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We improve the class of subcompatible self-maps used by (Akbar and Khan, 2009) by introducing a new class of noncommuting
self-maps called modified subcompatible self-maps. For this new class, we establish some common fixed point results and obtain
several invariant approximation results as applications. In support of the proved results, we also furnish some illustrative examples.

1. Introduction and Preliminaries

From the last five decades, fixed point theorems have been
used in many instances in invariant approximation theory.
The idea of applying fixed point theorems to approximation
theory was initiated by Meinardus [1] where he employs a
fixed point theorem of Schauder to establish the existence
of an invariant approximation. Later on, Brosowski [2] used
fixed point theory to establish some interesting results on
invariant approximation in the setting of normed spaces
and generalized Meinardus’s results. Singh [3], Habiniak [4],
Sahab et al. [5], and Jungck and Sessa [6] proved some
similar results in the best approximation theory. Further, Al-
Thagafi [7] extended these works and proved some invariant
approximation results for commuting self-maps. Al-Thagafi
results have been further extended by Hussain and Jungck
[8], Shahzad [9-14] and O’Regan and Shahzad [15] to
various class of noncommuting self-maps, in particular to
R-subweakly commuting and R-subcommuting self-maps.
Recently, Akbar and Khan [16] extended the work of [7-15]
to more general noncommuting class, namely, the class of
subcompatible self-maps.

In this paper, we improve the class of subcompatible self-
maps used by Akbar and Khan [16] by introducing a new class
of noncommuting self-maps called modified subcompatible
self-maps which contain commuting, R-subcommuting, R-
subweakly, commuting, and subcompatible maps as a proper
subclass. For this new class, we establish some common fixed

point results for some families of self-maps and obtain several
invariant approximation results as applications. The proved
results improve and extend the corresponding results of [3-
8,10-15].

Before going to the main work, we need some preliminar-
ies which are as follows.

Definition 1. Let (X, d) be a metric space, M be a subset of
X, and S and T be self-maps of M. Then the family {A; : i €
N U {0}} of self-maps of M is called (S, T):

(i) contraction if there exists k, 0 < k < 1 such that for all
x,y €M,

d(Agx,A;y) <kd(Sx,Ty), foreachieN, (1)

(ii) nonexpansive if for all x, y € M,

d(Ayx,A;y) <d(Sx,Ty), foreachieN. (2

In Definition 1, if we take T' = S, then this family {A; : i €
N U {0}} is called S-contraction (resp., S-nonexpansive).

Definition 2. Let M be a subset of a metric space (X, d) and
S, T be self-maps of M. A point x € M is a coincidence point
(common fixed point) of S and T if Sx = Tx (Sx = Tx = x).
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The set of coincidence points of S and T'is denoted by C(S, T).
The pair {S, T} is called

(1) commuting if STx = T'Sx for all x € M;

(2) R-weakly commuting [17], provided there exists some
positive real number R such that d(STx,TSx) <
Rd(Sx, Tx) for each x € M;

(3) compatible [18] if lim,,_, ., d(STx,,, T'Sx,,) = 0 when-
ever {x,} is a sequence in M such that lim Sx, =
lim, , Tx, =t for somet € M;

(4) weakly compatible [19] if STx = TSx for all x €
C(S,T).

For a useful discussion on these classes, that is, the
class of commuting, R-weakly commuting, compati-
ble, and weakly compatible maps, see also [20].

n— 00

Definition 3. Let X be a linear space and let M be a subset of
X. The set M is said to be star-shaped if there exists at least
one point g € M such that the line segment [x, g] joining x to
q is contained in M for all x € M; thatis, kx + (1 -k)g e M
forall x € M, where 0 < k < 1.

Definition 4. Let X be a linear space and let M be a subset of
X. Aself-map A: M — M is said to be
(i) affine [21] if M is convex and
Alkx+(1-k)y) =kA(x)+(1-k)A(y)

Vx,yeM, ke(0,1),

(ii) g-affine [21] if M is g-star-shaped and

Akx+(1-k)q)=kA(x)+(1-k)q

(4)

VxeM, ke(01).

Here we observe that if A is g-affine then Aq = q.

Remark 5. Every affine map A is g-affine if Aq = g but its
converse need not be true even if Ag = g, as shown by the
following examples.

Example 6. Let X = Rand M = [0,1]. Let A: M — M be
defined as

Ax) = 2 )

Then A is g-affine for g = 1/2, while A is not affine because
forx =3/5,y=0,and k =1/3

Alkx+(1-k) y) =kA(x) +(1-K)A(y)  (6)
does not hold.

Example 7. Let X = R*and A € R* = [0,00). Let M = M, U
M,, where

M, = {(x,y)eRZ:(x,y):(A,3)L)}, )
7
M, = {(x, y) eR : (x,y) = (/\,A)}.

1
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Then M is g-star-shaped for g = (0,0). Define A: M — M
as

0,0)
(%, )

if (x, y) €M,

if (x, y) € M,. ®)

A= |

Then A is g-affine for g = (0, 0) but A is not affine, because for
x=(1,3)eM,y=(1,1) e M,andk=1/2,kx+ (1 - k)y ¢
M, though kA(x) + (1 - k)A(y) = (1/2,1/2) € M.

Definition 8. Let M be a subset of a normed linear space
(X, [ - II). The set By (p) = {x € M : ||lx — pll = dist(p, M)} is
called the set of best approximants to p € X out of M, where
dist(p, M) = inf{l|y — pll : y € M}.

Definition 9 (see [11]). Let M be a subset of a normed linear
space X and let Sand T be self-maps of M. Then the pair (S, T)
is called R-subweakly commuting on M with respect to g if
M is g-star-shaped with g € F(S) (where F(S) denote the set
of fixed point of §) and [|STx — TSx| < Rdist(Sx, [g, Tx]) for
all x € M and some R > 0.

Definition 10. Let X be a Banach space. AmapS: M € X —
X is said to be demiclosed at 0 whenever {x,,} is a sequence in
M such that x,, converges weakly to x € M and Sx,, converges
strongly to 0 € M; then 0 = Sx.

Definition 11. A Banach space X is said to satisfy Opial’s
condition whenever {x,} is a sequence in X such that x,
converges weakly to x € X; then

h,{rl,g}f “xn - x“ < h,{rl,}gf ”xn - y”

€
holds Vy # x.

Note that Hilbert and I (1 < p < 00) spaces satisfy Opial’s
condition.

2. Common Fixed Point for Modified
Subcompatible Self-Maps

First we introduce the notion of modified subcompatible
maps.

Definition 12. Let M be a g-star-shaped subset of a normed
linear space X and let S and T' be self-maps of M with q €
F(S). Define A ST) = Ukeq.) A(S, Ty,), where Ty(x) =
(1 —-k)q + kTx and A(S,T}) = {{x,} ¢ M : lim,_, Sx, =
lim,_, Tix, =t € M}. Then S and T are called modified
subcompatible if lim, _, . [ISTx,, — TSx,,|| = 0 for all sequences

(X} € A (S T).

In the definition of subcompatible maps (see [16]),
Aq(S, T) = Ukejo,1) A(S, Ty), but here k € (0, 1). The following
examples reveal the impact of this and show that R-subweakly
commuting maps and also subcompatible maps of [16] form
a proper subclass of modified subcompatible maps.
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Example 13. Let X = R with the usual norm and M = [0, 00).
Define S,T: M — M by

X

-, 0<x<1
S(x) =12

2% -1, x>1,

. (10)
T(x)=142

4x -3, x=>1.

Then M is 1-star-shaped with g = 1 € F(S) and A ST) =
{{x,} : 1 < x, < 00,lim,_, ,,x, = 1}. Moreover, S and T
are modified subcompatible but not subcompatible because
for the sequence {1 -1/n},.,, we have lim, , S(x,) =
lim, , T (x,) = 1/2 and lim,, _, . IST(x,) — TS(x,)| #0.
Note that S and T are neither R-subweakly commuting nor
R-subcommuting.

Example 14. Let X = R with the usual norm and M = [0, 00).
Define S,T: M — M by

1
- 0<x«<1
S(x)=42
xz, x=>1,
(11)
3
- 0<x<1
T(x)=42
x, x=>1.

Then M is 1/2-star-shaped with ¢ = 1/2 € F(S) and
A (S, T) = ¢. Clearly S and T are modified subcompatible
but not subcompatible because for any sequence {x,}o, i,
we have lim,_, S(x,) = lim,_ To(x,) = 1/2 and
lim, _, IIST(x,) — TS(x,)||#0. Also, S and T are not R-
subweakly commuting.

The following two examples show that the modified
subcompatible self-maps and compatible self-maps are of
different classes.

Example 15. Let X = R with usual norm and M = [1, 00). Let
S,T: M — M be defined by

S (x) = 6x — 5, T (x) = 3x* - 2, (12)
for all x € M. Then
I (x,) - S (el = 3, - D2 — 0
ifft x, — 1,
(13)
IST (x,,) - TS (x,,)|| = 90 ”(xn - 1)2” —0

it x, — 1.

Thus S and T are compatible. Obviously M is g-star-shaped
with g = 1 and Sq = gq. Note that for any sequence {x,} in M
with x,, — 2, we have

||T2/3 (xn) -S (xn)” =2 "(xn - 1) (xn - 2)" — 0. (14)

However, lim, _, IIST(x,) — TS(x,)ll #0. Thus S and T are
not modified subcompatible maps. Hence, they are not R-
subweakly commuting.

Example 16. Let X = Rwith norm ||x|| = |x|and M = [0, 00).
LetS,T: M — M be defined by

x, 0<x<1

S(x):<l

3, x2>1,
3-2x, 0<x<1 (15)
T(x)={3 x>1
Vx € M.

Then M is 3-star-shaped with S(3) = 3 and Aq(S, T) =
{{x,} 1<x, < oo}. Clearly S and T are modified
subcompatible. Moreover, for any sequence {x,,} in [0, 1) with
lim, , x, = 1, we have lim, , IIT(x,) — S(x,)I = 0.
However, lim, _, IIST(x,) — TS(x,)|l #0. Thus S and T are
not compatible.

The following general common fixed point result is a
consequence of Theorem 5.1 of Jachymski [22], which will be
needed in the sequel.

Theorem 17. Let S and T be self-maps of a complete metric
space (X, d) and either S or T is continuous. Suppose {A ;};cnu0)
is a sequence of self-maps of X satisfying the following.

(1) Ay(X) € T(X) and A;(X) € S(X) foreach i € N.

(2) The pairs (A,,S) and (A;, T) are compatible for each
ieN.

(3) For eachi € N and, for any x, y € M,

d(Ayx,A;y) <hmax M(x,y) for some h e (0,1),
(16)

where

M(x,y) = {d (Sx,Ty),d (Ayx, Sx),
d (A, Ty), (17)
% [d (A, Ty) +d (4,3,5%)]}

then there exists a unique point z in X such thatz = Sz = Tz =
Az, for eachi € NU{0}.

The following result extends and improves [7, Theorem
2.2], [8, Theorem 2.2], [6, Theorem 6], and [13, Theorem 2.2].

Theorem 18. Let M be a nonempty q-star-shaped subset of a
normed space X and let S and T be continuous and q-affine



self-maps of M. Let {A;};cny 0y be a family of self-maps of M
satisfying the following.

(1) Ag(M) < T(M) and A;(M) < S(M) for each i € N.

(2) (Ay,S) and (A, T) are modified subcompatible for
eachie N,

(3) For each i € N and, for any x,y € M

[Agx — A;y|| < max M (x, y), (18)

where
M (5, ) = {8 = Ty . dist (S, [40.4]),

dist (Ty, [A;.4]).
X (19)
E [dlst (S.x, [Aiy) Q])

+dist (Ty, [Ax, q])] } ;

then all the A; (i € N U {0}), S and T have a common fixed
point provided one of the following conditions hold.

(a) M is sequentially compact and A; is continuous for
eachi e NU{0}.

(b) M is weakly compact, (S — A;) is demiclosed at 0 for
eachi € NU {0}, and X is complete.

Proof. For eachi € NU {0}, define A} : M — M by
Alx=(1-k,)q+k,A;x (20)

for all x € M and a fixed sequence of real numbers k, (0 <
k, < 1) converging to 1. Then, A" is a self-map of M for each
i € NU {0} and for each n > 1.

Firstly, we prove A\j(M) < T(M); for this let y € AG(M),
which implies y = A7jx for some x € M.

Now, by using (20)

y=Apx=(1-k,)q+k,Apx

=(1-k,)q+k,Tz, forsomezeM

= yeT (M), asT isg-affine, M is g-star-shaped.

(21)

Hence A (M) € T(M) for eachn > 1.
Similarly, it can be shown that for each i € N and each
n>1, AT (M) € S(M), as Sis g-affine and M is g-star-shaped.
Now, we prove that for each n > 1, the pair (Ay,S) is
compatible; for this let {x,,} < M with lim, , Sx,, =
lim,, , A%x,, =t € M. Since the pair (A,,S) is modified
subcompatible, therefore, by the assumption of A, , we have

Jim Ay, x, = lim Agx, =t. (22)
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As the pair (A,,S) is modified subcompatible and S is g-
affine, therefore

lim [A}Sx,, — SAjx

Jim o

_ (23)
= knmlgnOO [[AoSx,, — SA¢x,,|| = 0.

Hence, the pair (Aj(,S) is compatible for each n.

Similarly, we can prove that the pair (A"}, T') is compatible
for eachi € Nand eachn > 1.

Also, using (18) and (20) we have

lAGx = ATy =k, [[Aox - Ay
< k, max {”Sx =Ty, dist (Sx, [Ax.q]),
dist (T, [A;y.4]).
> [dist(5x,[4,3,.4])
+ dist (T, [4p%,4])] |
< K, max {[$x = Ty 5% - A3,

Ty - A%y,

2 llsx- Ayl

+ |y - Agel }
(24)

for each x, y € M and 0 < k, < 1. By Theorem 17, for each
n > 1, there exists x,, € M such that x,, = Sx,, = Tx,, = A’x,,
for eachi € N U {0}.

(a) As M is sequentially compact and {x,} is a sequence
in M, so {x,,} has a convergent subsequence {x,,} such
that x,, — z € M. Thus, by the continuity of S, T and
all A; (i € NU{0}), we can say that z is a common fixed
pointof S, T and all A; (i € NU{0}). Thus F(T)NF(S)N
F(Ag) N ((ien F(AD) # ¢

(b) Since M is weakly compact, there is a subsequence
{x,,} of {x,} converging weakly to some u € M. But,
S and T being g-affine and continuous are weakly
continuous, and the weak topology is Hausdorff, so u
is a common fixed point of S and T'. Again the set M is
bounded, so (S—A;)(x,,) =x,,— Xk, —q(1-k,) —
0asm — 00. Now demiclosedness of (S — A;) at 0
gives that (S — A;)(u) = 0 for each i € N U {0}, and
hence F(T) N F(S) N F(Ay) N (N;en F(A))) # ¢. 0

Theorem 19. Let M be a nonempty g-star-shaped subset of a
normed space X, and let S and T be continuous and gq-affine
self-maps of M. Let {A;};cnyq0p be a family of self-maps with
Ay(M) € T(M) and A;(M) < S(M) for eachi € N. If the pairs
(A, S) and (A, T) are modified subcompatible for each i € N



Abstract and Applied Analysis

and also the family {A}; 0y of maps is (S, T)-nonexpansive,
then F(T) N F(S) N F(Ay) N ((N;en F(A))) # ¢, provided one of
the following conditions hold.

(a) M is sequentially compact.

(b) M is weakly compact, (S — A;) is demiclosed at 0 for
eachi € NU {0}, and X is complete.

(c) M is weakly compact and X is a complete space
satisfying Opial’s condition.

Proof. (a) The proof follows from Theorem 18(a).

(b) The proof follows from Theorem 18(b).

(c) Following the proof of Theorem 18(b), we have Su =
u = Tuand for eachi € NU{0}, [Sx,, - A;x,, || — Oasm —
00. Since the family {A;};7, is (S, T)-nonexpansive, therefore,
for each i € N, we have Aju = A,;u. Now we have to show
that Su = A,u. If not, then by Opial’s condition of X and
(S, T)-nonexpansiveness of the family {A;}°, we get

lim inf ||Sx,,, = Tu| = lim inf | Sx,, — Su]
< l}nmﬁi(r)lof [8x,, = Agul
< lim inf ||Sx,,, — A;x,|
+ lmiglof [[A;x,, = Agu|,

(25)
where i € N

= l}nrrLiglof [Agu—Ax,,||
< lim inf ||Su - Tx,, |
= l}nnliglof ||Tu - Sxm" ,

which is a contradiction. Therefore, Su = Aju and, hence,
F(T) N F(S) N F(Ag) N (N;en F(A)) # 6. O

In Theorems 18 and 19, if we take A; = A for eachi €
N U {0}, we obtain the following corollary which generalizes
Theorems 2.2 and 2.3 of Hussain and Jungck [8], respectively.

Corollary 20. Let M be a nonempty q-star-shaped subset of
a normed space X, and let S and T be continuous and g-
affine self-maps of M. Let A be a self-map of M satisfying the
following.

1) A(M) € S(M)NT(M).
(2) The pairs (A, S) and (A, T) are modified subcompatible.

(3) Forallx,y € M,

[Ax - Ay|| < max M (x,y), (26)

where

M (x,y) = {"Sx - Ty|,dist (Sx, [Ax,q]),

dist (Ty, [Ay.q]),
| (27)
5 Ldist(Sx,[4y,4])

+dist (Ty, [Ax, q])] } :

Then S, T, and A have a common fixed point provided one of
the following conditions hold.

(a) M is sequentially compact and A is continuous.

(b) M is weakly compact, (S — A) is demiclosed at 0, and
X is complete.

(c) M is complete, cl(A(M)) is compact, and A is continu-
ous.

Proof. (a) and (b) follow from Theorem 18 by taking A; = A
for eachi € N U {0}.
(c) Define A" M — M by

A'x =(1-k,)q+k,Ax. (28)
As we have done in Theorem 18, for each n > 1, there
exists x, € M such that x, = Sx, = Tx, = A'x,.

Then, compactness of cl(A(M)) implies that there exists a
subsequence {Ax,,} of {Ax,} such that Ax,, —» zasm —
00. Then the definition of A™"x,, implies x,, — z; thus, by
continuity of A, S, and T, we can say that z is a common fixed
point of A, S, and T. O

Corollary 21. Let M be a nonempty q-star-shaped subset of
a normed space X, and let S and T be continuous and q-affine
self-maps of M. Let A be a self-map of M with A(M) € S(M)n
T(M). Ifthe pairs (A, S) and (A,T) are modified subcompatible
and also the map A is (S, T')-nonexpansive, then F(T) N F(S) N
F(A) # ¢, provided one of the following conditions hold.

(a) M is sequentially compact.

(b) M is weakly compact, (S — A) is demiclosed at 0, and
X is complete.

(¢c) M is weakly compact and X is complete space satisfying
Opial’s condition.

(d) M is complete and cl(A(M)) is compact.

In Corollary 20(b), if we take T' = S, then we obtain the
following corollary as a generalization of Theorem 4 proved
by Shahzad [12].

Corollary 22. Let M be a nonempty weakly compact q-star-
shaped subset of a Banach space X, and let A and S be self-maps
of M. Suppose that S is q-affine and continuous, and A(M) <
S(M). If (S — A) is demiclosed at 0, the pair (A, S) is modified
subcompatible and satisfies

[Ax — Ay|| < max M (x,y), (29)



where
M (x,y) = {"Sx - Sy|, dist (Sx, [Ax,q]),

dist (Sy, [Ay.4]).
. (30)
5 ldist (S, [47,q))

+ dist (Sy, [Ax, q])] }
forall x,y € M; then F(S) N F(A) # ¢.

In Theorems 18 and 19, if we take T' = S, then we obtain
the following corollary.

Corollary 23. Let M be a nonempty q-star-shaped subset of a
normed space X. Suppose that S is continuous and is a q-affine
self-map of M. Let {A};c\uq0p be a family of self-maps of M
satisfying the following.
M) U2y A;(M) < S(M) and for each i € N U {0}, the pair
(A;,S) is modified subcompatible.

(2) For each i € N and, for any x, y € M
[Agx - Aiy] < max M (x, y), (3D

where
M (x.y) = {[x - Sy] dist (Sx, [Aox.a)).

dist (Sy, [A;5.4]),
1 (32)
5 [dist (Sx, [A;.4])

+dist (Sy, [A,x,9])] } ;

then S and all the A; (i € N U {0}) have a common fixed point
provided one of the following conditions hold.

(a) M is sequentially compact and A; is continuous for
eachi € N U {0}.

(b) M is weakly compact, (S — A;) is demiclosed at 0 for
eachi € NU {0}, and X is complete.

Corollary 24. Let M be a nonempty q-star-shaped subset of
a normed space X. Suppose that S is continuous and is a g-
affine self-map of M. Let {A;};cnq0) be a family of self-maps
with |2y A;(M) € S(M) and the pairs (A;,S) are modified
subcompatible for each i € N U{0}. If this family {A;};cn0) of
maps is S-nonexpansive then F(S) N F(Ay) N ((;en F(A)) # ¢,
provided one of the following conditions hold.

(1) M is sequentially compact.

(2) M is weakly compact, (S — A;) is demiclosed at 0 for
eachi € NU {0}, and X is complete.

(3) M is weakly compact and X is a complete space
satisfying Opial’s condition.
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3. Applications to Best Approximation

The following theorem extends and generalizes [5, Theorem
2], [8, Theorem 2.8], and main result of [3].

Theorem 25. Let M be a subset of a normed space X and let
ST, A; : X — X be mappings for each i € N U {0} such
that u € F(T) N F(S) N F(Ay) N (N;en F(4;)) for some u € X
and for each i € NU {0}, A;(0M N M) € M. Suppose that S
and T are g-affine and continuous on Py (u) and also Py (u) is
q-star-shaped and S(Py (1)) = Py(u) = T(Py(u)).

Moreover, if

(1) the pairs (A, ,S) and (A;, T) are modified subcompat-
ible for each i € N.
(2) foreachi € N, and for all x € Py, (u) | J{u},

|40 = Ayl
(1% — Tul, ify=u
max {"Sx - Ty||, dist (Sx, [, Ayx])

< dist (Ty, (9, A;y])

% [dist (Sx, [q, A;¥])

+dist(Ty, [q, Agx])] } if y € Py (),
(33)

[Aix = Agu| < |Agx — Ajul. (34)

Then Py (u)NF(T)NF(S)NF(A) N((N;en F(A))) # ¢, provided
one of the following conditions hold.

(a) Py, (u) issequentially compact and A; is continuous for
each i € N U {0}.

(b) Py(u) is weakly compact, X is complete, and (S — A;)
is demiclosed at 0 for each i € N U {0}.

Proof. Let x € Py, (u). Then ||x — u|| = d(u, M). Note that for
any k € (0, 1),

lku+ (1 — k) x —u
(35)
=1 -k)|x-ul|l <du,M).

It follows that the line segment {ku + (1 — k)x : 0 < k < 1}
and the set M are disjoint. Thus, x is not interior of M and so
x € OMNM. As A,(0M N M) ¢ M for eachi € N U {0},
therefore, for each i € N U {0}, A;x € M. Now we have to
show that A,x € Py (u) and for each i € N, A;x € P, (u).
Since Sx € Py (u), u € F(T) N F(S) N F(Ay) N (Nien F(A)))
and S, T, and A;’s satisfy (33); therefore, we have

405 - ul = 4% - A
< I1Sx = Tul = ||Sx - u| (36)
=d(u,M), whereieN.
Then the definition of Py, (u) implies

Agx € Py (u). (36a)



Abstract and Applied Analysis
Again using (33) and (34), for each i € N, we have

A —ul = [Aix ~ Agu]
< |Agx — Al < [ISx - Tul (37)
=|ISx —ull =d(u, M).

This yields that

A;x € Pyy(u), foreachieN. (37a)

Then combining (36a) and (37a), we get A;x € Py, (u) for
eachi € NU{0}. Consequently, A;(Py,(11)) < Py, (1), for each
i € N U {0}. Since S(Py;(11)) = Py, (1) = T(Pys(1t)), therefore
we have

Ay (Py () € S(Py (),
A; (Py () € T (Py (w)), (38)

for each i € N.

Hence, by Theorem 18 Py, (1) N F(T) n F(S) n F(4,) N
(Mien F(AD) # ¢. O

The following corollary improves and extends [4, Theo-
rem 8], [8, Corollary 2.9], and [10, Theorem 4].

Corollary 26. Let M be a subset of a normed space X and let
S, T, A;: X — X be mappings for each i € N U {0} such that
u € F(T) N F(S) N F(Ay) N (N;en F(A))) for some u € X and
A,0MNM) c M foreachi € NU {0}. Suppose that S and
T are g-affine and continuous on Py (1) and also Py (u) is g-
star-shaped and S(Py,(u)) = Py (u) = T(Py(u)). If the pairs
(A, S) and (A;, T) are modified subcompatible for eachi € N
and also the family {A;}; 0y of maps is (S, T)-nonexpansive,
then Py (u) NF(T)NF(S)NF(Ay) N ((N;en F(4;)) # ¢, provided
one of the following conditions hold.

(a) Py, (u) is sequentially compact.

(b) Pys(u) is weakly compact, X is complete, and (S — A;)
is demiclosed at 0 for each i € N U {0}.

(¢c) Py,(u) is weakly compact and X is complete space
satisfying Opial’s condition.

The following corollary generalizes [12, Theorem 5] and
[8, Corollary 2.10].

Corollary 27. Let M be a subset of a normed space X and let
S, A: X — X be mappings such that u € F(A) N F(S) for
someu € X and A(OM N M) € M. Suppose that S is g-affine
and continuous on Py (u) and also Py (u) is g-star-shaped and

S(Py(u)) = Pyy(u). If the pair (A, S) is modified subcompatible
and satisfies for all x € Py, (u) U {u}

|Ax - Ay|
[11Sx — Sul,
max { % - Sy dist (5x, [g, Ax])
dilst (Sy.[a-4y]),
> [dist (Sx, [g, Ay])

+ dist (Sy, [, Ax])] } if yePy(u),
(39)

if y=u

IN

then Py (u) N F(S) N F(A) # ¢, provided one of the following
conditions hold.

(a) Py, (u) is sequentially compact.

(b) Py(u) is complete and cl(A(Py,(u))) is compact.

(c) Pys(u) is weakly compact, X is complete, and (S— A) is

demiclosed at 0.
4. Examples

Now, we present some examples which demonstrate the
validity of the proved results.

Example 28. Let X = R with usual norm | x| = |x| and M =
[0, 1]. Suppose A, A; : M — M are defined as

Ay(x)=1, for0<x<1,
(40)
A (x) = %, foreachie N,0<x<1
i

and also S, T : M — M are defined as
1
S(x) = % T(x)=x, for0<x<l1. (4]

Here Aj(M) = {1}, T(M) = [0,1], S(M) = [1/2,1], and
A;(M) =[i/(i +1),1] for each i € N, so that A,(M) € T(M)
and A;(M) < S(M) for each i € N. Besides M is compact
and the pairs of mappings {A, S} and {A;, T} are modified
subcompatible for each i € N and also the maps S and T
are g-affine for g = 1. Further the mappings S, T, and A;
for each i € N U {0} satisfy the inequality (18). Hence all the
conditions of Theorem 18(a) are satisfied. Therefore S, T, and
all A; (i € NU {0}) have a common fixed point and x = 1 is
such a unique common fixed point.

Remark 29. (1) In Example 28, if we define A,(x) = A;(x) =
S(x) = T(x) = xforall x € X ~ M, then S, T, and all
A; (i € NuU{0}) are self-maps of X andu = 2 € F(T) n
F(S)NF(Ay) N (Nien F(A))). Clearly, Py, (1) = {1} is g-star-
shaped and S(P,; (1)) = Py (u) = T(P,;(u)). Therefore, all the
conditions of Theorem 25 are satisfied and, hence, Py, (1) N
F(T)NF(S)NF(Ay))N((N;en F(A;)) # ¢. Here, x = 1 € Py, (u)N
F(T) N F(S) N F(Ay) N (Nien F(A)) # .



(2) If inequality (18) in Theorem 18 is replaced with the
weaker condition

[Agx = Ay

< max flsx - Ty [$x - Ax]
(42)
Ty - Ay,

1
S lIsx - A + Iy - 401}

for each i € N and, for any x, y € M. Then, Theorem 18 need
not be true. This can be seen by the following example.

Example 30. Let X = R with usual norm | x| = |x| and M =
[0, 1]. Suppose A, A;: M — M are defined as

1
Ao(x)zz, for0<x<1,
3 (43)
Ai(x)zz, foreachieN,0<x <1
and also S, T: M — M are defined as
1 1
5 ifOSx<E
S(x) = (44)
1 1 .1
—x+- if-<x<1,
2 4 2
X if0<x< =
T (x) = | 2 (45)
1-x if-<x<1

Here Ay(M) = {1/2}, T(M) = [0,1/2], S(M) = [1/2,3/4],
and A;(M) = {3/4} for each i € N, so that A,(M) < T(M)
and A;(M) < S(M) for each i € N. Besides M is compact
and the pairs of mappings {A,, S} and {A;, T} are modified
subcompatible for each i € N and also the maps S and T are
g-affine for g = 1/2. Further, the mappings S, T, and A; for
eachi € NU{0} are continuous and satisfy the inequality (42).
Note that F(T) N F(S) N F(Ay) N (N;en F(4))) = ¢.

Remark 31. Clearly mappings S, T, and A; for eachi € NU
{0} defined in Example 30 satisfy all of the conditions of
Theorem 18(a) except the inequality (18) at x = 1/2, y = 1/2.
Note that there is no common fixed point of S, T, and A; for
eachi € NU{0}.

Example 32. Let X = R with usual norm [x| = |x| and M =
[0, 1]. Suppose T, S, A : M — M are defined as

. 1
X if0<x< =
T(x)= 1 1 2
l-x if-<x<],
2
. 1
X if0<x< = (46)
SI=11 1 1 2
—x+- if-<x<1,
2 4 2

1
A(x)=5, for0<x<1.
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Here we observe that A(M) = {1/2}, S(M) = [0,3/4], and
T(M) = [0,1/2] so that A(M) € S(M) N T(M). Also, M is
g-star-shaped and the maps S and T are g-affine with g = 1/2.
We also observe that the pairs (4, S) and (A, T) are modified
subcompatible and M is sequentially compact. Further, the
mappings A, S, and T satisfy (26). Hence, the mappings A,S,
and T satisfy all the conditions of Corollary 20(a) and x = 1/2
is the unique common fixed point of mappings A, S, and T.

Remark 33. In Example 32, S and T are not affine because for
x =3/5y =0,and k = 1/3, S(kx + (1 — k)y) = kS(x) +
(1 = k)S(y) and T(kx + (1 — k)y) = kT(x) + (1 — k)T(y)
do not hold. Therefore, Theorem 2.2 of Hussain and Jungck
[8] cannot apply to Example 32; hence Corollary 20 is more
general than Theorem 2.2 of [8].

Example 34. Take X, M, and S as in Example 32 and define

1
A(x):z, for0<x<1,
1 1
- ifo0<x< - (47)
T(x)= 42 1 2
1-x ifESXSI.

Then all of the conditions of Corollary 20(a) are satisfied
except that the pair (A, T) is modified subcompatible. Note
that F(T) n F(S) N F(A) = ¢.

Remark 35. All results of the paper can be proved for Haus-
dorff locally convex spaces defined and studied by various
authors (see [16, 23-27]).
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