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An iterative algorithm for finding a common element of the set of common fixed points of a finite family of asymptotically
nonextensive nonself mappings and the set of solutions for equilibrium problems is discussed. A strong convergence theorem
of common element is established in a uniformly smooth and uniformly convex Banach space.

1. Introduction

Let E be a real Banach space with norm |- ||, let E* denote the
dual of E, and let (x, f) denote the value of f € E* atx € E.
Suppose that C is a nonempty, closed convex subset of E. Let
f be a bifunction of C x C into R, where R is the set of real
numbers. The equilibrium problem for f: CxC — Risto
find x € C such that

f(xy)=0,

The set of solutions of (1) is denoted by EP(f). Given a
mapping T : C — E*, let f(x,y) = (Tx,y — x) for all
x,y € C.Then, p € EP(f) if and only if (Tp, y — p) > 0 for
all y € C; that is, p is a solution of the variational inequality.
Numerous problems in physics, optimization, and economics
reduce to find a solution of (1). Some methods have been
proposed to solve the equilibrium problems; see [1-5].

Vy e C. 1)

Let J be the normalized duality mapping from E into 2° '
given by

Jx={f € E": (x, f) = Ixl|f]. 1=l = | I} @

for all x e E. It is well known that if E is uniformly
smooth, then J is uniformly norm-to-norm continuous on

each bounded subset of E. It is also well known that E is
uniformly smooth if and only if E* is uniformly convex.

Let C be a nonempty closed convex subset of a Hilbert
space H and let P, : H — C be the metric projection of
H onto C; then P is nonexpansive. This fact actually char-
acterizes Hilbert spaces and consequently it is not available
in more general Banach spaces. In this connection, Alber [6]
recently introduced a generalized projection operator II-ina
Banach space E which is an analogue of the metric projection
in Hilbert spaces. Consider the functional defined by

¢(xp) = Ixl* - 20 Iy + |y, VxyeE ()

Observe that, in a Hilbert space H, (3) reduces to ¢(x, y) =
lx - yI°>, x, y € H. The generalized projection Il : E — C
is a map that assigns to an arbitrary point x € E the minimum
point of the functional ¢(x, y); that is, IIox = X, where X is
the solution to the minimization problem

¢ (% x) = ming(y,x), (4)

existence and uniqueness of the operator I follows from the
properties of the functional ¢(x, y) and strict monotonicity of
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the mapping J. In Hilbert spaces, I1 = P.. It is obvious from
the definition of function ¢ that

(lxl =y < 6 () < (Ixl + [)°, Vxy e B (5)
$(x,9)=¢(x.2) +¢(2,y) +2({x -2, ]z~ ]y},
Vx,y,z € E.
¢ (xy) = (xJx=Jy) +(y = x.Jy)
<Nl 7 =gy +ly =<y, ¥x. 3.z €E.

Let C be a nonempty subset of EandletT : C — E be
a mapping. The set of fixed points of T is denoted by F(T).
T : C — Eis called asymptotically nonextensive if and only
if there exists a sequence {k,} C [1, co) with lim k, =1,
such that

¢ (T(T)" %, TMT) " y) < ko (%, 7).

n>1.

n— 00

(8)
Vx,y € C,

Asymptotically nonextensive mappings coincide with asymp-
totically nonexpansive mappings in Hilbert spaces.

In [7], Chidume et al. studied the fixed point problem
of an asymptotically nonextensive nonself mapping and
obtained weak convergence theorem. Recently, in [8], liu
introduced the following iterative scheme for approximating
a common fixed point of two asymptotically nonextensive
nonself mappings in a uniformly smooth and uniformly
convex Banach space:

Yn = I—[C (]_1 (:Bn]xn + (1 - ﬁn) ]S(HCS)nilxn)) >

Xy = e (J7 (@)%, + (1 - a,) JT(TCT) " y,).

)

Liu obtained strong convergence theorem.

Inspired and motivated by the facts above, the purpose
of this paper is to prove a strong convergence theorem for
finding a common element of the set of common fixed points
of a finite family of asymptotically nonextensive nonself
mappings and the set of solutions for equilibrium problems
in a uniformly smooth and uniformly convex Banach space.

2. Preliminaries

Let E be a real Banach space. When {x,,} is a sequence in E, we
denote strong convergence of {x,} to x € E by x, — xand
weak convergence by x,, — x. E is said to have the Kadec-
Klee property if and only if for a sequence {x,,} of E satisfying
that x, — x € E and |x,[ — x|, then x, — x.Itis
known that if E is uniformly convex, then E has the Kadec-
Klee property.

A mapping T : C — C is said to be closed; if for any
sequence {x,} ¢ Cwithx, — xandTx, — y,thenTx = y.

Lemma 1. Let E be a uniformly smooth and strictly convex
Banach space which enjoys the Kadec-Klee property, let C be
a nonempty, closed, and convex subset of E, and let T : C —
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E be an asymptotically nonextensive nonself mapping with a
sequence {k,} < [1,00) such that T is closed. Then F(T) is
closed and convex.

Proof. Take x,y € F(T),t € (0,1). Put z := tx +
(1 — t)y. Using the same argument presented in the proof
of [9, Theorem 2.1, page 854-855], we can obtain that

lim,, _,  T(II-T)" 'z = z. By the continuity of I, we have
nlLI%o(HCT) z=z (10)
Therefore,
lim ((T1T)"z - T(M1cT)"z) = 0, a1

By (10), (11) and the closedness of T, we have z € F(T) which
implies that F(T) is convex.

Letx, € F(T)and x,, — g; then, we have x,—Tx,, — 0.
It follows from the closedness of T"that g € F(T). This implies
that F(T) is closed. O

Lemma 2 (see [6]). Let E be a reflexive, strictly convex, and
smooth Banach space; let C be a nonempty, closed, and convex
subset of E. Then the following conclusions hold:

D) ¢(y, ex) + ¢(Iex, x) < $(y,x), for all y € C, and
x € E;
(2) ifx € Eand z € C, then z = Ilxx if and only if (z -
y,Jx—Jz) 20, for all y € C;
(3) for x,y € E,¢(y,x) = 0 ifand only if x = y.
Lemma 3 (see [10]). Let E be a uniformly convex and smooth
Banach space and let {y,},{z,} be two sequences of E. If

¢(V,2,) — 0 and either {y,} or {z,} is bounded, then
Yn=%n = 0.

Lemma 4 (see [11]). Let E be a smooth and uniformly convex
Banach space and let v > 0. Then there exists a strictly
increasing, continuous, and convex function g : [0,2r] — R
such that g(0) = 0 and

lex + =)y <tlxl® + A=) |y -t - 6) g (Jx - y])
(12)
forallx,y € B, andt € [0,1], where B, = {z € E : | z|| < r}.

For solving the equilibrium problem, let us assume that a
bifunction f: C x C — R satisfies the following conditions:
(A1) f(x,x) =0forall x € C;

(A2) f is monotone; that is, f(x, y) + f(y,x) < 0 for
allx, y € G

(A3) for each x, y,z € C,

}i_r)r})f(tz+(1—t)x,y)sf(x)y); (13)

(A4) foreachx € C, y = f(x, y) is convex and lower
semicontinuous.
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Lemma 5 (see [12]). Let C be a closed convex subset of a
smooth, strictly convex, and reflexive Banach space E, let f be
a bifunction from CxC to R satisfying (A1)-(A4), and forr > 0
and x € E, define a mapping T, : E — C as follows:

Trx:{zeC:f(z,y)+%(y—z,]z—]x)20, VyeC}.
(14)

Then the following conclusions hold:

(1) T, is single-valued;
(2) T, is firmly nonexpansive; that is, for any x, y € E,

(T.x-T,y,JT,x=JT,y) <{T,x-=T,y,Jx = Jy); (15

(3) F(T,) = EP(f);
(4) EP(f) is closed and convex;
(5) ¢(q, T,x) + §(T,x, x) < §(g, x), for all q € F(T,).

3. Main Results

Theorem 6. Let C be a nonempty closed convex subset of a
uniformly smooth and uniformly convex Banach space E. Let
f be a bifunction from C x C to R satisfying (Al)-(A4), and
let N be some positive integer. Let S; : C — E be a closed
asymptotically nonextensive nonself mapping with sequence
{k,;} < [1,00) such that Zg’;l(kn’i - 1) < oo for every
1 <i < N. Suppose that O = (Y, F(S;) N EP(f) is nonempty
and bounded. Let {x,,} be a sequence generated by the following
manner:

xy € E,

X = 1_Iclxo’

N
V=T (“mo]xn + Zan,ijsi(ncsi)n_lxn>’
= (16)
U, = Trnyn’

w1 = (2€C, ¢ (zu,) <¢(2,x,) +6,},

Xne1 = chﬂxo’

C

where 0, = (k, — 1)sup,.o¢(z, x,,), k, = maxik, ;}. {a,;} isa
real number sequence in (0,1) for every 0 < i < N, {r,} isa
real number sequence in [a, 00), where a is some positive real
number. Assume that Zio «,; = 1l andliminf, | jo, oo, ; >
0 for every 1 <i < N. Then {x,,} converges strongly to I1,x,.

Proof. First, we show that C,, is closed and convex. From the
definitions of C,,, it is obvious C,, is closed. Moreover, since
d(z,u,) < ¢(z,x,) + 0, is equivalent to 2(z, Jx, — Ju,) <
||xn||2 - ||un||2 +0,, it follows that C,, is convex. From Lemmas

1and 5, we have that Q is closed and convex. Then {x,,} is well
defined.

Next, we prove O ¢ C, foralln > 1.Q c C, = Cis
obvious. Suppose that QO ¢ C,, for some n > 2; foreachz € Q,
from Lemma 5, we have

¢ (z,u,)
=¢ (2T, y,) < ¢ (2 1,)

N
= lz|* - 2 <Z) & 0] %, + Z“n,ifsi(ncsi)n_lxn>

i=1

N 2
-1

ocn,ijn + Z(xn,ijsi(HCSi)n xn

i=1

+

N
< |lzll? - 20,0z, Jx,,) — ZZ(xn)i(z, ]Si(HCSi)"_lxn>

i=1

Si(HcSi)n_lanZ

N
2
+ (xn,0||xn” + Z(Xn,i
i=1
ol 1
n—
= ‘xn,O(/) (Z’ xn) + zan,i¢ (Z’ Si(HCSi) xn)
i=1

N
< (xn,0¢ (Z> xn) + Z(xn,ikn,i(b (Z’ 'xn)
i=1

N
< Ocn,O(p (Z’ xn) + Zan,ikn¢ (Z’ xn)
i=1

¢ (Z’ xn) + (1 - “n,O) (kn - 1) ¢(Z’ xn)

<¢(zx,)+0,.
17)

This implies that z € C,,;, and so Q ¢ C,,,. From x,, =
I, xy, one sees

(x, —u,Jxqg—Jx,) 20, VYueC,. (18)
Since O ¢ C,, |, we arrive at
(x,—2z,Jxy—Jx,) >0, VzeQ. (19)

Next we show that the sequence {x,} is bounded. From
Lemma 2, we have

¢ (x%0) = ¢ (chxo’ xo) <¢(z:%9) — ¢ (2. x,) < ¢ (2.%0) »
(20)

foreachz € QO ¢ C, and for alln > 1. Therefore, the sequence
{p(x,,, x,)} is bounded. It follows from (5) that the sequence
{x,} is also bounded. By the assumption, we have

1im 6, = 0. (1)
On the other hand, noticing that x,, = Il x, and x
¢, %o € Cupq € C,,, one has

nel =

¢ (% %9) < ¢ (%415 %0) (22)



for all n > 1. Therefore, {¢(x,,x,)} is nondecreasing. It
follows that the limit of {¢(x,,, x,)} exists. By the definition
of C,, one has that C,,, ¢ C,, and x,,, = Il x, € C, for any
positive integer m > n. It follows that

¢ (xm’ xn) = ¢ (xm’ 1—IC,"’CO)
< ¢ (%, %) _¢(chxo’x0) (23)
= ¢ ('xm’xo) - ¢ (xw xO) .
Lettingm,n — 00in (23), we have ¢(x,,, x,,) — 0.1t follows
from Lemma 3 that x,, —x,, — Oasm,n — oco. Hence, {x,}
is a Cauchy sequence. Since E is a Banach space and C is a
closed and convex, one can assume that x, — x € C as
n — oo.

Next we show that X € (Y, F(S;). By taking m = 1 in
(23), we have that

Jim ¢ (x40, %,) = 0. (24)
From Lemma 3, we have

lim |, -

n—00

%, = 0. (25)
Noticing that x,,, € C,,,, we obtain
¢ (%1 ) < @ (Xpi15 %) + 0, (26)
It follows from (21) and (24) that
1im ¢ (x,,1,14,) = 0. 27)
From Lemma 3, we have

lim |x,,; —

n— o0

u,| = o. (28)
Combining (25) with (28), we obtain that

Jim e, — [ = (29)
It follows from x, — Xasn — oothatu, — X,asn —
00. Since J is uniformly norm-to-norm continuous on each
bounded set, we have

Jim [[7x,, = Ju,| = 0. (30)
On the other hand, we have
¢ (zx,) = ¢ (zu,)
=[xl = utall* = 2 (2 T, = T (3D

< % = ) (6l + ) + 21120 |, = s
We obtain that

Jim (¢ (2, x,) = ¢ (2,u,)) = 0. (32)
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Since E is a uniformly smooth Banach space, we know that
E” is a uniformly convex Banach space. From Lemma 4, we
find that

¢ (z,u,)
=¢ (2T, y,) < (23,

N
=lz* -2 <z, &, 0J%, + Zocn)i]Si(HCSi)"_lxn>

i=1
2

N
+ (o) %, + Z‘xn,i]Si(HCSi)nilx

i=1

N
< llzl® = 20,5 (2, Jx,) = 2 at,.; {2, JS:(T1cS,)" ' x,,)

i=1

N

’ “”’0”x"”2+Z"‘n,i"si(nc8i)n_lxn ’
i1

lxn )

N
= 0 (2.3,) + Y i (2, $(11eS)" ' x,)

i=1

- JS,(T1S,)"

- (xn,O‘xn,lg ("]xn

- “n,O“n,lg ("]‘xn - ]Sl (HCSI)H_lxn“)

N
< ‘Xn,0¢ (Z, xn) + Z(xn,ikn,iq5 (Z’ xn)

i=1

1
%)

- JS,(T1S,)"

~ % 0%,19 ("]xn

N
< an,O‘l) (Z, xn) + Z“n,ikn(p (Z’ xn)
i=1

~ X 0%,19 ("]xn - ]Sl (HCSI)nilxn )
= ¢(Z’ xn) + (1 - “n,O) (kn - 1) (/5 (Z, xn)

- “n,O(xn,lg ("]'xn - ]Sl (HCSI)n_lxn“)

<¢(z,x,) +6, - a, 00,9 (”]x - JS,(11:S,)" ”
(33)
Therefore we have
‘xn,O(xn,lg (“]x ]S (HCS ”
(34)
< (/) (Z’ xn) - ¢ (Z’ un) + 6n'
From liminf, , e, 4e,, > 0 and (21), (32), we have
Jim g (%, - I8 (M) ) = 0. @39)
Therefore, from the property of g we have
Tim |Jx, = J8,(T1cS,)" x| = 0. (36)
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. -1 . . .
Since J™ is also uniformly norm-to-norm continuous on
each bounded set, we have

Xn — 31(Hcsl)n_1 =0. (37)
Using (7), (34), and (36), we have
Tim ¢ (x,, S, (TTeS,)" ' x,) = 0. (38)
By (6), we obtain
b (%, 81%,) = ¢ (X0 Xpp11) + P (%0115 S1%,)
+ 2% = Xt J X1 = JS1%,)

= ¢ (X Xpp1) + ¢ ('xn+1’ SI(HCSI)n'an)
+¢ (SI(HCSI)nan’ Sl(ncsl)nxn)
+¢ (S, (I1cS,) "%, S, x,)
+2 <SI(HCSI)nxn+1
— 8,(T1S,)"x,, IS, (T1cSy ) *x,, — ISy, )
+2 <xn+1 = §,(T1681)" %11, IS, (T16S,) " 5,001
- ]Slxn>
+2(x, — x

- JS;x,).

n+1> ]xn+1
(39)

Since ¢(x,, (11S))"x,) < p(x,,8,(11:S,)" ' x,), from

(38), we have lim,_ ¢(x,, I1:S,)"x,) = 0. Since
A(S;(T1:S))" %, S1%,) < kyd((T1S,)"x,,, x,,), then
1im ¢ (81(T1cS,) %, S1%,) = 0. (40)

Applying (24), (38), (40), the definition of S;, and Lemma 3
to (39), we obtain that

lim ¢ (x,,,S,x,) = 0. (41)
From Lemma 3, we obtain that

nli_)rr&) ||xn - Slxn” =0. (42)
In the same way, we can obtain

||=Os

From the closedness of §;,1 <i < N, we have x € ﬂfil F(S;).
Next, we show X € EP(f). From Lemma 5, we have

lim ||x -S;x

n— oo

2<i<N. (43)

¢ (> ) = S (T3, ¥)
< ¢ (Z’ yn) - ¢ (Z’ Trnyn)
(44)
< ¢ (Z’ yn) - ¢ (Z, un)

= ¢(Z’xn) +6n_¢(z’un)'

It follows from (21) and (32) thatlim,, _, . ,¢(u,,, ,) = 0. From
Lemma 3, we see that

lim |y, —u,| = (45)

n— 00

Since ] is uniformly norm-to-norm continuous on each
bounded set, we have

lim ]y, = Ju,| = (46)

n— 00

From r, > a, we have

lim "]un B ]yn"

=0. (47)
n— 00 rn
Byu, =T, y,, wehave
1
f(un’y)+r_<y_un’]un_]yn>20’ V)/EC (48)
From (A2), we have
Ju, =]y, 1
N L
Tn (49)
~f (, y) > f(yu,), VyeC

Lettingn — 00, we have from (A4), (47) and u, — X, as
n — oo that

f(yx) <o,

ForO<t<landyeClety =ty+(1-t)x.Sincey € C
and X € C, we have y, € C and hence f(y,,%) < 0. So, from
(A1) and (A4) we have

0=f(oy) <tf (yoy)+(1=1t) f (9, %) <tf (yt)y)(él)

Vy e C. (50)

Dividing by ¢, we have

f(ey)=0,

Lettingt — 0, from (A3), we have f(x,y) > 0, for all y €
C. Therefore, X € EP(f).

Finally, we show x = Ilx,. By taking limit in (19), we
have

Vy e C. (52)

(Xx-2z,Jxy—Jx) =0, VzeQ. (53)
At this point, in view of Lemma 2, we have that x = IIx,.

This completes the proof. O

Remark 7. Theorem 6 improves the main theorem in [8] in
the following senses.

(1) Theorem 6 generalizes this theorem from two asymp-
totically nonextensive operators to a finite family of
asymptotically nonextensive operators.

(2) Theorem 6 removes the condition that S; is com-
pletely continuous or semicompact.
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