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We improve the class of subcompatible self-maps used by (Akbar and Khan, 2009) by introducing a new class of noncommuting
self-maps called modified subcompatible self-maps. For this new class, we establish some common fixed point results and obtain
several invariant approximation results as applications. In support of the proved results, we also furnish some illustrative examples.

1. Introduction and Preliminaries

From the last five decades, fixed point theorems have been
used in many instances in invariant approximation theory.
The idea of applying fixed point theorems to approximation
theory was initiated by Meinardus [1] where he employs a
fixed point theorem of Schauder to establish the existence
of an invariant approximation. Later on, Brosowski [2] used
fixed point theory to establish some interesting results on
invariant approximation in the setting of normed spaces
and generalized Meinardus’s results. Singh [3], Habiniak [4],
Sahab et al. [5], and Jungck and Sessa [6] proved some
similar results in the best approximation theory. Further, Al-
Thagafi [7] extended these works and proved some invariant
approximation results for commuting self-maps. Al-Thagafi
results have been further extended by Hussain and Jungck
[8], Shahzad [9–14] and O’Regan and Shahzad [15] to
various class of noncommuting self-maps, in particular to
R-subweakly commuting and R-subcommuting self-maps.
Recently, Akbar and Khan [16] extended the work of [7–15]
to more general noncommuting class, namely, the class of
subcompatible self-maps.

In this paper, we improve the class of subcompatible self-
maps used byAkbar andKhan [16] by introducing a new class
of noncommuting self-maps called modified subcompatible
self-maps which contain commuting, R-subcommuting, R-
subweakly, commuting, and subcompatible maps as a proper
subclass. For this new class, we establish some common fixed

point results for some families of self-maps and obtain several
invariant approximation results as applications. The proved
results improve and extend the corresponding results of [3–
8, 10–15].

Before going to themain work, we need some preliminar-
ies which are as follows.

Definition 1. Let (𝑋, 𝑑) be a metric space, 𝑀 be a subset of
𝑋, and 𝑆 and 𝑇 be self-maps of𝑀. Then the family {𝐴

𝑖
: 𝑖 ∈

N ∪ {0}} of self-maps of𝑀 is called (𝑆, 𝑇):

(i) contraction if there exists 𝑘, 0 ≤ 𝑘 < 1 such that for all
𝑥, 𝑦 ∈ 𝑀,

𝑑 (𝐴
0
𝑥, 𝐴
𝑖
𝑦) ≤ 𝑘𝑑 (𝑆𝑥, 𝑇𝑦) , for each 𝑖 ∈ N, (1)

(ii) nonexpansive if for all 𝑥, 𝑦 ∈ 𝑀,

𝑑 (𝐴
0
𝑥, 𝐴
𝑖
𝑦) ≤ 𝑑 (𝑆𝑥, 𝑇𝑦) , for each 𝑖 ∈ N. (2)

In Definition 1, if we take 𝑇 = 𝑆, then this family {𝐴
𝑖
: 𝑖 ∈

N ∪ {0}} is called 𝑆-contraction (resp., 𝑆-nonexpansive).

Definition 2. Let 𝑀 be a subset of a metric space (𝑋, 𝑑) and
𝑆, 𝑇 be self-maps of𝑀. A point 𝑥 ∈ 𝑀 is a coincidence point
(common fixed point) of 𝑆 and 𝑇 if 𝑆𝑥 = 𝑇𝑥 (𝑆𝑥 = 𝑇𝑥 = 𝑥).
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The set of coincidence points of 𝑆 and𝑇 is denoted by𝐶(𝑆, 𝑇).
The pair {𝑆, 𝑇} is called

(1) commuting if 𝑆𝑇𝑥 = 𝑇𝑆𝑥 for all 𝑥 ∈ 𝑀;
(2) R-weakly commuting [17], provided there exists some

positive real number R such that 𝑑(𝑆𝑇𝑥, 𝑇𝑆𝑥) ≤

𝑅𝑑(𝑆𝑥, 𝑇𝑥) for each 𝑥 ∈ 𝑀;
(3) compatible [18] if lim

𝑛→∞
𝑑(𝑆𝑇𝑥

𝑛
, 𝑇𝑆𝑥
𝑛
) = 0 when-

ever {𝑥
𝑛
} is a sequence in𝑀 such that lim

𝑛→∞
𝑆𝑥
𝑛
=

lim
𝑛→∞

𝑇𝑥
𝑛
= 𝑡 for some 𝑡 ∈ 𝑀;

(4) weakly compatible [19] if 𝑆𝑇𝑥 = 𝑇𝑆𝑥 for all 𝑥 ∈

𝐶(𝑆, 𝑇).
For a useful discussion on these classes, that is, the
class of commuting, R-weakly commuting, compati-
ble, and weakly compatible maps, see also [20].

Definition 3. Let𝑋 be a linear space and let𝑀 be a subset of
𝑋. The set 𝑀 is said to be star-shaped if there exists at least
one point 𝑞 ∈ 𝑀 such that the line segment [𝑥, 𝑞] joining 𝑥 to
𝑞 is contained in𝑀 for all 𝑥 ∈ 𝑀; that is, 𝑘𝑥 + (1 − 𝑘)𝑞 ∈ 𝑀

for all 𝑥 ∈ 𝑀, where 0 ≤ 𝑘 ≤ 1.

Definition 4. Let𝑋 be a linear space and let𝑀 be a subset of
𝑋. A self-map 𝐴 : 𝑀 → 𝑀 is said to be

(i) affine [21] if𝑀 is convex and

𝐴 (𝑘𝑥 + (1 − 𝑘) 𝑦) = 𝑘𝐴 (𝑥) + (1 − 𝑘)𝐴 (𝑦)

∀𝑥, 𝑦 ∈ 𝑀, 𝑘 ∈ (0, 1) ,
(3)

(ii) q-affine [21] if𝑀 is 𝑞-star-shaped and

𝐴 (𝑘𝑥 + (1 − 𝑘) 𝑞) = 𝑘𝐴 (𝑥) + (1 − 𝑘) 𝑞

∀𝑥 ∈ 𝑀, 𝑘 ∈ (0, 1) .
(4)

Here we observe that if 𝐴 is 𝑞-affine then 𝐴𝑞 = 𝑞.

Remark 5. Every affine map 𝐴 is 𝑞-affine if 𝐴𝑞 = 𝑞 but its
converse need not be true even if 𝐴𝑞 = 𝑞, as shown by the
following examples.

Example 6. Let 𝑋 = 𝑅 and𝑀 = [0, 1]. Let 𝐴 : 𝑀 → 𝑀 be
defined as

𝐴 (𝑥) =

{{

{{

{

𝑥 if 0 ≤ 𝑥 <
1

2

1 − 𝑥 if 1
2
≤ 𝑥 ≤ 1.

(5)

Then 𝐴 is 𝑞-affine for 𝑞 = 1/2, while 𝐴 is not affine because
for 𝑥 = 3/5, 𝑦 = 0, and 𝑘 = 1/3

𝐴 (𝑘𝑥 + (1 − 𝑘) 𝑦) = 𝑘𝐴 (𝑥) + (1 − 𝑘)𝐴 (𝑦) (6)

does not hold.

Example 7. Let 𝑋 = 𝑅2 and 𝜆 ∈ 𝑅+ = [0,∞). Let𝑀 = 𝑀
1
∪

𝑀
2
, where

𝑀
1
= {(𝑥, 𝑦) ∈ 𝑅

2
: (𝑥, 𝑦) = (𝜆, 3𝜆)} ,

𝑀
2
= {(𝑥, 𝑦) ∈ 𝑅

2
: (𝑥, 𝑦) = (𝜆, 𝜆)} .

(7)

Then𝑀 is 𝑞-star-shaped for 𝑞 = (0, 0). Define 𝐴 : 𝑀 → 𝑀

as

𝐴 (𝑥, 𝑦) = {
(0, 0) if (𝑥, 𝑦) ∈ 𝑀

1

(𝑥, 𝑦) if (𝑥, 𝑦) ∈ 𝑀
2
.

(8)

Then𝐴 is 𝑞-affine for 𝑞 = (0, 0) but𝐴 is not affine, because for
𝑥 = (1, 3) ∈ 𝑀, 𝑦 = (1, 1) ∈ 𝑀, and 𝑘 = 1/2, 𝑘𝑥 + (1 − 𝑘)𝑦 ∉

𝑀, though 𝑘𝐴(𝑥) + (1 − 𝑘)𝐴(𝑦) = (1/2, 1/2) ∈ 𝑀.

Definition 8. Let 𝑀 be a subset of a normed linear space
(𝑋, ‖ ⋅ ‖). The set 𝐵

𝑀
(𝑝) = {𝑥 ∈ 𝑀 : ‖𝑥 − 𝑝‖ = dist(𝑝,𝑀)} is

called the set of best approximants to 𝑝 ∈ 𝑋 out of𝑀, where
dist(𝑝,𝑀) = inf{‖𝑦 − 𝑝‖ : 𝑦 ∈ 𝑀}.

Definition 9 (see [11]). Let𝑀 be a subset of a normed linear
space𝑋 and let 𝑆 and𝑇 be self-maps of𝑀.Then the pair (𝑆, 𝑇)
is called 𝑅-subweakly commuting on 𝑀 with respect to 𝑞 if
𝑀 is 𝑞-star-shaped with 𝑞 ∈ 𝐹(𝑆) (where 𝐹(𝑆) denote the set
of fixed point of 𝑆) and ‖𝑆𝑇𝑥 − 𝑇𝑆𝑥‖ ≤ 𝑅 dist(𝑆𝑥, [𝑞, 𝑇𝑥]) for
all 𝑥 ∈ 𝑀 and some 𝑅 > 0.

Definition 10. Let𝑋 be a Banach space. A map 𝑆 : 𝑀 ⊆ 𝑋 →

𝑋 is said to be demiclosed at 0 whenever {𝑥
𝑛
} is a sequence in

𝑀 such that 𝑥
𝑛
converges weakly to 𝑥 ∈ 𝑀 and 𝑆𝑥

𝑛
converges

strongly to 0 ∈ 𝑀; then 0 = 𝑆𝑥.

Definition 11. A Banach space 𝑋 is said to satisfy Opial’s
condition whenever {𝑥

𝑛
} is a sequence in 𝑋 such that 𝑥

𝑛

converges weakly to 𝑥 ∈ 𝑋; then

lim inf
𝑛→∞

𝑥𝑛 − 𝑥
 < lim inf
𝑛→∞

𝑥𝑛 − 𝑦


holds ∀𝑦 ̸= 𝑥.

(9)

Note that Hilbert and 𝑙𝑝 (1 < 𝑝 < ∞) spaces satisfy Opial’s
condition.

2. Common Fixed Point for Modified
Subcompatible Self-Maps

First we introduce the notion of modified subcompatible
maps.

Definition 12. Let 𝑀 be a 𝑞-star-shaped subset of a normed
linear space 𝑋 and let 𝑆 and 𝑇 be self-maps of 𝑀 with 𝑞 ∈

𝐹(𝑆). Define Λ
𝑞
(𝑆, 𝑇) = ⋃

𝑘∈(0,1)
Λ(𝑆, 𝑇

𝑘
), where 𝑇

𝑘
(𝑥) =

(1 − 𝑘)𝑞 + 𝑘𝑇𝑥 and Λ(𝑆, 𝑇
𝑘
) = {{𝑥

𝑛
} ⊂ 𝑀 : lim

𝑛→∞
𝑆𝑥
𝑛
=

lim
𝑛→∞

𝑇
𝑘
𝑥
𝑛
= 𝑡 ∈ 𝑀}. Then 𝑆 and 𝑇 are called modified

subcompatible if lim
𝑛→∞

‖𝑆𝑇𝑥
𝑛
−𝑇𝑆𝑥

𝑛
‖ = 0 for all sequences

{𝑥
𝑛
} ∈ Λ

𝑞
(𝑆, 𝑇).

In the definition of subcompatible maps (see [16]),
Λ
𝑞
(𝑆, 𝑇) = ⋃

𝑘∈[0,1]
Λ(𝑆, 𝑇

𝑘
), but here 𝑘 ∈ (0, 1).The following

examples reveal the impact of this and show that𝑅-subweakly
commuting maps and also subcompatible maps of [16] form
a proper subclass of modified subcompatible maps.
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Example 13. Let𝑋 = 𝑅with the usual norm and𝑀 = [0,∞).
Define 𝑆, 𝑇 : 𝑀 → 𝑀 by

𝑆 (𝑥) =

{{

{{

{

𝑥

2
, 0 ≤ 𝑥 < 1

2𝑥
2 − 1, 𝑥 ≥ 1,

𝑇 (𝑥) =

{{

{{

{

1

2
, 0 ≤ 𝑥 < 1

4𝑥 − 3, 𝑥 ≥ 1.

(10)

Then 𝑀 is 1-star-shaped with 𝑞 = 1 ∈ 𝐹(𝑆) and Λ
𝑞
(𝑆, 𝑇) =

{{𝑥
𝑛
} : 1 ≤ 𝑥

𝑛
< ∞, lim

𝑛→∞
𝑥
𝑛
= 1}. Moreover, 𝑆 and 𝑇

are modified subcompatible but not subcompatible because
for the sequence {1 − 1/𝑛}

𝑛≥1
, we have lim

𝑛→∞
𝑆(𝑥
𝑛
) =

lim
𝑛→∞

𝑇
1
(𝑥
𝑛
) = 1/2 and lim

𝑛→∞
‖𝑆𝑇(𝑥

𝑛
) − 𝑇𝑆(𝑥

𝑛
)‖ ̸= 0.

Note that 𝑆 and 𝑇 are neither R-subweakly commuting nor
R-subcommuting.

Example 14. Let𝑋 = 𝑅with the usual norm and𝑀 = [0,∞).
Define 𝑆, 𝑇 : 𝑀 → 𝑀 by

𝑆 (𝑥) =

{{

{{

{

1

2
, 0 ≤ 𝑥 < 1

𝑥
2, 𝑥 ≥ 1,

𝑇 (𝑥) =
{

{

{

3

2
, 0 ≤ 𝑥 < 1

𝑥, 𝑥 ≥ 1.

(11)

Then 𝑀 is 1/2-star-shaped with 𝑞 = 1/2 ∈ 𝐹(𝑆) and
Λ
𝑞
(𝑆, 𝑇) = 𝜙. Clearly 𝑆 and 𝑇 are modified subcompatible

but not subcompatible because for any sequence {𝑥
𝑛
}
0≤𝑥
𝑛
<1
,

we have lim
𝑛→∞

𝑆(𝑥
𝑛
) = lim

𝑛→∞
𝑇
0
(𝑥
𝑛
) = 1/2 and

lim
𝑛→∞

‖𝑆𝑇(𝑥
𝑛
) − 𝑇𝑆(𝑥

𝑛
)‖ ̸= 0. Also, 𝑆 and 𝑇 are not R-

subweakly commuting.

The following two examples show that the modified
subcompatible self-maps and compatible self-maps are of
different classes.

Example 15. Let𝑋 = 𝑅with usual norm and𝑀 = [1,∞). Let
𝑆, 𝑇 : 𝑀 → 𝑀 be defined by

𝑆 (𝑥) = 6𝑥 − 5, 𝑇 (𝑥) = 3𝑥
2
− 2, (12)

for all 𝑥 ∈ 𝑀. Then
𝑇 (𝑥
𝑛
) − 𝑆 (𝑥

𝑛
)
 = 3


(𝑥
𝑛
− 1)
2

→ 0

iff 𝑥
𝑛
→ 1,

𝑆𝑇 (𝑥
𝑛
) − 𝑇𝑆 (𝑥

𝑛
)
 = 90


(𝑥
𝑛
− 1)
2

→ 0

if 𝑥
𝑛
→ 1.

(13)

Thus 𝑆 and 𝑇 are compatible. Obviously 𝑀 is 𝑞-star-shaped
with 𝑞 = 1 and 𝑆𝑞 = 𝑞. Note that for any sequence {𝑥

𝑛
} in𝑀

with 𝑥
𝑛
→ 2, we have

𝑇2/3 (𝑥𝑛) − 𝑆 (𝑥
𝑛
)
 = 2

(𝑥𝑛 − 1) (𝑥
𝑛
− 2)

 → 0. (14)

However, lim
𝑛→∞

‖𝑆𝑇(𝑥
𝑛
) − 𝑇𝑆(𝑥

𝑛
)‖ ̸= 0. Thus 𝑆 and 𝑇 are

not modified subcompatible maps. Hence, they are not 𝑅-
subweakly commuting.

Example 16. Let𝑋 = 𝑅with norm ‖𝑥‖ = |𝑥| and𝑀 = [0,∞).
Let 𝑆, 𝑇 : 𝑀 → 𝑀 be defined by

𝑆 (𝑥) = {
𝑥, 0 ≤ 𝑥 < 1

3, 𝑥 ≥ 1,

𝑇 (𝑥) = {
3 − 2𝑥, 0 ≤ 𝑥 < 1

3, 𝑥 ≥ 1,

∀𝑥 ∈ 𝑀.

(15)

Then 𝑀 is 3-star-shaped with 𝑆(3) = 3 and Λ
𝑞
(𝑆, 𝑇) =

{{𝑥
𝑛
} : 1 ≤ 𝑥

𝑛
< ∞}. Clearly 𝑆 and 𝑇 are modified

subcompatible. Moreover, for any sequence {𝑥
𝑛
} in [0, 1)with

lim
𝑛→∞

𝑥
𝑛

= 1, we have lim
𝑛→∞

‖𝑇(𝑥
𝑛
) − 𝑆(𝑥

𝑛
)‖ = 0.

However, lim
𝑛→∞

‖𝑆𝑇(𝑥
𝑛
) − 𝑇𝑆(𝑥

𝑛
)‖ ̸= 0. Thus 𝑆 and 𝑇 are

not compatible.

The following general common fixed point result is a
consequence of Theorem 5.1 of Jachymski [22], which will be
needed in the sequel.

Theorem 17. Let 𝑆 and 𝑇 be self-maps of a complete metric
space (𝑋, 𝑑) and either 𝑆 or𝑇 is continuous. Suppose {𝐴

𝑖
}
𝑖∈N∪{0}

is a sequence of self-maps of𝑋 satisfying the following.

(1) 𝐴
0
(𝑋) ⊆ 𝑇(𝑋) and 𝐴

𝑖
(𝑋) ⊆ 𝑆(𝑋) for each 𝑖 ∈ N.

(2) The pairs (𝐴
0
, 𝑆) and (𝐴

𝑖
, 𝑇) are compatible for each

𝑖 ∈ N.

(3) For each 𝑖 ∈ N and, for any 𝑥, 𝑦 ∈ 𝑀,

𝑑 (𝐴
0
𝑥, 𝐴
𝑖
𝑦) ≤ ℎ max 𝑀(𝑥, 𝑦) 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 ℎ ∈ (0, 1) ,

(16)

where

𝑀(𝑥, 𝑦) = {𝑑 (𝑆𝑥, 𝑇𝑦) , 𝑑 (𝐴
0
𝑥, 𝑆𝑥) ,

𝑑 (𝐴
𝑖
𝑦, 𝑇𝑦) ,

1

2
[𝑑 (𝐴

0
𝑥, 𝑇𝑦) + 𝑑 (𝐴

𝑖
𝑦, 𝑆𝑥)]} ;

(17)

then there exists a unique point 𝑧 in𝑋 such that 𝑧 = 𝑆𝑧 = 𝑇𝑧 =

𝐴
𝑖
𝑧, for each 𝑖 ∈ N ∪ {0}.

The following result extends and improves [7, Theorem
2.2], [8,Theorem 2.2], [6,Theorem 6], and [13,Theorem 2.2].

Theorem 18. Let 𝑀 be a nonempty 𝑞-star-shaped subset of a
normed space 𝑋 and let 𝑆 and 𝑇 be continuous and 𝑞-affine
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self-maps of 𝑀. Let {𝐴
𝑖
}
𝑖∈N∪{0} be a family of self-maps of 𝑀

satisfying the following.

(1) 𝐴
0
(𝑀) ⊆ 𝑇(𝑀) and 𝐴

𝑖
(𝑀) ⊆ 𝑆(𝑀) for each 𝑖 ∈ N.

(2) (𝐴
0
, 𝑆) and (𝐴

𝑖
, 𝑇) are modified subcompatible for

each 𝑖 ∈ N.

(3) For each 𝑖 ∈ N and, for any 𝑥, 𝑦 ∈ 𝑀

𝐴0𝑥 − 𝐴
𝑖
𝑦
 ≤ max 𝑀(𝑥, 𝑦) , (18)

where

𝑀(𝑥, 𝑦) = {
𝑆𝑥 − 𝑇𝑦

 , dist (𝑆𝑥, [𝐴0𝑥, 𝑞]) ,

dist (𝑇𝑦, [𝐴
𝑖
𝑦, 𝑞]) ,

1

2
[dist (𝑆𝑥, [𝐴

𝑖
𝑦, 𝑞])

+ dist (𝑇𝑦, [𝐴
0
𝑥, 𝑞])] } ;

(19)

then all the 𝐴
𝑖
(𝑖 ∈ N ∪ {0}), 𝑆 and 𝑇 have a common fixed

point provided one of the following conditions hold.

(a) 𝑀 is sequentially compact and 𝐴
𝑖
is continuous for

each 𝑖 ∈ N ∪ {0}.

(b) 𝑀 is weakly compact, (𝑆 − 𝐴
𝑖
) is demiclosed at 0 for

each 𝑖 ∈ N ∪ {0}, and 𝑋 is complete.

Proof. For each 𝑖 ∈ N ∪ {0}, define 𝐴𝑛
𝑖
: 𝑀 → 𝑀 by

𝐴
𝑛

𝑖
𝑥 = (1 − 𝑘

𝑛
) 𝑞 + 𝑘

𝑛
𝐴
𝑖
𝑥 (20)

for all 𝑥 ∈ 𝑀 and a fixed sequence of real numbers 𝑘
𝑛
(0 <

𝑘
𝑛
< 1) converging to 1. Then, 𝐴𝑛

𝑖
is a self-map of𝑀 for each

𝑖 ∈ N ∪ {0} and for each 𝑛 ≥ 1.
Firstly, we prove 𝐴𝑛

0
(𝑀) ⊆ 𝑇(𝑀); for this let 𝑦 ∈ 𝐴𝑛

0
(𝑀),

which implies 𝑦 = 𝐴𝑛
0
𝑥 for some 𝑥 ∈ 𝑀.

Now, by using (20)

𝑦 = 𝐴
𝑛

0
𝑥 = (1 − 𝑘

𝑛
) 𝑞 + 𝑘

𝑛
𝐴
0
𝑥

= (1 − 𝑘
𝑛
) 𝑞 + 𝑘

𝑛
𝑇𝑧, for some 𝑧 ∈ 𝑀

⇒ 𝑦 ∈ 𝑇 (𝑀) , as 𝑇 is 𝑞-affine,𝑀 is 𝑞-star-shaped.
(21)

Hence 𝐴𝑛
0
(𝑀) ⊆ 𝑇(𝑀) for each 𝑛 ≥ 1.

Similarly, it can be shown that for each 𝑖 ∈ N and each
𝑛 ≥ 1,𝐴𝑛

𝑖
(𝑀) ⊆ 𝑆(𝑀), as 𝑆 is 𝑞-affine and𝑀 is 𝑞-star-shaped.

Now, we prove that for each 𝑛 ≥ 1, the pair (𝐴𝑛
0
, 𝑆) is

compatible; for this let {𝑥
𝑚
} ⊆ 𝑀 with lim

𝑚→∞
𝑆𝑥
𝑚

=

lim
𝑚→∞

𝐴𝑛
0
𝑥
𝑚
= 𝑡 ∈ 𝑀. Since the pair (𝐴

0
, 𝑆) is modified

subcompatible, therefore, by the assumption of 𝐴
0
𝑘

, we have

lim
𝑚→∞

𝐴
0
𝑘𝑛

𝑥
𝑚
= lim
𝑚→∞

𝐴
𝑛

0
𝑥
𝑚
= 𝑡. (22)

As the pair (𝐴
0
, 𝑆) is modified subcompatible and 𝑆 is 𝑞-

affine, therefore

lim
𝑚→∞

𝐴
𝑛

0
𝑆𝑥
𝑚
− 𝑆𝐴
𝑛

0
𝑥
𝑚



= 𝑘
𝑛
lim
𝑚→∞

𝐴0𝑆𝑥𝑚 − 𝑆𝐴
0
𝑥
𝑚

 = 0.
(23)

Hence, the pair (𝐴𝑛
0
, 𝑆) is compatible for each 𝑛.

Similarly, we can prove that the pair (𝐴𝑛
𝑖
, 𝑇) is compatible

for each 𝑖 ∈ N and each 𝑛 ≥ 1.
Also, using (18) and (20) we have
𝐴
𝑛

0
𝑥 − 𝐴

𝑛

𝑖
𝑦
 = 𝑘
𝑛

𝐴0𝑥 − 𝐴
𝑖
𝑦


≤ 𝑘
𝑛
max {𝑆𝑥 − 𝑇𝑦

 , dist (𝑆𝑥, [𝐴0𝑥, 𝑞]) ,

dist (𝑇𝑦, [𝐴
𝑖
𝑦, 𝑞]) ,

1

2
[dist (𝑆𝑥, [𝐴

𝑖
𝑦, 𝑞])

+ dist (𝑇𝑦, [𝐴
0
𝑥, 𝑞])] }

≤ 𝑘
𝑛
max {𝑆𝑥 − 𝑇𝑦

 ,
𝑆𝑥 − 𝐴

𝑛

0
𝑥
 ,

𝑇𝑦 − 𝐴
𝑛

𝑖
𝑦
 ,

1

2
[
𝑆𝑥 − 𝐴

𝑛

𝑖
𝑦


+
𝑇𝑦 − 𝐴

𝑛

0
𝑥
] }

(24)

for each 𝑥, 𝑦 ∈ 𝑀 and 0 < 𝑘
𝑛
< 1. By Theorem 17, for each

𝑛 ≥ 1, there exists 𝑥
𝑛
∈ 𝑀 such that 𝑥

𝑛
= 𝑆𝑥
𝑛
= 𝑇𝑥
𝑛
= 𝐴𝑛
𝑖
𝑥
𝑛
,

for each 𝑖 ∈ N ∪ {0}.

(a) As 𝑀 is sequentially compact and {𝑥
𝑛
} is a sequence

in𝑀, so {𝑥
𝑛
}has a convergent subsequence {𝑥

𝑚
} such

that 𝑥
𝑚

→ 𝑧 ∈ 𝑀.Thus, by the continuity of 𝑆,𝑇 and
all𝐴
𝑖
(𝑖 ∈ N∪{0}), we can say that 𝑧 is a commonfixed

point of 𝑆,𝑇 and all𝐴
𝑖
(𝑖 ∈ N∪{0}).Thus𝐹(𝑇)∩𝐹(𝑆)∩

𝐹(𝐴
0
) ∩ (⋂

𝑖∈N 𝐹(𝐴 𝑖)) ̸= 𝜙.
(b) Since 𝑀 is weakly compact, there is a subsequence

{𝑥
𝑚
} of {𝑥

𝑛
} converging weakly to some 𝑢 ∈ 𝑀. But,

𝑆 and 𝑇 being 𝑞-affine and continuous are weakly
continuous, and the weak topology is Hausdorff, so 𝑢
is a common fixed point of 𝑆 and𝑇. Again the set𝑀 is
bounded, so (𝑆−𝐴

𝑖
)(𝑥
𝑚
) =𝑥
𝑚
−𝑥
𝑚
𝑘−1
𝑚
−𝑞(1−𝑘−1

𝑚
) →

0 as 𝑚 → ∞. Now demiclosedness of (𝑆 − 𝐴
𝑖
) at 0

gives that (𝑆 − 𝐴
𝑖
)(𝑢) = 0 for each 𝑖 ∈ N ∪ {0}, and

hence 𝐹(𝑇) ∩ 𝐹(𝑆) ∩ 𝐹(𝐴
0
) ∩ (⋂

𝑖∈N 𝐹(𝐴 𝑖)) ̸= 𝜙.

Theorem 19. Let 𝑀 be a nonempty 𝑞-star-shaped subset of a
normed space 𝑋, and let 𝑆 and 𝑇 be continuous and 𝑞-affine
self-maps of 𝑀. Let {𝐴

𝑖
}
𝑖∈N∪{0} be a family of self-maps with

𝐴
0
(𝑀) ⊆ 𝑇(𝑀) and𝐴

𝑖
(𝑀) ⊆ 𝑆(𝑀) for each 𝑖 ∈ N. If the pairs

(𝐴
0
, 𝑆) and (𝐴

𝑖
, 𝑇) are modified subcompatible for each 𝑖 ∈ N
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and also the family {𝐴
𝑖
}
𝑖∈N∪{0} of maps is (𝑆, 𝑇)-nonexpansive,

then 𝐹(𝑇) ∩ 𝐹(𝑆) ∩ 𝐹(𝐴
0
) ∩ (⋂

𝑖∈N 𝐹(𝐴 𝑖)) ̸= 𝜙, provided one of
the following conditions hold.

(a) 𝑀 is sequentially compact.

(b) 𝑀 is weakly compact, (𝑆 − 𝐴
𝑖
) is demiclosed at 0 for

each 𝑖 ∈ N ∪ {0}, and 𝑋 is complete.

(c) 𝑀 is weakly compact and 𝑋 is a complete space
satisfying Opial’s condition.

Proof. (a) The proof follows fromTheorem 18(a).
(b) The proof follows fromTheorem 18(b).
(c) Following the proof of Theorem 18(b), we have 𝑆𝑢 =

𝑢 = 𝑇𝑢 and for each 𝑖 ∈ N∪ {0}, ‖𝑆𝑥
𝑚
−𝐴
𝑖
𝑥
𝑚
‖ → 0 as𝑚 →

∞. Since the family {𝐴
𝑖
}
∞

𝑖=0
is (𝑆, 𝑇)-nonexpansive, therefore,

for each 𝑖 ∈ N, we have 𝐴
0
𝑢 = 𝐴

𝑖
𝑢. Now we have to show

that 𝑆𝑢 = 𝐴
0
𝑢. If not, then by Opial’s condition of 𝑋 and

(𝑆, 𝑇)-nonexpansiveness of the family {𝐴
𝑖
}
∞

0
, we get

lim inf
𝑚→∞

𝑆𝑥𝑚 − 𝑇𝑢
 = lim inf
𝑚→∞

𝑆𝑥𝑚 − 𝑆𝑢


< lim inf
𝑚→∞

𝑆𝑥𝑚 − 𝐴
0
𝑢


≤ lim inf
𝑚→∞

𝑆𝑥𝑚 − 𝐴
𝑖
𝑥
𝑚



+ lim inf
𝑚→∞

𝐴 𝑖𝑥𝑚 − 𝐴
0
𝑢
 ,

where 𝑖 ∈ N

= lim inf
𝑚→∞

𝐴0𝑢 − 𝐴
𝑖
𝑥
𝑚



≤ lim inf
𝑚→∞

𝑆𝑢 − 𝑇𝑥
𝑚



= lim inf
𝑚→∞

𝑇𝑢 − 𝑆𝑥
𝑚

 ,

(25)

which is a contradiction. Therefore, 𝑆𝑢 = 𝐴
0
𝑢 and, hence,

𝐹(𝑇) ∩ 𝐹(𝑆) ∩ 𝐹(𝐴
0
) ∩ (⋂

𝑖∈N 𝐹(𝐴𝑖)) ̸= 𝜙.

In Theorems 18 and 19, if we take 𝐴
𝑖
= 𝐴 for each 𝑖 ∈

N ∪ {0}, we obtain the following corollary which generalizes
Theorems 2.2 and 2.3 of Hussain and Jungck [8], respectively.

Corollary 20. Let 𝑀 be a nonempty q-star-shaped subset of
a normed space 𝑋, and let 𝑆 and 𝑇 be continuous and 𝑞-
affine self-maps of 𝑀. Let 𝐴 be a self-map of 𝑀 satisfying the
following.

(1) 𝐴(𝑀) ⊆ 𝑆(𝑀) ∩ 𝑇(𝑀).

(2) Thepairs (𝐴, 𝑆) and (𝐴, 𝑇) aremodified subcompatible.

(3) For all 𝑥, 𝑦 ∈ 𝑀,

𝐴𝑥 − 𝐴𝑦
 ≤ max 𝑀(𝑥, 𝑦) , (26)

where

𝑀(x, y) = {
𝑆𝑥 − 𝑇𝑦

 , dist (𝑆𝑥, [𝐴𝑥, 𝑞]) ,

dist (𝑇𝑦, [𝐴𝑦, 𝑞]) ,

1

2
[dist (𝑆𝑥, [𝐴𝑦, 𝑞])

+ dist (𝑇𝑦, [𝐴𝑥, 𝑞])] } .

(27)

Then S, T, and 𝐴 have a common fixed point provided one of
the following conditions hold.

(a) 𝑀 is sequentially compact and 𝐴 is continuous.
(b) 𝑀 is weakly compact, (𝑆 − 𝐴) is demiclosed at 0, and

𝑋 is complete.
(c) 𝑀 is complete, cl(𝐴(𝑀)) is compact, and𝐴 is continu-

ous.

Proof. (a) and (b) follow fromTheorem 18 by taking 𝐴
𝑖
= 𝐴

for each 𝑖 ∈ N ∪ {0}.
(c) Define 𝐴𝑛:𝑀 → 𝑀 by

𝐴
𝑛
𝑥 = (1 − 𝑘

𝑛
) 𝑞 + 𝑘

𝑛
𝐴𝑥. (28)

As we have done in Theorem 18, for each 𝑛 ≥ 1, there
exists 𝑥

𝑛
∈ 𝑀 such that 𝑥

𝑛
= 𝑆𝑥

𝑛
= 𝑇𝑥

𝑛
= 𝐴𝑛𝑥

𝑛
.

Then, compactness of cl(𝐴(𝑀)) implies that there exists a
subsequence {𝐴𝑥

𝑚
} of {𝐴𝑥

𝑛
} such that 𝐴𝑥

𝑚
→ 𝑧 as 𝑚 →

∞. Then the definition of 𝐴𝑚𝑥
𝑚
implies 𝑥

𝑚
→ 𝑧; thus, by

continuity of𝐴, 𝑆, and 𝑇, we can say that 𝑧 is a common fixed
point of 𝐴, 𝑆, and 𝑇.

Corollary 21. Let 𝑀 be a nonempty 𝑞-star-shaped subset of
a normed space 𝑋, and let 𝑆 and 𝑇 be continuous and 𝑞-affine
self-maps of𝑀. Let𝐴 be a self-map of𝑀with𝐴(𝑀) ⊆ 𝑆(𝑀)∩

𝑇(𝑀). If the pairs (𝐴, 𝑆) and (𝐴,𝑇) are modified subcompatible
and also the map𝐴 is (𝑆, 𝑇)-nonexpansive, then 𝐹(𝑇)∩𝐹(𝑆) ∩
𝐹(𝐴) ̸= 𝜙, provided one of the following conditions hold.

(a) 𝑀 is sequentially compact.
(b) 𝑀 is weakly compact, (𝑆 − 𝐴) is demiclosed at 0, and

𝑋 is complete.
(c) 𝑀 is weakly compact and𝑋 is complete space satisfying

Opial’s condition.
(d) 𝑀 is complete and cl(𝐴(𝑀)) is compact.

In Corollary 20(b), if we take 𝑇 = 𝑆, then we obtain the
following corollary as a generalization of Theorem 4 proved
by Shahzad [12].

Corollary 22. Let 𝑀 be a nonempty weakly compact 𝑞-star-
shaped subset of a Banach space𝑋, and let𝐴 and 𝑆 be self-maps
of𝑀. Suppose that 𝑆 is 𝑞-affine and continuous, and 𝐴(𝑀) ⊆

𝑆(𝑀). If (𝑆 − 𝐴) is demiclosed at 0, the pair (𝐴, 𝑆) is modified
subcompatible and satisfies

𝐴𝑥 − 𝐴𝑦
 ≤ max 𝑀(𝑥, 𝑦) , (29)
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where

𝑀(x, y) = {
𝑆𝑥 − 𝑆𝑦

 , dist (𝑆𝑥, [𝐴𝑥, 𝑞]) ,

dist (𝑆𝑦, [𝐴𝑦, 𝑞]) ,

1

2
[dist (𝑆𝑥, [𝐴𝑦, 𝑞])

+ dist (𝑆𝑦, [𝐴𝑥, 𝑞])] }

(30)

for all 𝑥, 𝑦 ∈ 𝑀; then 𝐹(𝑆) ∩ 𝐹(𝐴) ̸= 𝜙.

In Theorems 18 and 19, if we take 𝑇 = 𝑆, then we obtain
the following corollary.

Corollary 23. Let𝑀 be a nonempty 𝑞-star-shaped subset of a
normed space𝑋. Suppose that 𝑆 is continuous and is a 𝑞-affine
self-map of 𝑀. Let {𝐴

𝑖
}
𝑖∈N∪{0} be a family of self-maps of 𝑀

satisfying the following.

(1) ⋃∞
𝑖=0

𝐴
𝑖
(𝑀) ⊆ 𝑆(𝑀) and for each 𝑖 ∈ N ∪ {0}, the pair

(𝐴
𝑖
, 𝑆) is modified subcompatible.

(2) For each 𝑖 ∈ N and, for any 𝑥, 𝑦 ∈ 𝑀

𝐴0𝑥 − 𝐴
𝑖
𝑦
 ≤ max 𝑀(𝑥, 𝑦) , (31)

where

𝑀(𝑥, 𝑦) = {
𝑆𝑥 − 𝑆𝑦

 , dist (𝑆𝑥, [𝐴0𝑥, 𝑞]) ,

dist (𝑆𝑦, [𝐴
𝑖
𝑦, 𝑞]) ,

1

2
[dist (𝑆𝑥, [𝐴

𝑖
𝑦, 𝑞])

+ dist (𝑆𝑦, [𝐴
0
𝑥, 𝑞])] } ;

(32)

then 𝑆 and all the 𝐴
𝑖
(𝑖 ∈ N ∪ {0}) have a common fixed point

provided one of the following conditions hold.

(a) 𝑀 is sequentially compact and 𝐴
𝑖
is continuous for

each 𝑖 ∈ N ∪ {0}.
(b) 𝑀 is weakly compact, (𝑆 − 𝐴

𝑖
) is demiclosed at 0 for

each 𝑖 ∈ N ∪ {0}, and 𝑋 is complete.

Corollary 24. Let 𝑀 be a nonempty 𝑞-star-shaped subset of
a normed space 𝑋. Suppose that 𝑆 is continuous and is a 𝑞-
affine self-map of 𝑀. Let {𝐴

𝑖
}
𝑖∈N∪{0} be a family of self-maps

with ⋃
∞

𝑖=0
𝐴
𝑖
(𝑀) ⊆ 𝑆(𝑀) and the pairs (𝐴

𝑖
, 𝑆) are modified

subcompatible for each 𝑖 ∈ N ∪ {0}. If this family {𝐴
𝑖
}
𝑖∈N∪{0} of

maps is 𝑆-nonexpansive then 𝐹(𝑆)∩𝐹(𝐴
0
) ∩ (⋂

𝑖∈N 𝐹(𝐴 𝑖)) ̸= 𝜙,
provided one of the following conditions hold.

(1) 𝑀 is sequentially compact.
(2) 𝑀 is weakly compact, (𝑆 − 𝐴

𝑖
) is demiclosed at 0 for

each 𝑖 ∈ N ∪ {0}, and 𝑋 is complete.
(3) 𝑀 is weakly compact and 𝑋 is a complete space

satisfying Opial’s condition.

3. Applications to Best Approximation

The following theorem extends and generalizes [5, Theorem
2], [8, Theorem 2.8], and main result of [3].

Theorem 25. Let 𝑀 be a subset of a normed space 𝑋 and let
𝑆, 𝑇, 𝐴

𝑖
: 𝑋 → 𝑋 be mappings for each 𝑖 ∈ N ∪ {0} such

that 𝑢 ∈ 𝐹(𝑇) ∩ 𝐹(𝑆) ∩ 𝐹(𝐴
0
) ∩ (⋂

𝑖∈N 𝐹(𝐴𝑖)) for some 𝑢 ∈ 𝑋

and for each 𝑖 ∈ N ∪ {0}, 𝐴
𝑖
(𝜕𝑀 ∩ 𝑀) ⊆ 𝑀. Suppose that 𝑆

and 𝑇 are 𝑞-affine and continuous on 𝑃
𝑀
(𝑢) and also 𝑃

𝑀
(𝑢) is

𝑞-star-shaped and 𝑆(𝑃
𝑀
(𝑢)) = 𝑃

𝑀
(𝑢) = 𝑇(𝑃

𝑀
(𝑢)).

Moreover, if

(1) the pairs (𝐴
0
, 𝑆) and (𝐴

𝑖
, 𝑇) are modified subcompat-

ible for each 𝑖 ∈ N.
(2) for each 𝑖 ∈ N, and for all 𝑥 ∈ 𝑃

𝑀
(𝑢)⋃{𝑢},

𝐴0𝑥 − 𝐴
𝑖
𝑦


≤

{{{{{{{{{{

{{{{{{{{{{

{

‖𝑆𝑥 − 𝑇𝑢‖ , 𝑖𝑓 𝑦 = 𝑢

max {𝑆𝑥 − 𝑇𝑦
 , dist (𝑆𝑥, [𝑞, 𝐴0𝑥]) ,

dist (𝑇𝑦, [𝑞, 𝐴
𝑖
𝑦]) ,

1

2
[dist (𝑆𝑥, [𝑞, 𝐴

𝑖
𝑦])

+ dist (𝑇𝑦, [𝑞, 𝐴
0
𝑥])] } 𝑖𝑓 𝑦 ∈ 𝑃

𝑀 (𝑢) ,

(33)
𝐴 𝑖𝑥 − 𝐴

0
𝑢
 ≤

𝐴0𝑥 − 𝐴
𝑖
𝑢
 . (34)

Then𝑃
𝑀
(𝑢)∩𝐹(𝑇)∩𝐹(𝑆)∩𝐹(𝐴

0
)∩(⋂
𝑖∈N 𝐹(𝐴𝑖)) ̸= 𝜙, provided

one of the following conditions hold.

(a) 𝑃
𝑀
(𝑢) is sequentially compact and𝐴

𝑖
is continuous for

each 𝑖 ∈ N ∪ {0}.
(b) 𝑃
𝑀
(𝑢) is weakly compact, 𝑋 is complete, and (𝑆 − 𝐴

𝑖
)

is demiclosed at 0 for each 𝑖 ∈ N ∪ {0}.

Proof. Let 𝑥 ∈ 𝑃
𝑀
(𝑢). Then ‖𝑥 − 𝑢‖ = 𝑑(𝑢,𝑀). Note that for

any 𝑘 ∈ (0, 1),

‖𝑘𝑢 + (1 − 𝑘) 𝑥 − 𝑢‖

= (1 − 𝑘) ‖𝑥 − 𝑢‖ < 𝑑 (𝑢,𝑀) .
(35)

It follows that the line segment {𝑘𝑢 + (1 − 𝑘)𝑥 : 0 < 𝑘 < 1}

and the set𝑀 are disjoint.Thus, 𝑥 is not interior of𝑀 and so
𝑥 ∈ 𝜕𝑀 ∩ 𝑀. As 𝐴

𝑖
(𝜕𝑀 ∩ 𝑀) ⊆ 𝑀 for each 𝑖 ∈ N ∪ {0},

therefore, for each 𝑖 ∈ N ∪ {0}, 𝐴
𝑖
𝑥 ∈ 𝑀. Now we have to

show that 𝐴
0
𝑥 ∈ 𝑃

𝑀
(𝑢) and for each 𝑖 ∈ N, 𝐴

𝑖
𝑥 ∈ 𝑃

𝑀
(𝑢).

Since 𝑆𝑥 ∈ 𝑃
𝑀
(𝑢), 𝑢 ∈ 𝐹(𝑇) ∩ 𝐹(𝑆) ∩ 𝐹(𝐴

0
) ∩ (⋂

𝑖∈N 𝐹(𝐴𝑖))

and 𝑆, 𝑇, and 𝐴
𝑖
’s satisfy (33); therefore, we have

𝐴0𝑥 − 𝑢
 =

𝐴0𝑥 − 𝐴
𝑖
𝑢


≤ ‖𝑆𝑥 − 𝑇𝑢‖ = ‖𝑆𝑥 − 𝑢‖

= 𝑑 (𝑢,𝑀) , where 𝑖 ∈ N.

(36)

Then the definition of 𝑃
𝑀
(𝑢) implies

𝐴
0
𝑥 ∈ 𝑃
𝑀 (𝑢) . (36a)
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Again using (33) and (34), for each 𝑖 ∈ N, we have

𝐴 𝑖𝑥 − 𝑢
 =

𝐴 𝑖𝑥 − 𝐴
0
𝑢


≤
𝐴0𝑥 − 𝐴

𝑖
𝑢
 ≤ ‖𝑆𝑥 − 𝑇𝑢‖

= ‖𝑆𝑥 − 𝑢‖ = 𝑑 (𝑢,𝑀) .

(37)

This yields that

𝐴
𝑖
𝑥 ∈ 𝑃
𝑀 (𝑢) , for each 𝑖 ∈ N. (37a)

Then combining (36a) and (37a), we get 𝐴 𝑖𝑥 ∈ 𝑃
𝑀
(𝑢) for

each 𝑖 ∈ N∪{0}. Consequently,𝐴
𝑖
(𝑃
𝑀
(𝑢)) ⊆ 𝑃

𝑀
(𝑢), for each

𝑖 ∈ N ∪ {0}. Since 𝑆(𝑃
𝑀
(𝑢)) = 𝑃

𝑀
(𝑢) = 𝑇(𝑃

𝑀
(𝑢)), therefore

we have

𝐴
0
(𝑃
𝑀 (𝑢)) ⊆ 𝑆 (𝑃

𝑀 (𝑢)) ,

𝐴
𝑖
(𝑃
𝑀 (𝑢)) ⊆ 𝑇 (𝑃

𝑀 (𝑢)) ,

for each 𝑖 ∈ N.

(38)

Hence, by Theorem 18 𝑃
𝑀
(𝑢) ∩ 𝐹(𝑇) ∩ 𝐹(𝑆) ∩ 𝐹(𝐴

0
) ∩

(⋂
𝑖∈N 𝐹(𝐴𝑖)) ̸= 𝜙.

The following corollary improves and extends [4, Theo-
rem 8], [8, Corollary 2.9], and [10, Theorem 4].

Corollary 26. Let𝑀 be a subset of a normed space 𝑋 and let
𝑆, 𝑇, 𝐴

𝑖
: 𝑋 → 𝑋 be mappings for each 𝑖 ∈ N ∪ {0} such that

𝑢 ∈ 𝐹(𝑇) ∩ 𝐹(𝑆) ∩ 𝐹(𝐴
0
) ∩ (⋂

𝑖∈N 𝐹(𝐴𝑖)) for some 𝑢 ∈ 𝑋 and
𝐴
𝑖
(𝜕𝑀 ∩ 𝑀) ⊆ 𝑀 for each 𝑖 ∈ N ∪ {0}. Suppose that 𝑆 and

𝑇 are 𝑞-affine and continuous on 𝑃
𝑀
(𝑢) and also 𝑃

𝑀
(𝑢) is q-

star-shaped and 𝑆(𝑃
𝑀
(𝑢)) = 𝑃

𝑀
(𝑢) = 𝑇(𝑃

𝑀
(𝑢)). If the pairs

(𝐴
0
, 𝑆) and (𝐴

𝑖
, 𝑇) are modified subcompatible for each 𝑖 ∈ N

and also the family {𝐴
𝑖
}
𝑖∈N∪{0} of maps is (𝑆, 𝑇)-nonexpansive,

then 𝑃
𝑀
(𝑢)∩𝐹(𝑇)∩𝐹(𝑆)∩𝐹(𝐴

0
)∩(⋂

𝑖∈N 𝐹(𝐴𝑖)) ̸= 𝜙, provided
one of the following conditions hold.

(a) 𝑃
𝑀
(𝑢) is sequentially compact.

(b) 𝑃
𝑀
(𝑢) is weakly compact, 𝑋 is complete, and (𝑆 − 𝐴

𝑖
)

is demiclosed at 0 for each 𝑖 ∈ N ∪ {0}.

(c) 𝑃
𝑀
(𝑢) is weakly compact and 𝑋 is complete space

satisfying Opial’s condition.

The following corollary generalizes [12, Theorem 5] and
[8, Corollary 2.10].

Corollary 27. Let𝑀 be a subset of a normed space 𝑋 and let
𝑆, 𝐴 : 𝑋 → 𝑋 be mappings such that 𝑢 ∈ 𝐹(𝐴) ∩ 𝐹(𝑆) for
some 𝑢 ∈ 𝑋 and 𝐴(𝜕𝑀 ∩𝑀) ⊆ 𝑀. Suppose that 𝑆 is 𝑞-affine
and continuous on 𝑃

𝑀
(𝑢) and also 𝑃

𝑀
(𝑢) is 𝑞-star-shaped and

𝑆(𝑃
𝑀
(𝑢)) = 𝑃

𝑀
(𝑢). If the pair (𝐴, 𝑆) is modified subcompatible

and satisfies for all 𝑥 ∈ 𝑃
𝑀
(𝑢) ∪ {𝑢}

𝐴𝑥 − 𝐴𝑦


≤

{{{{{{{{{{

{{{{{{{{{{

{

‖𝑆𝑥 − 𝑆𝑢‖ , 𝑖𝑓 𝑦 = 𝑢

max {𝑆𝑥 − 𝑆𝑦
 , dist (𝑆𝑥, [𝑞, 𝐴𝑥]) ,

dist (𝑆𝑦, [𝑞, 𝐴𝑦]) ,
1

2
[dist (𝑆𝑥, [𝑞, 𝐴𝑦])

+ dist (𝑆𝑦, [𝑞, 𝐴𝑥])] } 𝑖𝑓 𝑦 ∈ 𝑃
𝑀 (𝑢) ,

(39)

then 𝑃
𝑀
(𝑢) ∩ 𝐹(𝑆) ∩ 𝐹(𝐴) ̸= 𝜙, provided one of the following

conditions hold.

(a) 𝑃
𝑀
(𝑢) is sequentially compact.

(b) 𝑃
𝑀
(𝑢) is complete and cl(𝐴(𝑃

𝑀
(𝑢))) is compact.

(c) 𝑃
𝑀
(𝑢) is weakly compact,𝑋 is complete, and (𝑆 −𝐴) is

demiclosed at 0.

4. Examples

Now, we present some examples which demonstrate the
validity of the proved results.

Example 28. Let 𝑋 = 𝑅 with usual norm ‖𝑥‖ = |𝑥| and𝑀 =

[0, 1]. Suppose 𝐴
0
, 𝐴
𝑖
: 𝑀 → 𝑀 are defined as

𝐴
0 (𝑥) = 1, for 0 ≤ 𝑥 ≤ 1,

𝐴
𝑖 (𝑥) =

𝑥 + 𝑖

𝑖 + 1
, for each 𝑖 ∈ N, 0 ≤ 𝑥 ≤ 1

(40)

and also 𝑆, 𝑇 : 𝑀 → 𝑀 are defined as

𝑆 (𝑥) =
𝑥 + 1

2
, 𝑇 (𝑥) = 𝑥, for 0 ≤ 𝑥 ≤ 1. (41)

Here 𝐴
0
(𝑀) = {1}, 𝑇(𝑀) = [0, 1], 𝑆(𝑀) = [1/2, 1], and

𝐴
𝑖
(𝑀) = [𝑖/(𝑖 + 1), 1] for each 𝑖 ∈ N, so that 𝐴

0
(𝑀) ⊆ 𝑇(𝑀)

and 𝐴
𝑖
(𝑀) ⊆ 𝑆(𝑀) for each 𝑖 ∈ N. Besides 𝑀 is compact

and the pairs of mappings {𝐴
0
, 𝑆} and {𝐴

𝑖
, 𝑇} are modified

subcompatible for each 𝑖 ∈ N and also the maps 𝑆 and 𝑇

are 𝑞-affine for 𝑞 = 1. Further the mappings 𝑆, 𝑇, and 𝐴
𝑖

for each 𝑖 ∈ N ∪ {0} satisfy the inequality (18). Hence all the
conditions of Theorem 18(a) are satisfied. Therefore 𝑆, 𝑇, and
all 𝐴
𝑖
(𝑖 ∈ N ∪ {0}) have a common fixed point and 𝑥 = 1 is

such a unique common fixed point.

Remark 29. (1) In Example 28, if we define 𝐴
0
(𝑥) = 𝐴

𝑖
(𝑥) =

𝑆(𝑥) = 𝑇(𝑥) = 𝑥 for all 𝑥 ∈ 𝑋 ∼ 𝑀, then 𝑆, 𝑇, and all
𝐴
𝑖
(𝑖 ∈ N ∪ {0}) are self-maps of 𝑋 and 𝑢 = 2 ∈ 𝐹(𝑇) ∩

𝐹(𝑆) ∩ 𝐹(𝐴
0
) ∩ (⋂

𝑖∈N 𝐹(𝐴𝑖)). Clearly, 𝑃𝑀(𝑢) = {1} is 𝑞-star-
shaped and 𝑆(𝑃

𝑀
(𝑢)) = 𝑃

𝑀
(𝑢) = 𝑇(𝑃

𝑀
(𝑢)). Therefore, all the

conditions of Theorem 25 are satisfied and, hence, 𝑃
𝑀
(𝑢) ∩

𝐹(𝑇)∩𝐹(𝑆)∩𝐹(𝐴
0
)∩(⋂

𝑖∈N 𝐹(𝐴𝑖)) ̸= 𝜙. Here, 𝑥 = 1 ∈ 𝑃
𝑀
(𝑢)∩

𝐹(𝑇) ∩ 𝐹(𝑆) ∩ 𝐹(𝐴
0
) ∩ (⋂

𝑖∈N 𝐹(𝐴𝑖)) ̸= 𝜙.
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(2) If inequality (18) in Theorem 18 is replaced with the
weaker condition

𝐴0𝑥 − 𝐴
𝑖
𝑦


≤ max {𝑆𝑥 − 𝑇𝑦
 ,
𝑆𝑥 − 𝐴

0
𝑥
 ,

𝑇𝑦 − 𝐴
𝑖
𝑦
 ,

1

2
[
𝑆𝑥 − 𝐴

𝑖
𝑦
 +

𝑇𝑦 − 𝐴
0
𝑥
]} ,

(42)

for each 𝑖 ∈ N and, for any 𝑥, 𝑦 ∈ 𝑀. Then, Theorem 18 need
not be true. This can be seen by the following example.

Example 30. Let 𝑋 = 𝑅 with usual norm ‖𝑥‖ = |𝑥| and𝑀 =

[0, 1]. Suppose 𝐴
0
, 𝐴
𝑖
: 𝑀 → 𝑀 are defined as

𝐴
0 (𝑥) =

1

2
, for 0 ≤ 𝑥 ≤ 1,

𝐴
𝑖 (𝑥) =

3

4
, for each 𝑖 ∈ N, 0 ≤ 𝑥 ≤ 1

(43)

and also 𝑆, 𝑇 : 𝑀 → 𝑀 are defined as

𝑆 (𝑥) =

{{{

{{{

{

1

2
if 0 ≤ 𝑥 <

1

2

1

2
𝑥 +

1

4
if 1
2
≤ 𝑥 ≤ 1,

(44)

𝑇 (𝑥) =

{{

{{

{

𝑥 if 0 ≤ 𝑥 <
1

2

1 − 𝑥 if 1
2
≤ 𝑥 ≤ 1.

(45)

Here 𝐴
0
(𝑀) = {1/2}, 𝑇(𝑀) = [0, 1/2], 𝑆(𝑀) = [1/2, 3/4],

and 𝐴
𝑖
(𝑀) = {3/4} for each 𝑖 ∈ N, so that 𝐴

0
(𝑀) ⊆ 𝑇(𝑀)

and 𝐴
𝑖
(𝑀) ⊆ 𝑆(𝑀) for each 𝑖 ∈ N. Besides 𝑀 is compact

and the pairs of mappings {𝐴
0
, 𝑆} and {𝐴

𝑖
, 𝑇} are modified

subcompatible for each 𝑖 ∈ N and also the maps S and T are
𝑞-affine for 𝑞 = 1/2. Further, the mappings 𝑆, 𝑇, and 𝐴

𝑖
for

each 𝑖 ∈ N∪{0} are continuous and satisfy the inequality (42).
Note that 𝐹(𝑇) ∩ 𝐹(𝑆) ∩ 𝐹(𝐴

0
) ∩ (⋂

𝑖∈N 𝐹(𝐴𝑖)) = 𝜙.

Remark 31. Clearly mappings 𝑆, 𝑇, and 𝐴
𝑖
for each 𝑖 ∈ N ∪

{0} defined in Example 30 satisfy all of the conditions of
Theorem 18(a) except the inequality (18) at 𝑥 = 1/2, 𝑦 = 1/2.
Note that there is no common fixed point of 𝑆, 𝑇, and 𝐴

𝑖
for

each 𝑖 ∈ N ∪ {0}.

Example 32. Let 𝑋 = 𝑅 with usual norm ‖𝑥‖ = |𝑥| and𝑀 =

[0, 1]. Suppose 𝑇, 𝑆, 𝐴 : 𝑀 → 𝑀 are defined as

𝑇 (𝑥) =

{{

{{

{

𝑥 if 0 ≤ 𝑥 <
1

2

1 − 𝑥 if 1
2
≤ 𝑥 ≤ 1,

𝑆 (𝑥) =

{{

{{

{

𝑥 if 0 ≤ 𝑥 <
1

2
1

2
𝑥 +

1

4
if 1
2
≤ 𝑥 ≤ 1,

𝐴 (𝑥) =
1

2
, for 0 ≤ 𝑥 ≤ 1.

(46)

Here we observe that 𝐴(𝑀) = {1/2}, 𝑆(𝑀) = [0, 3/4], and
𝑇(𝑀) = [0, 1/2] so that 𝐴(𝑀) ⊆ 𝑆(𝑀) ∩ 𝑇(𝑀). Also, 𝑀 is
𝑞-star-shaped and themaps 𝑆 and𝑇 are 𝑞-affine with 𝑞 = 1/2.
We also observe that the pairs (𝐴, 𝑆) and (𝐴, 𝑇) are modified
subcompatible and 𝑀 is sequentially compact. Further, the
mappings 𝐴, 𝑆, and 𝑇 satisfy (26). Hence, the mappings 𝐴,𝑆,
and𝑇 satisfy all the conditions of Corollary 20(a) and𝑥 = 1/2

is the unique common fixed point of mappings 𝐴, 𝑆, and 𝑇.

Remark 33. In Example 32, 𝑆 and 𝑇 are not affine because for
𝑥 = 3/5, 𝑦 = 0, and 𝑘 = 1/3, 𝑆(𝑘𝑥 + (1 − 𝑘)𝑦) = 𝑘𝑆(𝑥) +

(1 − 𝑘)𝑆(𝑦) and 𝑇(𝑘𝑥 + (1 − 𝑘)𝑦) = 𝑘𝑇(𝑥) + (1 − 𝑘)𝑇(𝑦)

do not hold. Therefore, Theorem 2.2 of Hussain and Jungck
[8] cannot apply to Example 32; hence Corollary 20 is more
general thanTheorem 2.2 of [8].

Example 34. Take𝑋,𝑀, and 𝑆 as in Example 32 and define

𝐴 (𝑥) =
1

4
, for 0 ≤ 𝑥 ≤ 1,

𝑇 (𝑥) =

{{

{{

{

1

2
if 0 ≤ 𝑥 <

1

2

1 − 𝑥 if 1
2
≤ 𝑥 ≤ 1.

(47)

Then all of the conditions of Corollary 20(a) are satisfied
except that the pair (𝐴, 𝑇) is modified subcompatible. Note
that 𝐹(𝑇) ∩ 𝐹(𝑆) ∩ 𝐹(𝐴) = 𝜙.

Remark 35. All results of the paper can be proved for Haus-
dorff locally convex spaces defined and studied by various
authors (see [16, 23–27]).
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Radovi Matematički, vol. 10, no. 1, pp. 77–83, 2000/01.

[10] N. Shahzad, “On 𝑅-subcommuting maps and best approxima-
tions in Banach spaces,” Tamkang Journal of Mathematics, vol.
32, no. 1, pp. 51–53, 2001.

[11] N. Shahzad, “Invariant approximations and 𝑅-subweakly com-
muting maps,” Journal of Mathematical Analysis and Applica-
tions, vol. 257, no. 1, pp. 39–45, 2001.

[12] N. Shahzad, “Generalized 𝐼-nonexpansive maps and best
approximations in Banach spaces,” Demonstratio Mathematica,
vol. 37, no. 3, pp. 597–600, 2004.

[13] N. Shahzad, “Invariant approximations, generalized 𝑙-contrac-
tions, and 𝑅-subweakly commuting maps,” Fixed Point Theory
and Applications, no. 1, pp. 79–86, 2005.

[14] N. Shahzad, “On 𝑅-subweakly commuting maps and invariant
approximations in Banach spaces,” Georgian Mathematical
Journal, vol. 12, no. 1, pp. 157–162, 2005.

[15] D. O’Regan and N. Shahzad, “Invariant approximations for
generalized 𝐼-contractions,” Numerical Functional Analysis and
Optimization, vol. 26, no. 4-5, pp. 565–575, 2005.

[16] F. Akbar and A. R. Khan, “Common fixed point and approx-
imation results for noncommuting maps on locally convex
spaces,” Fixed Point Theory and Applications, vol. 2009, Article
ID 207503, 14 pages, 2009.

[17] R. P. Pant, “Common fixed points of noncommutingmappings,”
Journal of Mathematical Analysis and Applications, vol. 188, no.
2, pp. 436–440, 1994.

[18] G. Jungck, “Compatible mappings and common fixed points,”
International Journal of Mathematics and Mathematical Sci-
ences, vol. 9, no. 4, pp. 771–779, 1986.

[19] G. Jungck, “Common fixed points for noncontinuous nonself
maps on nonmetric spaces,” Far East Journal of Mathematical
Sciences, vol. 4, no. 2, pp. 199–215, 1996.

[20] R. P. Agarwal, R. K. Bisht, and N. Shahzad, “A comparison of
various noncommuting conditions in metric fixed point theory
and their applications,” Fixed PointTheory andApplications, vol.
2014, article 38, 33 pages, 2014.

[21] M. A. Al-Thagafi and N. Shahzad, “Noncommuting selfmaps
and invariant approximations,” Nonlinear Analysis: Theory,
Methods & Applications, vol. 64, no. 12, pp. 2778–2786, 2006.

[22] J. Jachymski, “Common fixed point theorems for some families
of maps,” Indian Journal of Pure and Applied Mathematics, vol.
25, no. 9, pp. 925–937, 1994.

[23] H. K. Nashine and M. S. Khan, “An application of fixed point
theorem to best approximation in locally convex space,”Applied
Mathematics Letters, vol. 23, no. 2, pp. 121–127, 2010.

[24] R. Sumitra, V. Rhymend Uthariaraj, P. Vijayaraju, and R.
Hemavathy, “Common fixed point theorems for uniformly
subcompatible mappings satisfying more general condition,”
Tamkang Journal of Mathematics, vol. 42, no. 1, pp. 9–17, 2011.

[25] E. Tarafdar, “Some fixed-point theorems on locally convex lin-
ear topological spaces,” Bulletin of the Australian Mathematical
Society, vol. 13, no. 2, pp. 241–254, 1975.

[26] S. P. Singh, “Some results on best approximation in locally
convex spaces,” Journal of Approximation Theory, vol. 28, no. 4,
pp. 329–332, 1980.

[27] S. Al-Mezel and N. Hussain, “On common fixed point and
approximation results of Gregus type,” InternationalMathemat-
ical Forum, vol. 2, no. 37, pp. 1839–1847, 2007.


