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Based on the methods presented by Song and Yuan (1994), we construct relaxed matrix parallel multisplitting chaotic generalized
USAOR-style methods by introducing more relaxed parameters and analyze the convergence of our methods when coefficient
matrices are H-matrices or irreducible diagonally dominant matrices. The parameters can be adjusted suitably so that the
convergence property of methods can be substantially improved. Furthermore, we further study some applied convergence results
of methods to be convenient for carrying out numerical experiments. Finally, we give some numerical examples, which show that

our convergence results are applied and easily carried out.

1. Introduction

For solving the large sparse linear system
Ax =D, 1)

where A is an n x 7 real nonsingular matrix and x,b € R", an
iterative method is usually considered. The concept of matrix
multisplitting solution of linear system was introduced by
O’Leary and White [1] and further studied by many other
authors. Frommer and Mayer [2] studied extrapolated relaxed
matrix multisplitting methods and matrix multisplitting SOR
method. Mas et al. [3] analyzed nonstationary extrapolated
relaxed and asynchronous relaxed methods. Gu et al. [4,
5] further studied relaxed nonstationary two-stage matrix
multisplitting methods and the corresponding asynchronous
schemes.

As we know, matrix multisplitting iterative method for
linear systems takes two basic forms. When all of the
processors wait until they are updated with the results of the
current iteration, it is synchronous. That is to say, when they

begin the next iteration of asynchronous, they may act more
or less independently of each other and use possibly delayed
iterative values of the output of the other processors. In view
of the potential time saving inherent in them, asynchronous
iterative methods, or chaotic as they are often called, have
attracted much attention since the early paper of Chazan
and Miranker [6] introduced them in the context of point
iterative schemes. Naturally, a number of convergence results
[7-21] have been obtained. Recently, the convergence of three
relaxed matrix multisplitting chaotic AOR methods has been
investigated in [11, 13, 14].

A collection of triples (M;, N}, E;), 1 = 1,2,...,s, is called
a multisplitting of A if A = M; — N; is a splitting of A for [ =
1,2,...,s,and E;’s, called weighting matrices, are nonnegative
diagonal matrices such that }';_| E; = I.

The unsymmetric accelerated overrelaxation (USAOR)
method was proposed in [22], if the diagonal elements of the
matrix A are nonzero. Without the loss of generality, let the
matrix A be split as

A=I1-L-U, )
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where I, L, and U are nonsingular diagonal, strictly lower
triangular and upper triangular parts of A. The iterative
scheme of the USAOR method is defined by

x(k+(1/2)) - H (wl’ wz) xR 4 w, (I - a)zL)_lb,

Y = H (w5, 0,) x4 0, (I - w,U) bs

(3)

that is,

0 = HUSAORx(k) +Gusaor» k=0,1,...,  (4)

where

Hysaor = H (w3, w,) H (0, @,),
H (wp,w,) = (I - sz)_l
x[(1-w) I+ (w0 —w,) L+wU],
H (w3, ;) = (I - “”4U)71 [(1-ws3) I+ (w03 ~w,) U +wsL],
Gusaor = (I - w4U)_1 (0 + w3 — ww3) T + w5 (0 —w,) L
+w; (05— wy) U] (I - sz)71b>
®)

and «;, B; (i = 1,2) are real parameters.

In this paper, we will extend the point USAOR iterative
method to matrix multisplitting chaotic generalized USAOR
method and analyze their convergence for H-matrices and
irreducible diagonally dominant matrices.

Based on matrix multisplitting chaotic generalized AOR
method [23], the matrix multisplitting chaotic generalized
USAOR method is given by

X% = Hevaont® + Govsaonr k=0,1,2,...,  (6)

where

Hgysaor = H (B v) H (a, $)
H(oc,¢) = (I—occh)‘l [I—¢+ (1 —“)¢L+¢U]
H(By) = (1= ByU) " [1-y+ (1= B)yU +yL],
Geousaor = (1= ByU) " [2T -y + (v — agp) L

+(1-B)yU] (I - agL) b,
(7)

is an iteration matrix and ¢ = diag(B;, B, ...,B.), ¥ =
diag(y;, yp5---»Y,) With 3 > 0,9, 2 0 (i = 1,2,...,n) and
a, f3 real parameters.

Remark 1. For f = y; = 0,i = 1,2,...,n, then GUSAOR
method reduces to GAOR method [11]; For ¢ = w1, @ =
w,y/wy, ¥ = wsl, f = w,/w;, the GUSAOR method reduces to
the USAOR method [22].

The remainder of this paper is organized as follows. In
Section 2, we introduce some notations and preliminaries. In
Section 3, we present relaxed matrix parallel multisplitting
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chaotic GUSAOR-style methods for solving large nonsingu-
lar system, when the coefficient matrix A is an H-matrix
or irreducible diagonally dominant matrix, and analyze the
convergence of our methods. In Section 4, we further study
some applied convergence results of methods to be conve-
nient for carrying out numerical experiments. In Section 5,
we give some numerical examples, which show that our
convergence results are easily carried out. Finally, we draw
some conclusions.

2. Notation and Preliminaries

We will use the following notation. Let C = (¢;) € R"" be
an n x n matrix. By diag(C) we denote the diagonal matrix
coinciding in its diagonal with C. For A = (aij), B = (bij) €
R™", we write A > Bif a;; > b; holds for all 4, j = 1,2,...,n.
Calling A nonnegativeif A > 0, we say that B < Cifand only if
—B > —C. These definitions carry immediately over to vectors
by identifying them with n x 1 matrices. By |A| = (Iaijl) we
define the absolute value of A € R™”. We denote by (A) =
({a;;)) the comparison matrix of A € R™" where (a;;) = lagl
fori = jand (a;) = —layl| fori# j,i,j = 1,2,...,n. Spectral
radius of a matrix A is denoted by p(A). It is well known that
if A > 0 and there exists a vector x > 0 such that Ax < ax,
then p(A) < a.

Definition 2 (see [24]). Let A € R¥". Tt s called an

(1) L-matrix ifa; > O fori = 1,2,...,n, and a;; < 0 for
it i j=1,2..,m

(2) M-matrix if it is a nonsingular L-matrix satisfying
AT >0

(3) H-matrix if (A) is an M-matrix.

Lemma 3 (see [13]). If A is an H-matrix, then
M 1A™ < (A7
(2) there exists a diagonal matrix P whose diagonal entries
are positive such that (A)Pe > Owithe = (1, 1,..., 7.
Lemma4 (see [13]). Let A be an M-matrix and let the splitting
A = M — N be an M-splitting. If P is the diagonal matrix
defined in Lemma 3, then ||P_1M_1NP||Oo <1

Finally, a sequence of sets P, with P, < {1,...,s} is
admissible if every integer 1,2,...,s appears infinitely often
in the P;, while such an admissible sequence is regulated if
there exists a positive integer T such that each of the integers

appears at least once in any T' consecutive sets of the sequence.

3. Relaxed Matrix Multisplitting Parallel
Chaotic Methods

Using the given models in [7, 11, 13] and (4), we may describe
the corresponding three algorithms of relaxed matrix mul-
tisplitting chaotic GUSAOR-style methods, which are as
follows.
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Algorithm 5 (given the initial vector). For k = 0,1,...,
until convergence. Parallel computing the following iterative
scheme

N
) = ZEI(HGUSAOR);‘U( (x(k)) >
I=1

(HGUSAOR)Z (x(k)) = H(B, 1//)1H(oc, ‘/’)zx(k) + (GGUSAOR)lb’

H(o¢), = (I—agLy) " [I-¢+(1-a)$L, +¢U;],

H(B,w), = (I = ByUy) " [T =y + (1= B)yU; +yLy],
(Gousaor); = (I = ByUy) ™
x[2I-y+(y—ag) L, +(1-B)yU)]
x (I —a¢L) ™,

(8)

witha > 0,8 20,5 > 0,9, > 0,and g > 1, where
(Hgusaor)}™ is the g, th composition of the affine mapping
satisfying
H me _ | (Housaor); (Housaor)p  Hik = 1,
(Hgusaor), = _
L M =0

B=Ll+U1, l=1,2,...,$

€)

Remark 6. In Algorithm 5, by using a suitable positive
relaxed parameter w, then we can get the following relaxed
Algorithm 7.

Algorithm 7 (given the initial vector). For k = 0,1,...,
until convergence. Parallel computing the following iterative
scheme

S
k k k
Y = 0 E(Hgusaor)i™ (x©) + 1 - 0)x®,  (10)
I=1
withw >0, 20,820, >0,y >0,and yy; >
(Hgus AOR)f (x®)Y is defined such as Algorithm 5.

1, where

Remark 8. In Algorithm 7, we assume that the index
sequence {P;} is admissible and regulated; then we can get
the following Algorithm 9 with the case of relaxed chaotic
GUSAOR method.

Algorithm 9 (given the initial vector). For k = 0,1,..,,
until convergence. Parallel computing the following iterative
scheme

x(k+l) — (I _ w) ZEI

lep,

+szl(HGUSAOR)l ( krk+1))>
lep,

(11)

withw > 0, > 0, 8 >
and P, € {1,...

are replaced by (HGUSAOR),(x
(x(k*r(hk)) K kr(2:K)) (k f(nk)))
1 X2 ‘

0, B > 0,y > 0,y 2 1,
, s}, where (Hgysaor)i(x®) of Algorithm 5
k—rk+1)) and x(k—rk+1)

P

Remark 10. Relaxed matrix multisplitting chaotic GUSAOR-
style methods introduce more relaxed factors, so our methods
are the generalization of [5, 12, 13]. The parameters can be
adjusted suitably so that the convergence property of method
can be substantially improved.

Using Lemmas 3 and 4, we can get the following conver-
gence result according to Algorithm 5.

Theorem11. Let A € R™" be an H-matrix and (I-L;,U,, E)),
I = 1,2,...,s, a multisplitting of A. Assume that for | =
1,2,...,s, we have the following.

(1) L, are the strictly lower triangular matrices and U; are
the matrices such that the equalities A = I — L; — U,

hold.

(2) (A) = H|=ILi|=|U}| = |- |B|, where|B| = |L|+|Uj].
Then the sequence {x®} generated by Algorithm 5 converges for
any initial x© if and only if (&, B, B yi)s i = 1,2,...n € W,
p = (|Bl), where

4
w, = {(oc,ﬁ,ﬁ,-,y,-) €ER":0<a,f<1,
(12)
0< By < T i=1,2,...,n.

Proof. Define the iteration matrix in Algorithm 5

(Houspon)y = S EAH(Bv)H(w §) 1, (13)

I=1

where
H(o,¢), = (I-agL) ™ [I-¢+(1-a) gL, + U], »
H(Bw), = (I-pyU) " [T-y+(1-p)yU, +yLy].

Obviously, we have to find a constant o with 0 < ¢ < 1 and
some norm, which are independent of k, such that fork > 1, ||
Hgysaor (@ B ¢ W)y 1< 0.

We first note that the matrices I — a¢L; and I — SyUj are
H-matrices for I = 1,2,...,s. Thus by Lemma 3 we have the
following inequalities:

|(r- “¢Lz)_l' <(T-agl) ™ = (I-ag|L) ",

|(1 - ﬁ‘/fUl)_1| <(I-Byu)y " = (1-By|uy)

(15)

From this relation, it follows that
|H(B.y),H (. ¢),| = |(T- By
x[I-y+(1-B)yU +yL]
x (I - "‘ﬁbLl)i1

x[I-¢+(1-a) gL, +¢Uj]|



<(I-pyup)”!
x|[I=y+(1-B)yU +yL|
X (I—agL;) "

x|I=¢+(1-a)pL; +¢Uj|

<(1-Byu))”
< [[T=yl+[1-Bly U]+ yI|Li]
x (I-ag|L,])™
x[[T=¢l+ L -al L]+ ¢[uil]
(16)
Casel.Let0< f3;<1,0<y;<1,i=1,2,...,n Then
1=y +[1-Bly|u] +v|L
=I-y+y[Ul|-By|U] +vIL.
17)
|1=¢|+11-al¢|L,| + ¢ |U)
=1-¢+¢|L|-ag|L|+¢|U).
Define
M (By)=1-pylul, M (a¢)=I-ap|L),
N (Boy) =1-y|+ (1= B)w U] +v|L|,
Ni (@) = [T-¢|+ (1 -a)$ || +¢|U)|.
(18)
So, forl = 1,2,...,s, we have the following relations
M} (By) =N (By) =y -y [U] -y L]
=y -|B]).
i ) 19)
My (o, ¢) = Nj (.¢) = ¢ - ¢|L)| - ¢|U]]
=¢(I-|B).

Since forl = 1,2,...,s, Mll([S, y) and Mlz(oc, ¢) are both
M-matrices and N} (B, y) > 0, N} (a, ¢) > 0, the splittings
M} (B, v)-N/' (B, w) and M} (at, §)— N} (a, ¢) are M-splittings
of y(I-|BJ) and ¢(I—|B]), respectively, which are M-matrices.
So, from Lemma 4 we may complete the proving courses,
which are listed subsequently.

Case2.Letl < f3; <2/(1+p), 1 < y; <2/(1+p),i=1,2,...,n.

Assume that ﬁmax = maXlsiSn{ﬁi}’ Ymax = maxlsiSH{Yi}'
Then we have

[T-y|+(1-B)y|U]+v|L)|

< (Ymax - 1)1 + (1 _ﬁ) Ymax |Ul| * Vmax |Ll| >
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[1-¢]+ - ¢|L,|+ U]
< (Brmax = DI+ (1= @) Broax | Li] + Bunax |UI]
(1= By U™ < (I = Brmax (U
(= ag L))" < (- aBex L)
(20)

Similar to Case 1, we define
M} (B Ymax) = 1 = Brmax [Ui]»
My (0 Brrax) = T = e |Li]
N (B Vmax) = (Pmax = DI+ (1= B) Vamae [Ull + Yanax [ 1] »

Nl4 (“’ ﬁmax) = (ﬁmax - 1)1 + (1 - “) ﬁmax |Ll| + ﬁmax |Ul| .
(21)
Then

M} (B Vanax) = Ni' (B Vinax) = (2= B) I = BIBI»

M} (0 Binax) = Ni (0, Broge) = (2~ @) I~ x| B,

It is clear, (2 — B)I — B|B| and (2 — «)I — «|B| are both
M-matrices. Since, forl = 1,2,...,s, Mll([p’, y) and Mlz(oc, )
are M-matrices, N} (B, y) > 0and N/’ («, ¢) > 0, the splittings
Ml1 By) —Nl1 (B,y)and Mlz(oc, ) —le («, ¢) are M-splittings
of the matrices (2— )I - B|B| and (2 —«)I — «|B|, respectively.

Thus, for Cases 1and 2, from Lemma 4, we have

[P ()" BN BB <1 1=12s

HJP;I(MZZY1 (2, ¢) N7 () P2||OO <1, I=1,2....s

(23)
So
Pfl l(HGUSAOR)kl Pe
= ZEI {Pl_lH(ﬁ’ V’)IH(O“ ¢)1P1}I41,ke
I=1
< YEAP (M) (Bw) N} (By) (M7)
I=1
x (@) N7 (a¢) P] e
(24)

N

E{r (M) ()N (Bv)

I
—_

x PP PPy (M2)

x (0 §) N7 (a §) P,F P} e

P (M) (BN (By) B

= max {
1<i<s

<[Pt (M) (@) N} (@ 9) B e
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which implies

"PI_I(HGUSAOR)kPI“OO

(M) (BN (By) B

< max
x| (M) (@ )N} (o 9) By}
<1,
|(HGUSAOR)kl Pe
=P (Pfl |Hgusaor (et Bs ¢, ‘/’)kl P1) e

<P ”Pl_lHGUSAOR(‘X) B¢ W)kpl"ooe

<mox ([ 08)” BN B P
X[B2'(M7) " () N (@ @) Bo| | Pre
(25)
If we define
o = max {|P (M) (Bw) N/ (By) B,
: (26)
<o) @) N @ )

Then we have
“(HGUSAOR)k” <o<1 27)
O

According to Algorithm 7, we can also get the following
result.

Theorem 12. Let A € R™" be an H-matrix and (I-L;, U}, E}),
I = 1,2,...,s, a multisplitting of A. Assume that for | =
1,2,...,s, we have the following.
(1) L, are the strictly lower triangular matrices and U; are
the matrices such that the equalities A = I — L; — U,
hold.
(2) (A) = II-ILi| =Tl = |I|-|B|, where |B| = [L| +|Ujl.
(3) P is diagonal matrix defined in Lemma3 and
M[I(ﬁ, 1//)’ Nll(,B> W)) Mlz(“) ¢)) ai’ld le((xa (/5) ii’l
Theorem 11.
Then the sequence {x®} generated by Algorithm 7 con-
verges for any initial x© if and only if (a, B, B yi» @),
i = L2,....n € W, with p = (|B|]) and 0 =
max, e (1P (M) (B 9)N; (B )Pyl 1Py (M)
(ct, )N/ (00, §)P, ||}, where

W, = {(cx,ﬁ,ﬂi,yi,w)eRS:OSa, B<1,0<p,

2

— i=12,...,n.¢.

+6 ! n}
(28)

2
y)p<— 0<w<
1+p

5
Proof. Define the iteration matrix in Algorithm 7
(Hgusaor)x = @(Hgusaor) + (1 — @) I, (29)
where
(Hgusaor)x = ZEI{H(ﬁ’ v),H(e, ‘/5)1}14]”(-
=1
H(o¢), = (I-apLy) " [I-¢+ (1 - ) $L, +¢U}],
H(B,y), = (I-ByU)) " [T-y+ (1= B)yU; + sz(] )
30

Obviously, similar to Theorem 11 we only need to find a
constant o with 0 < ¢ < 1, which is independent of k, such
that K = ||P['Hgysaor(a B, 6, ¥, )P |, < o. From the
proof of Theorem 11, we can get

K< “’||P1_1 (Housaor)kPr "00 +]1 - wl

<wmax {[7 (M) (ByIN; (By) |

1<I<s
X ”Pz_l (Mf)—l (o, ¢) N/ (o, ¢) p2||00} 31
+]1 - o
=wl+ |1 -0

Now let o denote the last item in above inequalities. Clearly,
it0< B, <2/(1+p),0<y <2/(1+p),0<w<2/(1+0),
then

|(Hgusaor )il < o < 1. (32)

O

Using the proving process of Theorems 11 and 12 and [13,
Theorem 2.8] we have the following convergence result about
Algorithm 9.

Theorem13. Let A € R™" be an H-matrix and (I-L;,U,, E)),
I = 1,2,...,s, a multisplitting of A. Assume that for [ =
1,2,...,s, we have the following.

(1) L, are the strictly lower triangular matrices and U, are
the matrices such that the equalities A = I — L; — U,
hold.

(2) {A) = =1L = Ul = |11 -

(3) P is diagonal matrix defined in Lemma3 and

Mll(/3,1//), Nll(/S,y/), Mlz((x,gb) and le(oc,qS) in
Theorem 11.

|B|, where |B| = |L;|+|U;|.

(4) The index sequence {P,} is admissible and regulated.

Then the sequence {x} generated by Algorithm 9

converges for any initial xX© if and only if (a, B, Bi» s> W),
i = 1,2,. € W, with p = (|B]) and



6 = max, o {IP7' (M)~ (B )N} (B w)Pi I o IP (M)
(o, )N} (o, §) P, lloo}» where

W, = {(oc,ﬁ,/)’i,yi,w) €ER:0<a, f<1, 0<p,
(33)

2 2 .
pi<— 0<w< i=1,2,...,n
1+p 1

+6’

Remark 14. Tt is known that an M-matrix or a symmetric
positive definite L-matrix is also H-matrix. Therefore, the
convergence results in Theorems 11, 12, and 13 are valid.

Remark 15. Since a strictly or an irreducible diagonally dom-
inant matrix is also satistying the condition of Theorems 11,
12, and 13, our methods are also valid for these kinds of matri-
ces. Furthermore, for strictly or irreducible diagonally dom-
inant matrices, ||B||., can take the place of p in Theorems 11,
12, and 13.

4. Applied Convergence of
Relaxed Chaotic Methods

In Theorems 12 and 13 of this paper, we find that 0 is difficult
to compute when carrying out numerical experiments. So
for irreducible diagonally dominant matrices, we also have
the following applied results of convergence according to
Algorithms 7 and 9, respectively.

Theorem 16. Let A € R™" be an irreducible diagonally
dominant matrix and (I — L, U,E), 1 = 1,2,...,s a
multisplitting of A. Assume that forl = 1,2,...,s, we have the
following.

(1) L, are the strictly lower triangular matrices and U; are
the matrices such that the equalities A = 1 — L, — U,
hold.

(2) (A) = lII-ILi[=1U| = |I|=|B|, where |B| = |L| +|Uj].

(3) P is diagonal matrix defined in Lemma3 and

Mll([i,y/), Nll(ﬁ,w), Mlz(oc,gb), and le(oc,(/)) in
Theorem 11.

Then the sequence {x™} generated by Algorithm 7 converges
for any initial x© if and only if (a, B, B> yi» @), i = 1,2,...,m €

W,, with 8 = max, g, {(I11=y;| +¥11Bll o) }max, o, {(11- Bl +
BilBllo)}, where

W4={((x,ﬁ,ﬂi,yi,w)ERs:OSoc,ﬁS1,0</3i,
(34)
< 2 0<w< 2 }
Y T B 110"

Proof. We only prove |(Hgysaor)klx < 0" x (k=1,2,...,0 <
6’ < 1). Let us define the iteration matrix in Algorithm 7

(Hgusaor)x = @(Hgusaor) + (1 — @) I. (35)
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From the proving process of Theorem 11, we may define
Ty=(=py )" (-l + Q=B ylul+yIL]),

T,=(I-ap|L) " [[T-¢|+ (1 -a)p|L|+ U]
(36)

At first, we need to prove p(T}) < 1. Similarly, we may also
prove p(T,) < 1. Assume that

0<aq, <1,
0 2 (37)
< B < ——
S (A s

With (36), we know that T is nonnegative, so according to
[24, Theorem 2.7], there exists an eigenvector x > 0, x #0,
such that T, x = p(T;)x hold; that is,

[y + (=B w|U]+y|L[]x=p(T)) (I - By|Ul)x.
(38)

Multiplying by ", it holds that
[p(T)y " - 'I —‘/’_IH x={[1=B+pp(T)]|U)] + |L|} x.
(39)

As [1 - B+ Bp(THIU;| + IL;| = 0, it follows by [5, Theorem
11] that

min {yi_lp(Tl) - |1 _Yz‘_l'}

1<i<n

<p([1=B+Bp(T)] U] +[L)]).
From the proof of [3, Theorem 3.1], we have p(T}) < 1,
0 < 1- 8+ Bp(T;) < 1. Since the matrices A, B, and
[1 - B+ Bp(THIIU| + |L,| are irreducible, by [24, Theorem
2.1], it follows that
p([1=B+Bp(T)]U]| +|Li]) < p (L] +|Ui])
= p(IB]) < [Bllso-

With (40) and (41) and M being irreducible diagonally dom-
inant by rows, we have

(40)

(41)

p(T1) < max {|1 =] + yBleo} - (42)
Notice that if y; < 1, we may obtain

1=+ ilBlloo = 1 =% + pillBllo < 1. (43)

Whileif 1 < y; < 2/(1 + ||Bll,), we also have

[1= %] +%lBlo = =1+ + ¥ilBlo

(L4 [Bl) - 1
2 (44)
<2 (1+]Bly) - 1
L+ [Bllo
= 1)
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From (42), (43), and (44), we can get

p(Ty) < max {|1 - ;| + yilBlloo} < 1,
1<l<n
(45)
p(T,) < max {|1 - B;| + BlIBloo} < 1.
1<l<n

From Theorem 11, we have

<

(HGUSAOR)k |(HGUSAOR)k|

ZS:H(/;» W)ZH(“’ ‘/’)l‘
=1

s (46)
< X HB. ) )

IN
M«

T,T,.

—
I

1

From (35) and the above proof, we have

(HGUSAOR)kx

< @ |(Hgusaor)i| X + 11 — w| x

< | Y EH(B.y)He ¢) | x + 1 -l x
=1

< @Y EJH(B )| [H(e¢),|x + 1 - ol x
=1

M.

< HETT)x+ 1 -w|lx
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1<l<n
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where 6/ = max,, {11 -yl + plBlo}max, ol - Bl +

BilBloo} 0 <w<2/(1+6),0" =wbd + 1 -w| < 1. O

Remark 17. Obviously, convergence results of Theorem 16 are
convenient for carrying out numerical experiments. Using
the proving process of Theorems 11 and 16 and [13, Theorem
2.8], we can get the following result about Algorithm 9.

Theorem 18. Let A € R™" be an irreducible diagonally
dominant matrix and (I — L, U, E), I = 1,2,...,s, a
multisplitting of A. Assume that forl = 1,2,...,s, we have the
following.

(1) L, are the strictly lower triangular matrices and U, are
the matrices such that the equalities A = I — L; — U,
hold.

(2) (A) = H|=ILi|=1Uj| = |- |B|, where|B| = |L|+|Uj].

(3) P is diagonal matrix defined in Lemma3 and

M (B.w), N'(By), Mi(a¢), and Ni(a¢) in
Theorem 11.

(4) The index sequence {P,} is admissible and regulated.

Then the sequence {x®'} generated by Algorithm 9 converges
for any initial x© if and only if (a, B, B> yi» @), i = 1,2,...,m €
W, with 6 = max, e, {(11 = %l + i1 Bll o) 1max; e, {(11- Bil +
Bill Bllo)}, where

Ws = {(06,/3):8;')%,60) €ER:0<a, B<1, 0<pB;,
(48)

< 2 O0<w< 2 }
KT 1+0]"

Remark 19. As a special case, for the relaxed matrix multi-
splitting chaotic GSSOR-style methods, we have the corre-
sponding convergence results, where « = 1, f = 1, ¢ =

diag(B, By -->B,)> v = diag(y;, vs...>y,) with 3, > 0,
y; =0 (i=1,2,...,n) and w real parameters.

5. Numerical Examples

Example 1. By using difference discretization of partial differ-
ential equation, we can obtain the corresponding coefficient
matrix of the linear system (n = 6), which is as follows:

- - ER
1zoooo 2
11%000 1

1 -1 4
0 - 1 —0 0 3
A= 333 , b= (49)
00 > 110
4 1 U
00 0 - 1 — 4
4 4 )
0 0 0 0 1 1| 2 ]

Now, we will apply the results of Theorem 16 according
to Algorithm 7. From Algorithm 7, we can get the iterative
matrix

H=w) E[HBy)H(a¢)]+(1-w). (50
=1

Here, we assume that s = 3, 4, = 1. By direct calculations
with Matlab 7.1, we have

1+ (Bl
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TaBLE 1: Convergence results of Theorems 16 and 18.
2 2
s B> Bis Vi H

(6 . B 1 @) G

(0.2,0.8,0.6,0.5,1.1) 0.7273 1.3793 0.5711
(0.3,0.8,0.7,0.5,1.1) 0.7273 1.3115 0.6133
(0.4,0.7,0.6,0.5,0.8) 0.7273 1.3793 0.8365
(0.6,0.5,0.4,0.6,0.9) 0.7273 1.3793 0.69393
(0.8,0.2,0.3,0.7,1.1) 0.7273 1.3115 0.6053
(0.9,0.1,0.25,0.65,1.1) 0.7273 1.3445 0.7154

In Table 1, we show that convenience results of Section 4 are
convenience for carrying out numerical experiments, where
p(H) denote the spectral radius of iterative matrix H:

E, = diag(1,1,0,0,0,0),  E, = diag(0,0,1,1,0,0),

E, = diag (0,0,0,0,1,1).

r B

00 0 0 0 O
1
-0 0 0 0
21
ogoooo
L, = ,
00 —0 0 O
201
00 0 - 0 0
4
(00 0 0 —04 0]
[0 0 0 0 0 O]
—éooooo
41
0 = 0 0 0 0
L,= 67
2 0 0—10 00|
201
0 00 = 00
8
| 0 0 0 0 020]
0 0 0 0 0 0]
03 0 0 0 0 0
005 0 0 0 0
L3:00—o.3goo,
0 0 0 = 00
40
0 0 0 0 04 0]
U=I-L,-A, 1=123.

(52)

Remark 20. Obviously, 6’ of Theorems 16 and 18 is applied
and easily calculated when carrying out numerical experi-
ments.
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Example 2. Consider a matrix A € R of the form

1 0 0 - 0 —v
Sy 1 0 - 0 0
0 —v 1 - 0 0
A= ,
0 0 0 10
(000 0 - —v 1]
(10 0 ---00]
010 «-00
001 --00
e (53)
000 ---10
00 0 1]
(00 0 --- 0 )
»0 0 - 00
0% 0 - 00
000 ---00
(00 0 - v 0]

where p(IDIf1 |B|) = v, v is a real number, satisfying |v| < 1.

In Theorem 11, let0 < o, B < 1,0 < B, ¥; < 2/(1 +),i =
1,2,...,n; then Algorithm 5 converges for any initial vector
%, In Theorems 12 and 13, let 0 < «, f < 1,0 < B, y; <
2/(1+7),0<w<2/(1+0),i=1,2,...,n; then Algorithms
7 and 9 converge for any initial vector x©). In Theorems 16
and 18,let0 < o, B < 1,0 < B, 9, < 2/(1+),0 < w <
2/(1+80'),i =1,2,...,n; then Algorithms 7 and 9 converge
for any initial vector x, where ' = max,_._,{(|11 - y;| +
vppimax, ge, (11 = Bl + )}

If we choose v = 1/5, in Theorem1l,let 0 < o, B < 1,
0< By, <5/3,i=1,2,...,n then Algorithm 5 converges
for any initial vector x'”’. In Theorems 12 and 13, let 0 < a,
B<LO<B,y <5/30<w<2/(1+0),i=1,2,...,n
then Algorithms 7 and 9 converge for any initial vector x%.
In Theorems 16 and 18, let 0 < &, $ < 1,0 < B, y; < 5/3,
0<w<2/(1+6),i=1,2,...,n then Algorithms 7 and 9
converge for any initial vector x'©, where 8’ = max,,_,{(|1 -

vil + (1/5)y)max, ., {(11 - B;| + (1/5) )}

6. Conclusions

In this paper, we consider relaxed matrix parallel multi-
splitting chaotic GUSAOR-style methods for solving linear
systems of algebraic equations Ax = b, in which the
coeflicient A is an H-matrix or an irreducible diagonally
dominant matrices, and analyze the convergence of our
methods, which use more relaxed factors and are the gen-
eralization of [11, 13, 14]. The parameters can be adjusted
suitably so that the convergence property of method can be
substantially improved. Furthermore, we further study some
applied convergence results of methods to be convenient for
carrying out numerical experiments. Finally, we give some
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applied examples, which show that our convergence results
are applied and easily calculated when carrying out numerical
experiments.

Particularly, one may discuss how to choose the set of
relaxed parameters in order to really accelerate the conver-
gence of the considered method. Furthermore, The optimal
choice of this set of relaxed parameters is valuably studied.
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