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We study the existence and monotone iteration of solutions for a third-order four-point boundary value problem. An existence
result of positive, concave, and pseudosymmetric solutions and its monotone iterative scheme are established by using the monotone
iterative technique. Meanwhile, as an application of our results, an example is given.

1. Introduction

The third-order equations arise in many areas of applied
mathematics and physics, such as the deflection of a curved
beam having a constant or varying cross section, three-layer
beam, electromagnetic waves, or gravity-driven flows [1], and
thus have been studied extensively in the literature; see [1-29]
and references therein. Recently, wide attention has been paid
to the third-order boundary value problems with nonlocal
boundary conditions; see [4, 6-9, 11, 12, 15, 16, 20, 23-30] and
references therein.

In 2006, using the monotone iterative technique, Zhou
and Ma [30] obtained the existence of positive solutions
and established a corresponding iterative scheme for the
following third-order p-Laplacian problem:

(‘/’p (“" (t)))l =q@t) f(tu®), te(0,1),

u (0) = ;(Xiu (51) > M, (’7) = 0’ (1)

u' (1) = Z:Bi”” (6;)-
i=1

In 2009, Sun et al. [23] studied the existence of positive
solutions for the following third-order p-Laplacian problem:

(¢, (" ©)) =q) f(tu@®),u' ©),u" @), te©1),

u(0) = Z“ﬂ/‘ (&) u' () =0,
i=1

u' (1) = Zﬁiu” (6;).
i=1
)

By applying a monotone iterative method, the authors
obtained the existence of positive solutions for the problem
and established iterative schemes for approximating the
solutions.

In 2011, Zhang [29] considered the following singular
third-order three-point boundary value problem:

u" () + ftu®) =0, te(0,1),
3)

u(0) =u' (0) =0, u' (1) = aud ().
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The existence and uniqueness of solutions and corresponding
iterative scheme to the problem are obtained by applying the
cone theory and the Banach contraction mapping principle.

In 2013, Lietal. [7] studied third-order four-point bound-
ary value problem with p-Laplacian of the form

(¢, (")) +q® f (Lu@®), 4 ®) =0, te@©1),

w(© =0, u(l)=uy), u"<1;’7) _o.

(4)

By using the monotone iterative technique, the existence
result of positive pseudosymmetric solutions and its mono-
tone iterative scheme are established for the problem.

Motivated by above works and [31], in this paper, we
consider the existence and monotone iteration of positive
pseudosymmetric solutions of the following third-order four-
point boundary value problem:

u" O +q@) f(Lu®),u @),u" 1) =0, te(,1),
(5)

subject to boundary conditions

au (0) — Bu’ (0) = 0, u' (n)+u' (1) =0,

u” <H_17> = 0,
2

where# € (0,1)and« > 0, 8 > 0. Here we say 1™ (¢) is positive
solution of BVP (5), (6), if u™ (t) is the solution of BVP (5), (6)
and satisfies u*(¢t) > 0 for t € (0, 1].

To the best of our knowledge, the pseudosymmetric
solutions for the second-order boundary value problem have
been studied by some authors, see [31-33]. And [7] is the only
one concerned with the third-order boundary value problem.
We note that the nonlinearity of f in our problem contains
explicitly t and every derivatives of u up to order two.

This work is organized as follows. In Section 2, some
notations and preliminaries are introduced. The main results
are discussed in Section 3. As an application of our results, an
example is given in the last section.

2. Preliminary

In this section, we give a definition and some lemmas which
help to simplify the presentation of our main result.
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Definition 1 (see [33]). Let u € C [0,1], 1 € (0,1). We say
u is pseudosymmetric about # on [0, 1], if u is symmetric on
[#, 1]; that is,

u()=u(l+n-t), Vte[nl1]. (7)

Let the Banach space E = C? [0,1] be endowed with the
norm

= mac{fellogs | "]} ®)

where [u®||, = maxy,.;[u” ()], i = 0,1,2. Define a cone
P c Eby

P={u€E|u(t) is nonnegative, concave, and

pseudosymmetric about # on [0,1]},

)

and by “<” denote the induced partial ordering via cone P;
that is, for u;, u, € E,u; <u,ifand onlyifu, —u, € P.
For convenience, we denote the following.

(Hy) gq(t) is a nonnegative continuous function
defined on (0,1), g(t) # 0 on any subinterval of

(0, 1). In addition, _[01 q(t)dt < +00 and

qt)=q(1+n-t) on (1,1). (10)

(H,) f(t,u,v,w) : [0,1]x[0, +00)xRx(-00,0] — R
is continuous,

t

x [0, +00)* X (=00, 0],

(11)

1
ftu,v,w)<0 on [0,

and, for all (¢, u, v, w) € [, 1]1x[0, +00) x R x (-00, 0],

ftuvw) =-f(l+n-t,u,-vw). (12)

(H,) f(t,u,v,w) is nonincreasing in u, nonincreas-
ing in v, and nondecreasing in w on [0, (1 + #)/2] x
[0, +00)* X (=00, 0].

(H;) f(¢,0,0,0) # 0on [0, 1].
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Now, we define an operator T : P — C? [0, 1] as follows:
foru € P,

xj q()
(1+1)/2

xf (s, u(s),u (s),u” (s)) dsdrdr

(1+1)/2
J

.
X J q(s)
(1+n)/2

xf (s, u(s),u (s),u” (s)) dsdr,

+

B

—
+
=

\S]

1 7
L J(l+r])/2

mo=1
(

1+n)/2

q(s)

xf (s, u(s),u (s),u” (s)) dsdrdr

X j q(s)
(1+1)/2

<f (s;u(s),u' (s),u" (s))dsdrdr

J>(1+'1)/2
0

x j(r a(s)

1+n)/2

+

B

xf (s, u(s),u (s),u” (s)) dsdr,

1+
nstsl.

2
(13)

Obviously, under assumptions (H,) and (H, ), the operator T
is well defined.

Lemma 2. Assume that (H,) and (H,) hold. Thenu € P isa
solution of BVP (5), (6) if and only if u € P is a fixed point of
T.

Proof. At first we show the necessity. Suppose u € P is a

solution of BVP (5), (6). Then, integrating (5) and using (6)
we infer that

u" (1) + J. q(r) f (r,u (), u (r),u" (r)) dr =0,
(1+9)/2

tel0,1],
(14)
au (0) — Bu' (0) =0, u' () +d (1)=0. (15

Fort € [0,(1 + #)/2], integrating (14) on [t, (1 + #)/2] and
taking into account u'((1+ n)/2) = 0, we get

! (1+7I)/2 r ! 1
u (t) = L LM)/Z(J(S)f(S)u(S),u (s),u" (s)) dsdr,

1
te[o, +’7].
2

(16)

Again integrating (16) on [0, t] C [0, (1+7)/2] one can obtain

t (1+n)/2
u(t) = J J
0 Jr

X JT q(s) f (5,1/‘ (), u' (s), u' (s)) dsdrdr

1+n)/2

+u(0).
(17)

But, from (15) and (16), it follows that
u (0)
(I+n)/2 r
= E J J q(s)f(s,u(s),u' (s),u" (s)) dsdr.
a Jo (1+m)/2
(18)
Therefore, for t € [0, (1 +#)/2], one has

u(t)

t (141)/2
- JO J"r

X J(’ qs) f (S, u(s),u' (s),u” (s)) dsdrdr

1+n)/2

(I+n)/ r
+ é Ll " J(1+q)/2 qs) f (s,u (s),u' (s),u” (5)) dsdr.
(19)



Fort € [(1+#)/2,1], integrating (14) on [(1 + #)/2, t], we get
u' (1)

:‘Jt J q () f(s,u(s),u' (s),u" () dsdr,
(1+m/2 Ja+m /2

(20)
Again integrating (20) on [t, 1] c [(1 + #)/2, 1] one obtains
u(t)

- JIJT jr Q(S)f(s,u(s),u' (S),u” (S))dsdrdr
¢ Jamn Jasnr

+ul), te[ler—n,l]. .

In particular, we have
1+
«(57)
2

1 T
J-(1+r])/2 J(l+r])/2

r

x j q(s)
(1+m)/2

X f(s,u(s),u' (s),u” (s)) dsdrdr +u(1).
(22)

In (19), we take t = (1 + #)/2, and then
1
«(57)
2
(1+n)/2 (147)/2
B 4[0 J‘r

x j q(s)
(1+1)/2

x f (s, u(s),u (s),u” (s)) dsdrdr

(1+m)/2 ¢r
* é Ll " LM)/ZQ(S)f (s,u(s),u' (s),u” (s))ds dr.
(23)
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From (22) and (23) one has
u(l)

1 c(1+m)/2
- JO J"r

r

x j q6s)
(1+m)/2

x f (s, u(s),u (s),u” (s)) dsdrdrt

(+m)/2 ¢r
B J J q() f(su(s),u' (s),u" (s))dsdr.
a Jo (1+m)/2
(24)
Hence from (21) it follows that
u(t)

1 7
B Jt J(1+r])/2

X Jr q(s) f (s,u (s),u' (s),u" (s)) dsdrdr
(14m)/2

1 c(1+m)/2
g
0 Jr

X j’ q(s)f(s,u(s),u' (s),u" (s))dsdrd‘r
(1+n)/2

+

T+m/2 r
ﬁjln 2 q(s) f (su(s),u' (s),u” (s))dsdr

a 0 j(l+r])/2

1 7
B Jt J(1+;1)/2

X Jr q(s) f (s,u (s),u' (s),u" (s)) dsdrdr
(+n)/2

. <J:7 ) L(lm)/z N J,(1”’7)/2)

(1+n)/2 ¢r
X J J- q(s)
T (1+1)/2

x f (s, u(s),u' (s),u” (s)) dsdrdr

(1+1)/ r
" é Ll b I(lm)/z a(s) f (ssu(s),u' (s),u" (s))dsdr,
te ﬂ, 1] .
2
(25)
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Notice that from (H,), (H,), and the fact that u € P, we have

(1+1)/2 1
()
n (1+m)/2

(1+m)/2 fr
X J J q (S)
T (1+m)/2

x f (s, u(s),u (s),u” (s)) dsdrdr = 0.
(26)

Therefore

u(t)

1 7
B J; J(lm)/Z

<J| a0 (su© . @ ©)dsdr dr

1+n)/2

n 1+n)/2
o)
0 Jr

X Jr q(s) f (s,u (s),u (s),u" (s)) dsdrdr
(141)/2

1+m)/2 ¢r
" é Ll " J(lw)/z q(s) f(su(s),u' (s),u” (s)) dsdr,

1
te[ﬁ,l].

2
27)

This together with (19) implies that u(t) is fixed point of T'.
The sufficiency, by direct computation and using the fact
that u € P, follows immediately. O

The following lemmas are some properties of the operator
T.
Lemma 3. Assume that (H,) and (H,) hold. Then TP c P.
Proof. From the definition of T, it is easy to check that Tu

is nonnegative on [0,1] and satisfies (6) for all u € P.
Furthermore, since

(Tw)" (t) = - L 1O f(su(s),u' (s),u" (5))ds,
Rl

telo0,1],
(28)

it follows that Tu is concave on [0, 1].

Next we prove that Tu is pseudosymmetric about 7 on
[0, 1]. In fact, ift € [y, (1 +7)/2], then 1+5n—t € [(1+7)/2,1];
it follows that

(Tu)(1+n-1t)

1 T
B Jl+;1—t J(1+11)/2

<J a0 (su© . @ ©)dsdr dr

1+n)/2

n (1+n)/2
)
0 Jr

X Jr q(s)f(s,u(s),u’ (s),u” (s))dsdrdr

(1+n)/2

(1+m)/2 ¢r
+ é Ll " J(lm)/z q(s) f (s,u (s),u (s),u” (s)) dsdr.
(29)

Note that u is pseudosymmetric about # on [0, 1]; that is,
u(t) =u(l+n—t)fort € [n, 1], and then

d () =—u (1+n-t), d"®)=u"(1+n-1),

(30)
ten1].
Thus, for all r € [#, 1], from (H,) and (H, ), we have
J q(s) f (s, u(s),u (s),u” (s)) ds
A+n)/2
= - I q(l+n-s)
(1+m)/2
X f(l + q—s,u(s),—u' (s),u” (s))ds
=—j q(1+n-s) (31
(1+41)/2

xf(1+11—s,u(1+11—s),

u'(l+11—s),u"(1+11—s))ds

1+n—r , "
=L q() f (s.u(s), ' (5),u" (5)) ds.

1+1)/2



Hence, for t € [, (1 +7)/2],

1 T
L+;1—t j(l+r])/2

X J(r q(s)

1+n)/2

X f(s,u(s),u' (s),u” (s))dsdrdr
1 1+n—-1
T Jlm—t -[(1+r;)/2

X J(r q(s)

1+n)/2

xf(s,u(s),u (s),u (s))dsdrdT (32)

7] T
B L J-(1+r])/2

)
x j q(s)
(1+m)/2

x f (s, u(s),u (s),u” (s)) dsdrd (-7T)

n T
B Jt J(l+r])/2

x j q65)
(1+1)/2

x f (s, u(s),u (s),u” (s)) dsdrdr.
From (29) and (32), it follows that

(Tu)(1+n-1t)

n T
- L Jum)/z

X jr q(s)f(s,u(s),u' (s),u” (s))dsdrdr
(1+n)/2

n (1+m)/2
)
0 Jr

X jr q(s)f(s,u(s),u' (s),u” (s))dsdrdr
(1+n)/2

+

/3 J(l-ﬂy)/z

@« Jo

X jr q(s) f (s,u(s) ul (s),u” (s))dsdr
(

1+n)/2

t (1+n)/2
B JO J‘r
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X J(’ q(s) f (5’ u(s),u' (s),u” (s)) dsdrdr

1+n)/2

J~(1+r])/2
0

X J: q(s) f(su(s),u' (s),u" (s))dsdr

1+n)/2

B

+

1+17]

=W, teln—

(33)

Ift € [(1+#)/2,1],then 1+ —t € [,(1 +7)/2]. From (33),
we have

(Tu) (1 +n~1t) = (Tu) (L+1~ (1 +n 1)) = (Tu) (¢),

1
te [ﬁl]
2

(34)

This together with (33) implies
(Tu) (t) = (Tu) (1 +n—t), ten1]. (35)
In summary, Tu € P, and then TP C P. O

The following lemma can be easily verified by a standard
argument.

Lemma 4. Assume that (H,) and (H,) hold. ThenT : P — P
is completely continuous.

Lemma 5. Assume that (H,), (H,), and (H,) hold. Then T is
nondecreasing on P; that is, Tu; < Tu, for u;, u, € P with
u; < u,.

Proof. Let u;, u, € P with u; < u,. Then u, —u, € P. By
the definition of P, u,(t) — u, (¢) is nonnegative, concave, and
pseudosymmetric about 7 on [0, 1]. Therefore

1+
Oz @,  0st<s—T
1+
u; () Su; ), 2;1 <t<l, (36)
w) (t) <ul (t), telo01].

From (H,) and the definition of T it follows that

(Tu,) (t) = (Tuy) (1)

t (1+n)/2
B JO JT

X J q(s)
(1+n)/2

X [f (s, u, (s), u; (s) ,u;’ (5))
-f (5, u, (s), u; (s), u;' (s))] dsdrdrt
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(1+m)/2
L

o« Jo

* J~(1+'1)/2 10)
X [f (s, u, (s), u; (s), u;' (s))

-f (s, u, (s), u; (s), ui' (s))] dsdr

>0, te [0,“'7],
2
(37)
(Tuy)" (t) = (Tw,)" (1)
(1+’1)/2 ! n
[T a0 [ (56 .0 ©)
' (38)

-f (s, u, (s) ,u; (s) ,u;' (s))] ds
o relolzt]

We now prove that (37) and (38) hold for ¢ € [(1+#)/2,1]. In
fact,if t € [(1 +#)/2,1],then 1+ -t € [,(1 +1)/2] C
[0,(1 + 7)/2], and hence, from the fact that Tu, and Tu,
are pseudosymmetric about # on [0, 1], it follows that, for

te[(1+n)/2,1],

(Tu,) (t) = (Tuy) (t) = (Tuy) (1 +n-t)
—(Tuy)(1+n-1t) =0,
n n n (39)
(1" 6 - (Tw)" (0) = (Tuy)" (1+7-1)
—(Tw,)" (1+5-t) <0.
So
(Tu,) (t) = (Tuy) (£) =0, te€[0,1], (40)
and (Tu,)(t) — (Tu,)(t) is concave on [0, 1].

Finally, we show that (Tu,)(t) — (Tu;)(t) is pseudosym-
metric about # on [0, 1]. To do this we let S(t) = (Tu,)(t) -
(Tuy)(t). We note that Tu,, Tu, € P, (Tu;)(t) and (Tu,)(t)
are pseudosymmetric about # on [0, 1], and thus

S(U+n-1t) = (Tuy) L+ n—-t) = (Tuy) (1 +7-1)

= (Tuy) (t) = (Tuy) (t) = S(¢), (41)
€n1].
In summary, Tu, — Tu, € P;thatis, Tu; < Tu,. O
3. Main Result

Now we establish existence result of positive, concave,
and pseudosymmetric solutions and its monotone iterative
scheme for BVP (5), (6).

Theorem 6. Assume that (H,), (H,), (H,), and (Hs) hold.
Suppose also that there exist two positive numbers a and b with
a > b such that

Otrllf /2]q (t) f (t> a, a, _a) > _b) (42)

where a, b satisfy

0z mas ﬁ“ﬂﬂz(z_ ! )
B 4 \8 21+n))
ﬁ(14';]7) ,(1+1’])2’>b.

Then BVP (5), (6) has positive, concave, and pseudosymmetric
solutions w*, v* € P with

(43)

3
1
(+17)+
8

[w ], <a Jim T"w, = w”,

t(1 -t
where wy (t) = M 8a, (44)

21 +7)*

[V < Jim T =",

where v, (t) =0

Proof. We denote P, = {u € P : |lul|l < a}. In what follows,
we first show that TP, c P,. To do this, let u € P,; then
obviously

O0<u(t) < maxu(t) =|ul, <a tel0,1],
tef0,1]

(45)

max |u" (t)| =-—minu” () < a.
te[0,1] te[0,1]

Also since u(t) is concave and pseudosymmetric about # on
[0,1], then /' () is nonincreasing on [0, 1], u' (1 + n/2) =0,
andu/(t) = —u'(1+r]—t) fort € [(1+7)/2, 1]. Hence /' (t) > 0
fort € [0,(1+#)/2] and | (t)| achieve the maximum at t = 0.
Consequently

max [u' (0] =u' 0 <@ (46)
From (H,), (H,), and (42), it follows that

q@®) f (tu@),u' @,u" ©)

2q() f (t.a.a,-a)

(47)
g te(0, (1+;1 /z]q (t) f (t,a,a,—a)

1+11

> -b, te(



This together with Lemma 3 implies

ITull oo

(5

J~(1+n)/2 J(1+n)/2
- 0 T

X J(r q(s)

1+n)/2

x f(su(s),u' (s),u" (s))dsdrdr

1+n)/2
LB |
« Jo

x J(r q(s) f (s,u(s),u' (s),u” () dsdr

1+1)/2

3 2
S(1+f1) b+/3(1+f1) b<a
8 4o

Jaw'|,

>

- (Tw) (0) (48)

J~(1+11)/2
- 0

X Jr q(s)f(s,u(s),u' (s),u” (s))dsdr
(

1+n)/2

_ (Len)’

b<a,

e,

= max
te(0,(1+7)/2]

t
—J q(s)
(1+n)/2

x f (s, u(s),u (s),u” (s)) ds

(1+m)/2 , .,
[ a0 (a6 9)ds

0

1+n

< b<a.

Hence | Tul|| < a, and thus Tl_Da C I_)a.

Letw,(t) = (at(l+;1—t)/2(1+11)2)+(7/8)a,t € [0,1]. Then
lwll = a, and thus w, € P,. Let w, = Twy; then w, € P,.
Define iterative sequence {w,,} as follows:

w,,, =Tw, =T""w,, n=0,1,2,.... (49)
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Since TP, ¢ P,, we have w, € P, n = 0,1,2,.... From
Lemma 4, {w,};2, hasa convergent subsequence {w,, };?, and

there exists w* € P, such that

wf:k) t) = w (t)(k— o0) on [0,1], i=0,1,2.
(50)

From the definition of T' and (42), for t € [0, (1 + #)/2], we
have

wy (t)

=Tw, (t)

t (1+n)/2
- JO J‘r

x j q(s)
(1+n)/2

x f (s, wy (s), w(') (s) ,w(')' (s)) dsdrdrt

(1+n)/2
L

« Jo

X J( q(s) f (s, wy (s), wé (s), w(')/ (s)) dsdr

1+n)/2

t (1+n)/2
1]
0 Jr

(1+?7)/2
« J bdsdr dr

r

ﬁ (I+m)/2 (1+m)/2
P J J bdsdr

@ Jo r

E 2
bj j (ﬂ—r)drdr+éb
0 Jr 2 04

(/2 ,q
X J <—+ n_ r) dr

0 2

t 2
sbj L1, ﬁb<ﬂ>

0 o 2

at at? 7
< - 5+ oa
2(1+n) 201+9)° 8
t(1 -t
:“(+—”2)+Za:wo(t),

2(1+7) 8

(51)
and, for t € [(1 +17)/2, 1], we have
w ) =w (l+n-t)<wy(1+n-t)=w, (t). (52)

Thus wy(t) —w,(¢) =0, t € [0, 1].



Abstract and Applied Analysis

On the other hand, since, for ¢t € [0, (1 + #)/2], we have

wy (1) - w) (t)
_ a
(1+7)°

t . " (53)
] g f (swo w9 uf (9)ds
(1+n)/2

T (l+n)

and, for t € [(1+#)/2, 1], we have

+b<0,

wy () -w () =w) (1+n-t)—w, (1+n-1t)<0, (54)

it follows that w(')'(t) —w{'(t) < 0on [0, 1]. Hence wy(t) —w; (t)
is concave on [0, 1].
Also, since, for t € [#,1],

wy(t) —wy () =wy (L+n—t)—w, (1+5-1t), (55)

then wy () — w, (t) is pseudosymmetric about # on [0, 1]. So
w; < w,y, and hence from Lemma 5 it follows that Tw; <
Tw,; that is, w, < w,. By induction, we can show without any
difficulty that

w,, <w, n=012,..; (56)

that is,

w,-w,, €P n=012,.... (57)

n

Thus w,,(t) - w,,(t) (n=0,1,2,...)is concave on [0, 1] and
pseudosymmetric about 7 on [0, 1]; consequently

1+
w B zw, @), te oT”] n=0,1,2..., (58)
1+
w ) <wl,, (®), te[Tn,l], n=01,2..., (59)
w!' () <w! (1), telo,1], n=012.... (60

From (50)-(60), it follows that

w) O =w?®n—00) on[01], i=012
(61)

thatis, w, — w"* (n — ©0). Letn — oo in (49) to obtain
w* =Tw". (62)

Also, from (H;), we have w” ((1+#)/2) = max;¢(o jw” (t) > 0.
This together with the concavity of w* implies that

. w ((1+1)/2)-0 2 ,(l+gp
w )= (1+7)/2)-0 _1+;7w< 2 )t>0’
1+n
re (05"
(63)

Again using the fact that w” is pseudosymmetric about # on
[0, 1], we have

w*(t)>0, te [—1] (64)

Hence w”(t) > 0 on (0, 1]. Therefore, from Lemma 2, w" is a
concave pseudosymmetric positive solution of BVP (5), (6).
Let vy(t) = 0 on [0, 1]; then v, € I_JH. Set
Vpr =Tv,, n=0,1,2,.... (65)
Then, from Lemma 3, the sequence {v,} is well defined. Since

v, € P, C P, we have v; > 0 = v, and thus from Lemma 5 it
follows that

vy =Tvy =2 Tvy = vy. (66)
By induction we can show that

Voe1 2V, n=0,1,2,.... (67)

Similarly to {w,}, we can show that there exists v* € P, such
that v, — v* (n — o©0). Taking limit in (65), we get v* =
Tv*. Obviously, v(t) > 0 on (0, 1]. Therefore, from Lemma 2,
v" isa concave pseudosymmetric positive solution of BVP (5),
(6). This completes the proof of the theorem. O

4. An Example

Consider the following third-order four-point boundary
value problem:

n

W (£) +3 (3t - 2)

_ 64 "
wle® s —22  sarctano + L =0, te(0,1),
64 +u'? 16 2
1,
u(0)—-u (0) =0,
2
! 1) !
ul-)+u(l)=0,
(5)++ @
u"<2>=0.
3
(68)
Let
f(tu,v,w)
(69)
=3(3t—2)<e_u/8+ +arctan—+z>.
64 + 12 16 2

Then f € C ([0, 1] x [0, +00) x R X (-00, 0], R). It is easy to
see that BVP (68) corresponds to BVP (5), (6) when g(t) = 1,
a=1,3=1/2,andny=1/3.
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Next we verify that all conditions of Theorem 6 are
satisfied. In fact, obviously the conditions (H,), (H,), and
(H;) hold. In addition, by the definition of f, we have

f(l+n-tu,-vw)

=3(2-3t) <67”/8+ + arctan = + E)

64 + (—v)* 16 2

_ 71
=—3(3t—2)<e uls 4 +arctan£+—>

64 +12 16 2

1
=—f(t,u,v,w), te [5,1],

fu,v,w)<0 on [0, %] x [0, +00)* X (=00, 0] .

(70)
Hence the condition (H,) is also satisfied.
Now, we take a = 16, b = 9. Then
ﬁ(1+n)2<7 1 >_1
max - = 2 >
dr \ 8 2(1+y)
(71)
3 2
1 1
(L+n)  B(l+n) (enplole
8 4o 9
and thus
2 -1
1
a = max AL+ 1) 7 ! 5 ,
4o \8 2(1+7)
(72)
3 2
1 1
( +7l) +ﬁ( +’7),(1+’1)2 b.
8 4o

On the other hand, we also have

inf f(t,16,16,-16
t€(0,2/3]f ( )

_ 64
= inf 3(3t-2) <e 24— tarctan(-1) + E)
£€(0,2/3] 64 + 162 2

> -9 =-b.
(73)

In summary, all conditions of Theorem 6 are satisfied. Hence,
from Theorem 6, BVP (68) has concave pseudosymmetric
positive solution w*, v* € P with
* . n *
lw|,, <16, lim T"w, = w",

9
where wy (t) = _Etz + 6t + 14; (74)

vl <16, lim T"vy = v",  where v, (t) = 0.
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