} is given by
Xpe = Po (o + (1= o) TP (x, = 4,A(x,)))  (24)
for everyn = 1,2,..., where {«,} is a sequence in [0, 1) and

{A,.}is a sequence in [0, 2a]. If {o,,} and {A, } are chosen so that
A, € la,b] for some a, bwith0 < a < b < 2a,

o0
lim «, =0, thn = 00,
n=1

n— 00

(25)

e}
Z |(xn+1 - ‘an < 00,
n=1

[ee]

Z |An+1 - /\nl < 00,
n=1

then {x,} converges strongly to Pr(r)nyy(c a)X-

We know that A-inverse-strongly monotone mapping is
(1/A)-Lipschitz continuous and monotone. Therefore, for the
case that G(u,v) = (A(u),v — u), where A is not inverse-
strongly monotone, but Lipschitz continuous and monotone,
Nadezhkina and Takahashi [35] prove the following theorem.

Theorem 6 (see [35]). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let A be a monotone and
k-Lipschitz continuous mapping of C into H, and let T be a
nonexpansive mapping of C into itself such that

F(T)NVI(C,A) #0. (26)
Let {x,}, {y,}, and {z,} be sequences generated by
xy=x €C,
Yn = PC (xn - AnA (xn)) >

Zy = PC (xn - AnA (yn)) >

(27)
C,={zeC:|z,~ 2| < |x, - 2|},
Q,={zeC:(x,-z,x-x,) 20},
Xui1 = Ponq,X
for everyn = 0,1,..., where {A,} C [a,b] for some a,b ¢

(0,1/k) and a,, C [0, c] for some c € [0, 1). Then the sequences
{x,} {yu}, and {z,,} converge strongly to Prryqyr(c,a)X-

Some similar results are also considered in [36, 37].

Buong [38] introduced two new implicit iteration meth-
ods for solving problem (18).

We construct a regularization solution u,, of the following
single equilibrium problem: find u,, € C such that

F (u,,v) =20, VYveC, (28)



where

N
F (u,v) =G u,v) + Zaﬁ"Gi (u,v) + o, (W, v—uy,
i=1
(xn > O’ (29)
G (u,v)=(A;(m),v-—u), i=1,...,N,

O<p <py <1, i=2,...,N-1,

and {«,,} is the positive sequence of regularization parameters
that converges to 0, asn — +0o0.
The first one is the following theorem.

Theorem 7 (see [38]). For each «, > 0, problem (28) has a
unique solution u,, such that

(i) lim,, _, ,oou, = u*, u” € EP[G)NS, [u™| < lyl, Vy €
EP(G)NS;

(ii)

=t = (') =%l o

n

where d is a positive constant.

Next, we introduce the second result. Let {¢,} and {y, } be
some sequences of positive numbers, and let z, and z, be two
arbitrary elements in C. Then, the sequence {z,} of iterations
is defined by the following equilibrium problem: find z,,,; €
C such that

N
En <G (Zn+1> V) + Z“ﬁiGi (Zn+1> V) + “n<zn+1’ V- Zn+1>>
i=1

+ <Zn+1 —Zp V- zn+1> - Yn<zn —Zy-pV - Zn+1> 20,

Vv e C.
(31)

Theorem 8 (see [38]). Assume that the parameters €, y,, and
«,, are chosen such that

(1) 0<¢ <G,0<y, <y
(i) Y2, b, = +00, b, = G, /(1 + G,x,),
(i) Y2y Vb 12, = Zuoall < +00,
(iv) lim,,_, o, = 0,lim,, , (I, — &, 1 /ex,,b,) = 0.

Then, the sequence {z,)} defined by (31) converges strongly to the
element u*, asn — +oo.
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In this paper, we consider the new another iteration
method: for an arbitrary element x, in H, the sequence {x,,}
of iterations is defined by finding u,, € C such that

G (U y) + Uy =X,y —14,) 20, VyeC,

N
Xp+1 = PC (xn - :Bn [xn U, t Z“ziAi (xn) + ‘xnxn:| )
i=1

N
= PC (xn - ﬁn [Z“ﬁiAi (xn) + (1 + (xn) Xn — un:| ) >
i=1
(32)
where P is the metric projection of H onto C and {«,} and
{B,} are sequences of positive numbers.
The strong convergence of the sequence {x,} defined by

(32) is proved under some suitable conditions on {«,} and
{B,,} in the next section.

2. Main Results

We formulate the following lemmas for the proof of our main
theorems.

Lemma 9 (see [9]). Let C be a nonempty closed convex subset
of a real Hilbert space H and let G be a bifunction of C x C
into (—00, +00) satisfying Assumption A. Letr > 0 and x € H.
Then, there exists z € C such that

1
G(z,y)+;(z—x,y—z>20, Vy e C. (33)

Lemma10 (see [9]). Let C be a nonempty closed convex subset
of a real Hilbert space H. Assume that G : C x C —
(—00, +00) satisfies Assumption A. Forr > 0 and x € H, define
amapping T, : H — C as follows:
1
T, (x) = {zeC:G(z,y)+—(z—x,y—z) 20}, Vy e C.
r
(34)

Then, the following statements hold:
(i) T, is single valued;
(ii) T, is firmly nonexpansive; that is, for any x, y € H,

IT.(0) - T, < (T, () = T, (y), x =) (35)

(iii) F(T,) = EP(G);
(iv) EP(G) is closed and convex.

Lemma 11 (see [36]). Let {a,},{b,}, and {c,} be the sequences
of positive numbers satisfying the following conditions:

(i) a,,; <(1-b,a, +c,

(i) Y020 b, = +00, b, < 1, lim,,_, , . (c,/b,) = 0.

Then, lim a, =0.

n—+o00"'n



Abstract and Applied Analysis

Lemma 12 (see [38]). Let A be any inverse-strongly monotone
mapping from C into H with the solution set S, := {x € C :
A(x) = 0}, and let C, be a closed convex subset of C such that

SaNCy#0. (36)
Then, the solution set of the following variational inequality
(A(7),x-7) =0,

is coincided with S , N C,,.

Vx € Cy, ¥ € Cy, (37)

From Lemma 9, we can consider the firmly nonexpansive
mapping T, defined by
To(x)={z€C:G(z,y)+{(z-x,y-2) 20, Vy € C},
Vx € H.
(38)

From Lemma 10, we know that T|, is nonexpansive. Conse-
quently, A, := I - T, is (1/2)-inverse-strongly monotone. Let

Sp:=1{x€C:Ay(x)=0}. (39)
Then, S, = EP(G) and problem (18) are equivalent to finding
u" €S,NS. (40)

Now, we construct a regularization solution y, for (40)
by solving the following variational inequality problem: find
¥, € Csuch that

N
<Z“ZiAi ()’n)+“n}’n>"—)’n> >0, Vve C,
i=0

(41)
Ho=0<py < - <py <l

where the positive regularization parameter o, — 0,asn —
+00.

Now we are in a position to introduce and prove the main
results.

Theorem 13. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let G be a bifunction from C x C to
(—00, +00) satisfying Assumption A and let {Ai}ﬁ1 be a finite
family of A;-inverse-strongly monotone mappings in H with
Cc ﬂf\:]l D(A;)and A; > 0,i=1,...,N, such that

EP(G)NS#0, (42)

where EP(G) denotes the set of solutions for (1) and

N
S=()S» Si={xeC:A,(x)=0}. (43)

i=1

Then, for each «,, > 0, problem (41) has a unique solution y,
such that

(i) lim, _, , ooy, =u", u* € EP(G) NS,
(i) lu* < Iyl. Yy € EP(G) NS,

(iii)
o,

_(xm| *
B (Ju" ]| +dn), (44)

n

"yn - ym” <

where d is some positive constant.

Proof. From Lemma 12, we know that S is the set of solutions
for the following variational inequality problem: find u* € C
such that

(Ag(u"),v=-u") >0, VveC. (45)
If we define the new bifunction G, (u, v) by

Gy (u,v) = (A, (u"),v—u"), (46)
then problem (41) is the same as (28) with a new G(u, v), and
the proof for the theorem is a complete repetition of the proof

for Theorem 2.1in [38].
Set

1
L=max{2,A—,i=1,...,N}. (47)

O

Theorem 14. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let G be a bifunction from C x C to

(—00, +00) satisfying Assumption A and let {Ai}f\:]1 be a finite

family of A;-inverse-strongly monotone mappings in H with

CcY,D(A;)and A; > 0,i=1,...,N, such that
EP(G)NS+0, (48)

where EP(G) denotes the set of solutions for (1) and
S;={xeC:A,(x)=0}. (49)

Suppose that w,,, 3,, satisfy the following conditions:

&, B, > 0 (e, < 1), Jim o, =0,
|“n_an+1| —
-5 = 03 = 5>
e 2B, 7;)“"/3" * (50)

2

— LIN+1)+«

fim p, LV D)

n— 00 o

n

Then, the sequence {x,} defined by (32) converges strongly to
u* € EP(G) N S; that is,

lim x, = u* € EP(G)NS. (51)

Proof. Let y, be the solution of (41). Then,

N
yn=PC <yn_ﬁn [Z“ZiAi (yn)+anyn:|)' (52)
i=0



Set A, = |x, — y,ll. Obviously,

= Yl # 1Wer = 2l 53)

An+l = ||xn+1 - yn-f—l” < ||xn+1

From the nonexpansivity of PC, the monotone and Lipschitz
continuous properties of A;,i = >N, (41),(52),and y, =
Ty(x,), we have

”xn+1 - yn"

B [z (45 () - 4 ()

Ta, (xn_yn)]”>

N 2

Xn = Yn— ﬁn [Z“Zi (Ai ('xn) - Ai (yn)) +

i=0

Xn ('xn - yn)]

= "xn - ynllz
2

+ ﬂﬁ [i“ﬁi (A1 (xn) - Ai (yn)) + o, (xn - yn)]

- Zﬁn <Z(XZ" (Ai (xn) - Ai (yn))

+(xn(xn_yn)’xn_yn>

i=1 i

N 2
< "xn _yn"2 |:1 _zﬁn“n +/3i<2+ Zagi/\l +0‘n> :I :

(54)

Thus,

/
||xn+1 - yn“ < An(l - zﬁn“n + ﬁi(L (N + 1) + (Xn)z)l 2'

(55)
Therefore,
3 2 1/2
Aup < An(l - 2ﬁno‘n + ﬁn(L (N+1)+ an) )
lan B ‘xn+1| *
- dN
e (] an) (56)
<0, (1= )" B Sl gy sy,
“n
We note that, for € > 0,a > 0, b > 0, the inequality
b2
(a+b)23(1+£)<a2+—> (57)
€
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holds. Thus, applying inequality (57) for ¢ = «,f3,/2, we
obtain

0<A?

n+l

<2 (1-a,p,) (1+ ocnﬁn)

+ (‘xn ‘xn+1
&,

=% (1= 0B, - @B

)
+(“”“2ﬁ”“ (Ju U+dN) il (14 50,8, )

Set

b, = B, (5 + 505, )
(59)
C

_ (an %r1
n 2
B,

Then, it is not difficult to check that b, and ¢, satisfy
the conditions in Lemma 11 for sufficiently large n. Hence,

(] + dN)) 20,6, (1+ 3,8, ).

lim,, _, ;A% = 0. Since lim,, _, ., ¥, = u*, we have
nlLIréoxn =u €EP(G)NnS. (60)
This completes the proof. O

Remark 15. The sequences a, = (1 +n) 7,0 < p < 1/2, and

B = Voot with

1
0 - -
R (LN +1) +a,) (6D

satisfy all the necessary conditions in Theorem 14.
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