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This work is to consider Furuta type inequalities and their applications. Firstly, some Furuta type inequalities under A > B > 0 are
obtained via Loewner-Heinz inequality; as an application, a proof of Furuta inequality is given without using the invertibility of
operators. Secondly, we show a unified satellite theorem of grand Furuta inequality which is an extension of the results by Fujii et
al. At the end, a kind of Riccati type operator equation is discussed via Furuta type inequalities.

1. Introduction

Throughout this paper, an operator T'means a bounded linear
operator on a Hilbert space. T > 0 and T' > 0 mean a positive
operator and an invertible positive operator, respectively, (see
[1, page 103]). The classical Loewner-Heinz inequality (L-H)
is stated below (see [2, page 127]).

Theorem 1 (Loewner-Heinz inequality (L-H)). Let p € [0, 1];
then A > B > 0 ensures

AP > BP. 1)

In general, (L-H) is not true for p > 1. As a celebrated
development of (L-H), Furuta provided a kind of order
preserving operator inequality [2, page 129], the so-called
Furuta inequality (FI).

Theorem 2 (Furuta inequality (FI), [3]). Letr > 0, p > 0;
then A > B > 0 ensures

\%

(Br/zApBr/z)(min{l»P}+f)/(P+T) (Br/zBpBr/z)(min{LP}H)/(PH)

(AT/ZAPAr/z)(min{l,p}+r)/(p+r) S (Ar/zBpAr/z )(min{l,p}+r)/(p+r).
(2)

Tanahashi proved that the outer exponent min{1, p} +
above is optimal; see [3] for related topics. In order to establish
the order structure on Aluthge transform of nonnormal
operators, the complete form of Furuta inequality was showed
in [4].

Theorem 3 (Complete form [4]). Letg > 0,7 >0, p > p, > 0
and s(q) = min{p,2p, + min{g,r}}. Then A > 0 and B > 0
such that A1 > B ensures

(Ar/zBpoAr/z)(S(q)+f)/(Po+f) > (Ar/zBPAr/Z)(S(q)+r)/(P+r), 3)

We call the theorem above the complete form of Furuta
inequality because the case p, = g = 1 of it implies the
essential part (p > 1) of Furuta inequality by the Loewner-
Heinz inequality for (1+7)/(s(1)+r) € (0, 1]. For convenience,
we call Furuta inequality (Theorem 2) the original form of
Furuta inequality.

Itis known that there are many applications of Furuta type
inequalities; we cite [5-7].

Based on Ito et al. [8] which is a continuation of [9],
the equivalent relations between two operator inequalities are
useful. For A > 0, A’ means the projection Pycer ay*-

Theorem 4 (see [8]). Letr > 0,0< py < p, A>0andB > 0.

(1) Ifker(ABP'?) C ker B, then, for each r, p,, and p, the
following inequalities are equivalent to each other:

(Bp/ZAer/Z)(P_Po)/(""P) > (Bp/ZBer/Z)(P_PoV(”"'P)) (4)
(Af/ZBPOA?’/Z)(P0+r)/(P0+r) > (A?”/ZBPAr/Z)(p0+r)/(P+r). (5)

In particular, (4) implies (5) without condition
ker(ABP?) C ker B.
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(2) For each r, p,, and p, the following inequalities are
equivalent to each other:

(Ap/ZBrAp/Z)(P’Po)/(”+P) N (Ap/ZArAp/Z)(P’Po)/(”‘LP))
(6)

(Br/zApnBr/z)(p0+r)/(p0+r) - (Br/zApBr/z)(POH)/(PH),

It should be pointed out that (5) ensures (4) is not true
without the condition ker(AB”/?) ¢ ker B [8, Remark 1].
Moreover, the proof of Theorem 4 is independent of (L-H).

In Section 2, some Furuta type inequalities under A >
B > 0 are proved via Loewner-Heinz inequality; as applica-
tions, we show alternate proofs of some well-known Furuta
type inequalities (proofs of Theorems 10 and 2).

In 1995, Furuta [10] proved the so-called grand Furuta
inequality which is also an extension of Theorem 2.

Theorem 5 (grand Furuta inequality [10]). Let p > 1, -1 <
t<0,r>—-tands>1.IfA> B >0 with A > 0; then

A1+t+r > (Ar/Z(At/ZBpAt/Z 7)

)SAr/z>(1+t+r)/((p+t)s+r)
Fujii et al. proved some satellite theorems of grand Furuta
inequality.

Theorem 6 (see [11]). Letp>1,-1<t<0,r>—tands > 1.
IfA > B> 0with A > 0; then

(A” (AP At/z)S NE )“*Hr)/ ((prossn)

A2 A2
(8)

Theorem 7 (see [12]). Letp>1,-1<t<0,r > —tands > 1.
IfA> B> 0with A > 0; then
(Ar/z(At/zBpAt/z)sAr/z>(1+t+r)/((p+t)s+r)
)
< Ar/z(At/zB‘DAt/z)(Ht)/(pH)Ar/z.

Theorems 6 and 7 are extensions of Theorem 5.

In Section 3, we will show a unified satellite theorem
which is an extension of Theorems 6 and 7 via the complete
forms of Furuta inequality with negative powers.

Lastly, it is known that Riccati type operator equations
K = THT — TC - C*T relate to control theory closely and
have been studied extensively [13]. Pedersen and Takesaki [14]
developed the special kind of Riccati equation K = THT
as a useful tool for the noncommutative Radon-Nikodym
theorem.

Yuan and Gao [15] discussed the Riccati type equation:

KP = H6/2T1/2(T1/2H5+rT1/2)(P‘5)/(5+’)T1/2H6/2' (10)

In Section 4, as a continuation of [15, 16], we will consider
the Riccati type equation:
KP = H6/2T1/2(T1/2H6+rT1/2)(1/“’)*1T1/2H6/2 (1)

via Furuta type inequalities.
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2. Furuta Type Inequalities under
the Order A > B >0

Reference [17] proved a kind of equivalent relations which can
be regarded as a parallel result to Theorem 4.

Theorem 8 (see [17]). Letr > 0,0 < py < p, A= 0andB > 0.

Ifker(ABP/?) C ker B, then, for each r, p, and p, the following
inequalities are equivalent to each other:

(B> A"BP? )‘P—Po)/ (r+po)
(12)
> (resp' S) (BPO/ZBTBPO/Z)(P—Po)/(r+po)’
(Ar/ 2P g7/2 ) (p+1)/(po+7)
(13)

> (resp. S) (Ar/ZBpAr/z)(PJrr)/(PJrr)'

In particular, (12) implies (13) without condition ker(ABP o/ ¢
ker B.

The proof of Theorem 8 is different from Theorem 4 and
independent of (L-H).

In this section, we consider some Furuta type inequalities
under the order A > B > 0. As applications, alternate
proofs of some Furuta type inequalities are given (proofs of
Theorems 10 and 2). Especially, we prove (FI) without using
the invertibility of operators.

Theorem 9. Let1>r >0,A>B>0.

(1) For each p, > 0 and p with py < p < 2p, + 1, the
following inequalities hold and they are equivalent to
each other:

(BpO/ZAero/Z)(P*PU)/("*PO) > (BPO/ZBero/Z )(P’Po)/("*Po))
(14)

r/z)(P+f)/(Pg+T) (

(ABP A > (A72BP AT/ 2)“’ e (5)

(2) For each p, > 0 and p with py, < p < 2p, + 1, the
following inequalities hold:

(ApU/ZBrApo/z)(P‘Pu)/(""’?o) < (APO/ZArApo/z)(P_Po)/(r‘*‘Po)’
(16)

(Br/zAPOBr/z)(P+f)/(Po+T) < (BT/ZAPBr/z)(pH)/(pH). 17)

3) Ifp>1, then

AT s AT2BAT? S (Ar/ZBpAr/Z)(H’")/(P”)’ (18)

B < B2 AR < (Br/ZApBr/Z)(Hr)/(P*’)' (19)
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Proof. (1) Since py < p < 2py+7, 12 (p—py)/(r+ py) >0
follows. By A > B > Oand (L-H) for 1 > r > 0Oand 1 >

(p— py)/(r+ py) > 0, we have

A" > B,  BP/2ATBP/? 5 BPol2prprol2,

(Bpo/ZAero/Z)(P’Po)/(rﬂjo) > (Bpo/zBer(,/z)(P*Po)/(rﬂ?o).
(20)
Hence, (14) holds. Since A > B > 0, ker(ABpO/z) C kerB

follows. So, the equivalency follows by Theorem 8.
(2) Similar to the proof of (14), we have

A" >H, APo/ZBfAPo/2 < APo/ZAVAPo/Z,

(Apo/zBrApO/z)(P*Po)/(HPo) < (Apo/zArApO/z)(P’Po)/(HPo)'
(21)
Hence, (16) holds. Since (12) implies (13) without kernel
condition, (17) follows by (16).

(3) By (15), there exists the function d(t) = t+r defined on

(0, 00) satistying [18, Lemma 2.6(1)]. Hence, case 1 = p, < p
of [18, Lemma 2.6(2)] implies
(Ar/zBAr/z)(min{p,2+r}+r)/(1+r)

(22)
> (Ar/zBpAr/z ) (min{p,2+r}+r)/(p+r) .

So (18) holds by A > B > 0 and (L-H) for (1 + r)/(min{p,2 +
r} + 1) € (0,1). It is easy to prove (19) in a similar way. O

As prompt applications, we show alternate proofs of some
Furuta type inequalities.

Theorem 10 (see [19]). Leta > 0, 3, > 0, A>0, B> 0. Ford
such that =, < § < a, if

(B2 AP Y P S (s <) B, (23)
then
(Bﬁ/zA“Bﬁ/z)(Mﬁ)/(Mﬁ) > (resp. <) B°*F, (24)
where 3 > f,. Moreover, for each 8' > —a, the function
F(B) = (Aa/zBﬁAa/z)@"f“)/(ﬁm) (25)
is decreasing (resp., increasing) for f > max{f,, 8'}.
Proof. It is enough to prove the case > because the case < can

be proved in a similar manner. Denote (23) by A, > By; that
is,

)(6+ﬁo)/(rx+ﬁg)

A, = (B A" , B =B"H_ (26

For1>r >0, p; > 1, by (19) of Theorem 9, we have

(B'l’l/ZA];Bil’l/Z)(1+71)/(P1+’1) S Biﬂ’l' 27)

By putting p; = (a + Sy)/(8 + fB;), the inequality above
becomes

(Bo+@shorI2 4o B(ﬁo+<6+ﬁo>n>/z)(Mo+<5+ﬁo>ﬁ>/<°‘+ﬁo+(5+ﬁoW

> Bs+ﬁo+(5+ﬁo>r1 .
(28)

This implies that (24) holds for B, < B < 5, = B, + (8 +

0+ (atpy
B,)- Denote A, = (Bﬁl/zA"‘Bﬁl/z)( R d B, = By
repeating this process, (24) holds for 8 > 3.
For each 8’ > —a, B = max{f,, 8'}, by (24) and (L-H),

(Bﬁl/ZAaBﬁl/Z)(8+ﬁ1)/(“+ﬁ1) > Bs+ﬁ1,
(29)

>

(Bﬁl/zA“Bﬁl/Z)v/(’Hﬁl) > B

where 0 < v < §+ 3. This together with Theorem 8 and (L-H)
deduce that

( A%/2 b Aa/z)(V+ﬁ1+a)/(l31+oc)

> (Aoz/szrﬁlAa/z)(wﬁlm)/(w/}lm)

>

( Ae/2gh Aa/z)(t?'ﬂx)/(ﬁﬁa) . ( A%/ g Aa/z)(5’+“)/(ﬁz+0¢)
(30)

where 3, = v+ 3, € (8,6 + By + ;1. So, the monotonicity
of the function f(3) holds. O

It should be pointed out that, if § = 0 and 0 < 8 < f3,, the
assertion that (23) ensures (24) is not true [15, Theorem 2.8].

Theorem 11 (see [15]). Given any positive numbers p, 1, p;,
and ry with r; > r, there exist invertible positive operators H
and K such that
H" > (H”/ZKPIHﬁ/z)'l/(mm)
(3D

ol 3 (HPKPHT)T,

where a is an arbitrary positive number.

Alternate Proof of Theorem 2. The caser > 0and 0 < p < 1
of Theorem 2 follows by (L-H) directly. Theorem 9(3) means
the case 0 < r < 1and p > 1 of Theorem 2; this together with
Theorem 10 implies the case r > 0 and p > 1 of Theorem 2.
So, the proof is complete.

The proof above says that the original form of Furuta
inequality (Theorem 2) is a composition of (L-H), Theorems
9 and 10. The proof here is independent of the invertibility of
the operators A and B.

3. A Unified Satellite Theorem of
Grand Furuta Inequalities

1/(p+t)

Denote := (A"?BP A"/?) , where p + ¢ #0.



Theorem12. Let-1<t<0,p>1,p>21,C>2A>B>0
with A > 0.

D Ifrz-t,sz1,1<py<pandl < p, < p, then

(Ar/2 (aBeA?) Af/Z)(P"*”’)/ (prt)stn)
< ArD2pP A2 _ pr2 ( Atl2gP At/z)(%”)/ (p+t) AT,
(32)

(2) Ifr = —tand s > 1, then

(L+t+7) [ ((p+t)s+r)
(Cr/z(At/zBpAt/z)SCr/z)

(33)
< Cr/z(At/zBpAt/z)(IH)/(I)H)CHZ_

The case C = A of Theorem 12(2) is just Theorem 7. The
special case p, = 1 of Theorem 12(1) implies the result below.

Corollary 13. Let-1<t<0,p>1,p =1, A > B> 0with
A>0.Ifr > —tands > 1, then

(AY/Z( A2BP AR Af/Z)(“”’)/ (prt)stn)
— 1 5.
< A2 A(rD/2 Ar/Z(At/ZBpAt/Z)( +t)/(l’“)Ar/z'
(34)

It is obvious that the special case p = p of Corollary 13 is
a unified result of Theorems 6 and 7; that is, it is an extension
of Theorems 6 and 7. So, we call Theorem 12 a unified satellite
theorem of grand Furuta inequality (Theorem 5).

In order to give a proof, we prepare some results in
advance.

Lemma 14 (see [18]). Let -1 <t <0, p > Ll and s > 1. Then
C > A > B> 0with A > 0 ensures that the function

f@s)= (C—t/z(At/zBpAt/z)sC,t/z)1/((p+t)s—t) (35)

is decreasing for s > 1. In particular,

1/((p+t)s—t)

Cz(c(apraryc?) (36)

Lemmal5 (see[18]). Let-1<t<0,p>1,r>—-t,1<s,<s
and 6 = min{(p + 1)s,2(p + t)sy}. Then C > A > B > 0 with
A > 0 ensures

(Cr/ZD(p+t)s0 Cr/z)(5+f)/((p+t)so+r)

(37)
. (Cr/zD(p+t)sc1,/2)(6+r)/((p+t)s+r) '

Lemma 16. Letr < 0, A > 0 and B > 0. Then the following
assertion (1) implies (2).
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(1) There exists an increasing function d(p) : (-r,00) —
(0, 00) such that, for each p, > —r, if py < p < py +
d(p,), then

( AT/2 P Ar/z)(P+r)/(Po+r) S (res ». S) ( ATI2BP Ar/Z)<P+r)/(P+r)_
(38)

(2) The function d(p) : (-r,00) — (0, 00) in (1) satisfies
that, for each p, > —r, if p, < p, then

(Ar/ZBpoAr/z)(min{P’Po"'d(Po)}”)/(Po*")

in{p,py+d
> (resp. <) (Ar/zBPAr/z)(mm{p pot (PO)}H)/(pH).

Lemma 16 is a complement to [18, Lemma 2.6].

Proof. 1t is sufficient to prove the case > for the case < can be
proved in a similar manner. For each p, > 0 and p, < p, if
P < po +d(py), then (2) follows by (1) immediately. Suppose
that p, < p < p,.1 = p, + d(p,) for some positive integer n
and p, = py, + d(p,). By (1), fork =0, 1,...,n— 1, we have
(A‘V‘/ZBpkAr/Z)(Pk+1+r)/(Pk+r) N (AT/ZBPIMAT/Z)(p"“H)/(P"“H)

>

( AT/2gPs Ar/Z)(P”)/(Pn”) > ( AT/2RP Ar/Z)(P”)/(P”).
(40)

Noting that ((p;+7)/(Pr,; +7)) € [0, 1] and ((p, +7)/(p+7)) €
[0, 1], these together with (L-H) deduce that

(Ar/zBPOA,/g)(Pl“)/(PquT) > (Ar/zBplAy/z)(PlJrT)/(Pl”)

>0 > (Ar/ZBp,,Ar/z>(P1+r)/(p,,+r)

> (Ar/zB‘DAr/Z)(pl+r)/(p+r).
(41)

Therefore, the function d in (1) satisfies (2). O

Lemma 17. Let 0 > r > -1, p > py > —rand =
min{p,2p, + r}; then A > B = 0 with A > 0 ensures

(A?’/ZBPOAT/Z)(ﬁ"'r)/(PO'H) < (AT/ZBPAF/Z)(ﬁ+r)/(P+T). (42)

Proof. Firstly, we prove the case p < 2p, + r of Lemma 17. By
[10, Lemma 1], (42) is equivalent to

Ar/ZBp0/2(Bpo/ZAerg/Z)(P_Po)/(Po‘”)BpO/ZAr/Z

(43)
< Af/ZBPo/ZBP_PoBPU/ZAr/Z_

On the other hand, (B”/2A" B/ 2)(p_p°)/(‘00+r) < BP7Po holds

by Loewner-Heinz inequality for ((p — po)/(py + 1)) € (0,1].
So (42) holds for p < 2p, + .

Now, it is proved that (42) holds when —r < p, <
P < 2p, + r. Meanwhile, it is easy to see that the increasing
function d(t) = t + r satisfies (1) of Lemma 16, so (42) holds
for —r < py, < p. O
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Proof of Theorem 12. By the case s, = 1 of Lemma 15 and (L-
H) for ((py +t +1)/(6 + 1)) € [0,1],

(c (a2 5P 4 )Scr/z)%””)/ (pt)s+n)

(44)
< ( cr? ( Atl2pP At/z) Cr/Z)(P0+t+r)/ ((P+f)+’).

(1) For 1 < py < p, Theorem 3 and (L-H) deduce that
(A(r+t)/2BpA(r+t)/2)(Po+f+7)/(P+T+t) < A2 gpo 4 (rt)/2.
(45)

Meanwhile, for -1 <t < 0and 1 < p, < p, Lemma 17
and (L-H) imply

APEP A < (A2 BP At/Z)(Pn’ft)/(ﬁH)' (46)

Hence, (1) follows by the case C = A of (44), (45), and
(46).

(2) By (L-H), (44), f(1) < C, Theorem 3 and Lemma 17
ensure

(1+t+r) [ ((p+t)s+r)
(Cr/Z(At/ZBpAt/Z )SCr/Z)

< (Cr/z (At/zBpAt/z)C,/z)(1+t+r)/((p+t)+r)

by (44) and (L-H)

_ (C(r+t)/2(Cft/ZAt/ZBpAt/Zcft/z)(I/P)P

XC(”'t)/z >(1+r+t)/(p+r+t)

" " (1+r+t)/(p+r+t)
— (C( +t)/2(f (1))Pc( +t)/2) (47)

(1+r+t)/(1+7r+t)

< (C(r+t)/2(f (1))1C(r+t)/2)
by f (1) < C, Theorem 3 and (L-H)

_ Cr/ZCt/Z(f(l))lct/ZCr/Z

(1+t)/(p+t)
t/2) p Cr/Z

<CP(c”(fm)c
by f(1) <C, Lemma 17 and (L-H)

_ Cr/2(At/ZBpAt/z)(1+t)/(P+t)Cr/2.

The f(s) above is the same as the function f(s) in Lemma
14. ]

4. Riccati Type Operator Equations

Yuan and Gao [15] discussed the Riccati type equation:

KP = H5/2T1/2(T1/2H8+TT1/2)(p_6>/(6+r)T1/2H5/2. (48)

Theorem 18 (see [15]). Let H > 0, K > 0 and assume that
ker H = {0}.

(1) The following statements are equivalent for each p > 0,
r>0andp>6=>0.
()
(a) aH**" > (Hr/ZKPHr/Z)( +r)/(pmfor somea > 0.
(b) There exists a unique operator T > 0 that satisfies
IT| < a and (48).

Ifin additional H is invertible, (1) holds for p > 6 > —r.

(2) If there exists T > 0 satisfying (48) for fixed p > 0,
r>0andp >3 >0, then, for py > pandr, > r, there
exists T} > 0 satisfying

(p1=6)/(8+1y)
R VG S ET)

8/2rp1/2 (re1/2 741y 1 /2
KPI - H / Tl/ (Tl/ H +7"1T1/ )
One of the applications of Riccati equation (48) is to
show that the inclusion relations among class A(p,r) oper-
ators are strict [15, Theorem 3.1]. Recently, there are some
developments on operator equations including the following
equation (see [16, 20]):
KP = H5/2T1/2(T1/2H6+rT1/2)(1/“’)*1T1/2H5/2‘ (50)
Obviously, the special case w = (§ + r)/(p + r) of (50) is
just (48).

Theorem 19 (see [16]). Let H > 0, K > 0 and assume that
ker H = {0}. The following statements are equivalent for each
p>0,r>0,820and0<w< 1.

(1) aH*>" > (H’/ZKPHr/Z)wfor somea > 0.

(2) There exists a unique operator T > 0 which satisfies
IT| < a and (50).

If in additional H is invertible, the condition § > 0 can be
replaced with § € R where R means the set of all real numbers,
and if H and K are both invertible, the conditions 6 > 0 and
0 < w < 1 can be replaced with 6 € R and w #0.

The case w = (6§ + r)/(p + r) of Theorem19 is a
generalization of Theorem 18(1). In this section, we give a
generalization of Theorem 18(2).

Lemma 20. Leta > 0, ;> 0, &' >0, 3, >0, A>0,B>0.
For 8 and &' such that 8 € (-, 00) and 8" € (=B, '], if

/2>(6’+ﬁ‘,’)/((x,+ﬁ6) > (resp. S) BMﬁO, (51)

(Bﬂo/zA“Bﬁo
then, for 5 > f3y,

(Bﬁ/zAaBﬁ/z)(é +8)/ (' +p") S (resp. S) B6+ﬁ’ (52)

where B’ = ((B(8" + B)) + Bod — Byd) /(8 + Bo))(= )

The case o = &', B, = f3; and 8 = &' of Lemma 20 implies
Theorem 10. The case o« = o', B, = B and 8 = §' = 0 of
Lemma 20 implies Yanagida’s result [21, Proposition 4].



Proof. 1t is enough to prove the case > because the case < can
be proved in a similar manner. Denote (51) by A; > B;; that
is,

A, = (Bﬁo/zAaBﬁo/z)(5'+ﬁ$)/(“'+ﬁf>), B, = B, (53)
For r; > 0, p; > 1, by (FI) (Theorem 2), we have

> Bl'", (54)

(I+r)/(pr+11)
(Bil/zAllhB’l"l/z) VPt

By putting p; = (o' +;)/(8"+3;))(= 1), the inequality above
becomes

(B(ﬁo‘*'(s"'ﬁo)rl)/zA“
XB(ﬁ0+(5+ﬁ0)rl)/z)(5'+ﬁ6+(5'+ﬁ6)n)/(a’+ﬁ5+(6'+ﬁ6)f1) (55)
> B(§+ﬁ0+(6+ﬁ0)r1'

Denote 8 = B, + (8 + B)r; and B = B + (8" + By)ry; then

B = Py and B = ((B(8" + By) + Byd = Bod")/ (8 + By)) = By, s0
that (52) holds by the inequality above. O

Theorem 21. Let H > 0, K > 0 and assume that ker H = {0}.
Foreach p >0, > 0and§ > 0, if there exists T > 0 satisfying
the equation

p'-8")/8"+1")

KP = H6/2T1/2(T1/2Ha+rT1/2)( T2, (56)

where p' > 0, 7' > 0and —r' < &' < p'. Then, forr, > r and
r{ =((ry 0" +7)+7'8=18") /(8 +1))(= 1), there exists T, >0
satisfying
/76/ 6’ !
KP = HOPTI (7)) e g (s7)

If H is invertible, the condition § > 0 can be replaced with
0> -r.

Proof. By the assumption, (1) of Theorem 19 holds for some
a > 0; that is,

(a1/(a+r(1—w))H)5+f
1/(S+r(1-w)) 1 7\"/2
> ((a H) (58)

XKp(al/(8+r(1—w))H)r/2)w‘

So, the following holds by Lemma 20:
(a1/(5+r(1—w))H)5+f1

- ((“I/W(l_w))H )" (59)

XKp(al/(iHr(lfw))H)’l /2>(6 +r)/(p+r)
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where r{ = ((r1(5' +7)+7'8 =1r8")/(6 +1))(= r'); that is,
a(8+r1(l—wl))/(8+r(l—w))H8+r1 > (Hrl/ZKpHrl/Z)wl i (60)

wherew, = ((8'+r{)/(p'+r{)) € (0, 1]. Hence, (57) is solvable
by Theorem 19. O

The result below is the case ¥ = ' and 8 = 8’ of Theorem
21.

Corollary 22. Let H > 0, K > 0 and assume thatker H = {0}.
Foreach p > 0,r > 0and§ > 0, if there exists T > 0 satisfying
the equation

KP = H6/2T1/2(T1/2H6+7T1/2)(p’_5)/(5+r)T1/2H8/2, (61)

where p' > 0 and p' > 8. Then, for r, > r, there exists Ty = 0
satisfying

(p'-8)/(8+ry)
KP = H5/2T11/2(T11/2H5+r1T11/2) p T T11/2H6/2. (62)

If H is invertible, the condition § > 0 can be replaced with
0> -r.

It is obvious that Corollary 22 is a generalization of the
case p; = p of Theorem 18(2).

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This work was supported in part by the National Natural Sci-
ence Foundation of China (11301155) and Project of Education
Department of Henan Province of China (2012GGJS-061),
and Project of Science and Technology Department of Henan
Province of China (142300410143).

References

[1] R. V. Kadison and J. R. Ringrose, Fundamentals of the Theory
of Operator Algebras, American Mathematical Society, Provi-
dence, RI, USA, 1997.

[2] T. Furuta, Invitation to Linear Operators, Taylor & Francis,
London, UK, 2001

[3] T. Furuta, “A > B > 0 assures (B'A?B)? > BP**/4 for r >
0,p = 0,q > 1 with (1 +2r)q > p + 2r] Proceedings of the
American Mathematical Society, vol. 101, no. 1, pp. 85-88, 1987.

[4] J. Yuan and Z. Gao, “Complete form of Furuta inequality;
Proceedings of the American Mathematical Society, vol. 136, no.
8, pp. 2859-2867, 2008.

[5] J.-C. Bourin and E. Ricard, “An asymmetric Kadison’s inequal-
ity,” Linear Algebra and Its Applications, vol. 433, no. 3, pp. 499-
510, 2010.

[6] S.R. Garcia, “Aluthge transforms of complex symmetric opera-
tors,” Integral Equations and Operator Theory, vol. 60, no. 3, pp.
357-367, 2008.



Abstract and Applied Analysis

[7] V. Lauric, “(Cp, «)-hyponormal operators and trace-class self-
commutators with trace zero,” Proceedings of the American
Mathematical Society, vol. 137, no. 3, pp. 945-953, 2009.

[8] M. Ito, T. Yamazaki, and M. Yanagida, “Generalizations of
results on relations between Furuta-type inequalities;” Acta
Scientiarum Mathematicarum, vol. 69, no. 3-4, pp. 853-862,
2003.

[9] M. Ito and T. Yamazaki, “Relations between two inequalities
(B2APB2Y1P*" > B and (APBTAPI?)PIPYT < AP and their
applications,” Integral Equations and Operator Theory, vol. 44,
no. 4, pp. 442-450, 2002.

[10] T. Furuta, “Extension of the Furuta inequality and Ando-Hiai
log-majorization,” Linear Algebra and Its Applications, vol. 219,
pp. 139-155, 1995.

[11] M. Fujii, R. Nakamoto, and K. Yonezawa, “A satellite of the
grand Furuta inequality and Its application,” Linear Algebra and
Its Applications, vol. 438, no. 4, pp. 1580-1586, 2013.

[12] M. Fujii, E. Kamei, and R. Nakamoto, “Grand Furuta inequality
and its variant,” Journal of Mathematical Inequalities, vol. 1, no.
3, pp. 437-441, 2007.

[13] P. Lancaster and L. Rodman, The Algebraic Riccati Equation,
Academic Press, Oxford, UK, 1995.

[14] G.K.Pedersenand M. Takesaki, “The operator equation THT =
K Proceedings of the American Mathematical Society, vol. 36,
pp. 311-312, 1972.

[15] J. Yuan and Z. Gao, “The operator equation K? =
HOPTVA (T2 o 2P0/ o2 ang ts applications,”
Journal of Mathematical Analysis and Applications, vol. 341, no.
2, pp. 870-875, 2008.

[16] J. T. Yuan and C. H. Wang, “Riccati type operator equation and
Furuta’s question,” Mathematical Inequalities & Application. In
press.

[17] J. Yuan, “Furuta inequality and q-hyponormal operators,” Oper-
ators and Matrices, vol. 4, no. 3, pp. 405-415, 2010.

[18] J. Yuan and G. Ji, “Monotonicity of generalized Furuta type
functions,” Operators and Matrices, vol. 6, no. 4, pp. 809-818,
2012.

[19] C. S. Yang and J. T. Yuan, “Class wF(p,r,q) operators,” Acta
Mathematica Scientia A, vol. 27, no. 5, pp. 769-780, 2007.

[20] R. Bhatia and M. Uchiyama, “The operator equation
Yr,A"'XB' = Y] Expositiones Mathematicae, vol. 27,
no. 3, pp. 251-255, 2009.

[21] M. Yanagida, “Powers of class wA(s, t) operators associated with
generalized Aluthge transformation,” Journal of Inequalities and
Applications, vol. 7, no. 2, pp. 143-168, 2002.



