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We introduce two iterative algorithms by the hybrid extragradient method with regularization for finding a common element of the
set of solutions of the minimization problem for a convex and continuously Fréchet differentiable functional, the set of solutions
of finite generalized mixed equilibrium problems, the set of solutions of finite variational inequalities for inverse strong monotone
mappings and the set of fixed points of an asymptotically x-strict pseudocontractive mapping in the intermediate sense in a real
Hilbert space. We prove some strong and weak convergence theorems for the proposed iterative algorithms under mild conditions.

1. Introduction

Throughout this paper, we assume that H is a real Hilbert
space with inner product {-,-) and norm | - |; let C be a
nonempty closed convex subset of H and let P be the metric
projection of H onto C. Let S : C — C be a self-mapping on
C. We denote by Fix(S) the set of fixed points of S and by R
the set of all real numbers.

Let ¢ : C — R be a real-valued function, let A :
C — H be a nonlinear mapping, andlet F : CxC — R
be a bifunction. In 2008, Peng and Yao [1] introduced the
following generalized mixed equilibrium problem (GMEP) of
finding x € C such that

F(x,y)+¢(y)—9()+(Ax,y-x) 20, VyeC. (1)
We denote the set of solutions of GMEP (1) by
GMEP(F, ¢, A). The GMEP (1) is very general in the sense
that it includes, as special cases, optimization problems,
variational inequalities, minimax problems, and Nash
equilibrium problems in noncooperative games. The GMEP
is further considered and studied in [2-5].

Let f : C — R be a convex and continuously Fréchet
differentiable functional. Consider the convex minimization
problem (CMP) of minimizing f over the constraint set C

minf (x) 2)

(assuming the existence of minimizers). We denote by I'
the set of minimizers of CMP (2). The gradient-projection
algorithm (GPA) generates a sequence {x,,} determined by the
gradient Vf and the metric projection P as follows:

X1 = Po(x, - AVf (x,)), Vn=0, (3)
or more generally,
Xpe1 = Po(x, = A,Vf (x,)), VYn=0, 3)

where, in both (3) and (3)’, the initial guess x, is taken from
C arbitrarily and the parameters A or A, are positive real
numbers. The convergence of algorithms (3) and 3) depends
on the behavior of the gradient Vf.

Since the Lipschitz continuity of the gradient Vf implies
that it is actually (1/L)-inverse strongly monotone (ism) [6],
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its complement can be an averaged mapping (i.e., it can be
expressed as a proper convex combination of the identity
mapping and a nonexpansive mapping). Consequently, the
GPA can be rewritten as the composite of a projection and an
averaged mapping, which is again an averaged mapping. This
shows that averaged mappings play an important role in the
GPA. Recently, Xu [7] used averaged mappings to study the
convergence analysis of the GPA, which is hence an operator-
oriented approach.
Assume that the CMP (2) is consistent and the gradient
Vf is L-Lipschitz continuous with L > 0. Let Q : C — Cbea
p-contraction with p € [0, 1). Xu [7] introduced the following
hybrid GPA:
Xp1 = eann + (1 - Gn) PC (xn - /\nvf (xn)) , Vnz0,
(4)

where {0,} < [0,1] and 0 < liminf, | A, <
limsup, _, A, < 2/L. It was proven that under appropriate
conditions the sequence {x,} converges in norm to a mini-
mizer of CMP (2); see [7, Theorem 5.2].

It is worth emphasizing that the regularization, in par-
ticular the traditional Tikhonov regularization, is usually
used to solve ill-posed optimization problems. Consider the

regularized minimization problem
minf, (x) := f () + 5 |l 5
i = —[IxI°,
xeC” ¢ 2 ( )
where o« > 0 is the regularization parameter and again f is

convex with L-Lipschitz continuous gradient Vf. In [7], Xu
introduced another hybrid GPA with regularization

Xne1 = PC (I - /\nvfocn) Xn

= PC (I _An (Vf +“n1))xn7

(6)
Vn =0,

where (i) 0 < A, < o, /(L + ocn)2 foralln > 0; (ii) &, — 0
(and A, — 0)asn — oo0; (iii) ZEZO a,A, = 0o; and (iv)
(1A, = Al + AL, — ocn_l)un_ll)/(cxfl)\i) — 0asn — oo.
It was proven that {x,} converges strongly to the minimum-
norm solution x* € T of CMP (2); see [7, Theorem 6.1]. Very
recently, the hybrid GPA with regularization is extended to
develop new extragradient methods with regularization in
Ceng et al. [8, 9] for finding a common solution of the split
feasibility problem (SFP) and the fixed point problem of a
nonexpansive mapping in a real Hilbert space.

On the other hand, consider the following variational
inequality problem (VIP): find a X € C such that

(Ax,y-%) >0, VyeC. (7)
The solution set of VIP (7) is denoted by VI(C, A).

The VIP (7) was first discussed by Lions [10] and
now is well known; there are a lot of different approaches
towards solving VIP (7) in finite-dimensional and infinite-
dimensional spaces, and the research is intensively continued.
The VIP (7) has many applications in computational math-
ematics, mathematical physics, operations research, mathe-
matical economics, optimization theory, and other fields; see,
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for example, [11-14]. It is well known that if A is a strongly
monotone and Lipschitz-continuous mapping on C, then
VIP (7) has a unique solution. Not only the existence and
uniqueness of solutions are important topics in the study of
VIP (7), but also how to actually find a solution of VIP (7) is
important.

Motivated by the idea of Korpelevi¢s extragradient
method [15], Nadezhkina and Takahashi [16] introduced an
extragradient iterative scheme:

X, = x € C chosen arbitrary,
In = PC (xn - AnAxn) > (8)

Xpp1 = KXy + (1 - “n) SPC (xn - AnA)/n) , Vnz0,
where A : C — H is a monotone, L-Lipschitz continuous
mapping, S : C — C is a nonexpansive mapping, and
{A,} ¢ [a,b] for some a,b € (0,1/L) and {«,} C [c,d] for
some ¢,d € (0,1). They proved the weak convergence of
{x,} to an element of Fix(S) N VI(C, A). Recently, inspired
by Nadezhkina and Takahashi’s iterative scheme [16], Zeng
and Yao [17] introduced another iterative scheme for finding
an element of Fix(S) N VI(C, A) and derived the weak con-
vergence result. Furthermore, by combining the CQ method
and extragradient method, Nadezhkina and Takahashi [18]
introduced an iterative process:

Xy = x € C chosen arbitrary,
Yn = PC (xn - /\nAxn) >

Zn:“nxn+(1_‘xn)PC(xn_AnAyn)’ (8)’
Cn = {Z €C: ||zn _Z" < ”xn _Z"}’

Q,={zeC:(x,-2z, x—x,) >0},

Xpr1 = Pong X% Vn20.

They proved the strong convergence of {x,} to an element
of Fix(S) N VI(C, A) under appropriate conditions. Later on,
Ceng and Yao [19] introduced an extragradient-like approx-
imation method which is based on the above extragradient
method and viscosity approximation method and derived a
strong convergence result as well. Next, recall some concepts.
A mapping A : C — H is called L-Lipschitz continuous if

there exists a constant L > 0 such that
Jax- Myl sLlx—yl. veyec O

In particular, if L = 1, then A is called a nonexpansive
mapping; if L € [0, 1), then A is called a contraction.
Recall that a mapping A : C — H is called

(i) monotone if

(Ax - Ay,x—y) >0, Vx,yeGC; (10)

(ii) #-strongly monotone if there exists a constant 7 > 0
such that

(Ax- Ay, x-y) =q|x- |, vxyeC Q)



Abstract and Applied Analysis

(iil) a-inverse-strongly monotone if there exists a constant
a > 0 such that

(Ax - Ay, x-y) > a|Ax - Ay|", Vx,yeC. (12)

It is obvious that if A is a-inverse-strongly monotone,
then A is monotone and (1/«)-Lipschitz continuous.

Definition 1. Let C be a nonempty subset of a normed space
X andletS: C — C be a self-mapping on C.

(i) S is asymptotically nonexpansive (cf. [20]) if there
exists a sequence {k,} of positive numbers satisfying
the property lim k,=1land

n— 00

ISyl <k el vzt veyecs oy

(i) S is asymptotically nonexpansive in the intermediate
sense [21] provided S is uniformly continuous and

lim sup sup ([$"x = S"y[ =[x - y[) < 0; (14)
n—00 x,yeC

(iii) S is uniformly Lipschitzian if there exists a constant
< > 0 such that

|S"x~S"y| < Z|x-y|. Vn=1,VxyeC. (15

It is clear that every nonexpansive mapping is asymptot-
ically nonexpansive and every asymptotically nonexpansive
mapping is uniformly Lipschitzian.

The class of asymptotically nonexpansive mappings was
introduced by Goebel and Kirk [20] as an important general-
ization of the class of nonexpansive mappings. The existence
of fixed points of asymptotically nonexpansive mappings was
proved by Goebel and Kirk [20] as follows.

Theorem GK (see [20, Theorem 1]). IfC is a nonempty closed
convex bounded subset of a uniformly convex Banach space,
then every asymptotically nonexpansive mappingS : C — C
has a fixed point in C.

The class of asymptotically nonexpansive mappings in
the intermediate sense was introduced by Bruck et al. [21].
Recently, Kim and Xu [22] introduced the concept of asymp-
totically x-strict pseudocontractive mappings in a Hilbert
space as follows.

Definition 2. Let C be a nonempty subset of a Hilbert space
H. A mapping S : C — C is said to be an asymptotically «-
strict pseudocontractive mapping with sequence {y,} if there
exists a constant k € [0, 1) and a sequence {y,} in [0, co) with
lim = 0 such that

n—»oan

18" =" y|* < (1 +p,) |x - »|
trlx-8"x-(y-S"y)|, {6

Vn>1, Vx,ye€C.

They studied weak and strong convergence theorems
for this class of mappings. It is important to note that
every asymptotically x-strict pseudocontractive mapping
with sequence {y,} is a uniformly Z-Lipschitzian mapping
with Z = sup{((k + /1 + (1 = k)y,)/(1 +«)) : n > 1}.

Recently, Sahu et al. [23] considered the concept of
asymptotically x-strict pseudocontractive mappings in the
intermediate sense, which are not necessarily Lipschitzian.

Definition 3. Let C be a nonempty subset of a Hilbert space
H. A mapping S : C — C is said to be an asymptotically «-
strict pseudocontractive mapping in the intermediate sense
with sequence {y,} if there exist a constant ¥ € [0,1) and a
sequence {y,} in [0, co) with lim, _, ., = 0 such that

lim sup sup (||S"x - S"y”2 -(1+y,)|x- y||2
n—00 x,yeC

17)
—k|x - S"x - (y - S"y)||2) <0.

Putc, := max{0, supx,yec(IIS”x - S"y||2—(1+yn)||x - y||2—

kllx —S"x - (y—S”y)IIZ)}. Then¢, > 0(Vn > 1),¢, —
0(n — 00) and (17) reduces to the relation

575 =" < (1) Je =51
trfx=8"x = (y -8y +e,  08)
Vn>1, Vx,y € C.

Whenever ¢, = 0 for all n > 1 in (18), then S is
an asymptotically x-strict pseudocontractive mapping with
sequence {y,}. In 2009, Sahu et al. [23] derived the weak and
strong convergence of the modified Mann iteration process
for the class of asymptotically k-strictly pseudocontractive
mappings in the intermediate sense with sequence {y,}. More
precisely, they established the following theorems.

Theorem SXY 1. Let C be a nonempty closed convex subset of
a real Hilbert space H and let S : C — C be a uniformly con-
tinuous asymptotically k-strict pseudocontractive mapping in
the intermediate sense with sequence {y,} such that Fix(S) # 0
and Y2, v, < 0. Assume that {a,,} is a sequence in (0, 1) such
that0 < 8 <o, <1-x—-08andY,. a,c, < co. Let {x,}2,
be a sequence in C generated by the modified Mann iteration
process:

x, = x € C chosen arbitrary,
Yo = (1-a,) %, +,S"x,,
Co=feeCily -2l <lx -2 +6,}, (9
Q,={zeC:(x,-z,x-x,) =20},

X1 = (1—a,) x, +,S"x,, VYn=x1.

Then {x,} converges weakly to an element of Fix(S).



Theorem SXY 2. Let C be a nonempty closed convex subset
of a real Hilbert space H and let S : C — C be a uniformly
continuous asymptotically k-strict pseudocontractive mapping
in the intermediate sense with sequence {y, } such that Fix(S) is
nonempty and bounded. Let {a,} be a sequence in [0, 1] such
that0 < 6 < «, <1 -« foralln > 1. Let {x,} be the sequence
in C generated by the following (CQ) algorithm:

x, = x € C chosen arbitrary,
Yo = (1-a,) x, +a,8"x,,
Co=freCilyu-2l < lx-<+6,}. @0
Q,={zeC:{(x,-z,x-x,) =20},

Xpr1 = PonX Vnz1,

where 6, = ¢, + y,A, and A, = supi|x, — z|* : z € Fix(S)} <
00. Then {x,} converges strongly to Pr;s)x.

Subsequently, the iterative algorithms in Theorems SXY1
and SXY2 are extended to develop new iterative algorithms
for finding a common solution of the VIP and the fixed
point problem of an asymptotically strict pseudocontractive
mapping in the intermediate sense in a real Hilbert space; see,
for example, [24, 25].

On the other hand, Yao et al. [26] introduced two iterative
algorithms for finding a common element of the set of fixed
points of an asymptotically x-strict pseudocontraction and
the set of solutions of a mixed equilibrium problem in a real
Hilbert space. Then they obtained some weak and strong
convergence theorems for the proposed iterative algorithms.
Very recently, motivated by Yao et al. [26], Cai and Bu [3]
introduced two iterative algorithms for finding a common
element of the set of solutions of finite generalized mixed
equilibrium problems, the set of solutions of finite varia-
tional inequalities for inverse strong monotone mappings,
and the set of fixed points of an asymptotically x-strict
pseudocontractive mapping in the intermediate sense in a
real Hilbert space. Then they proved some strong and weak
convergence theorems for the proposed iterative algorithms
under appropriate conditions.

In this paper, inspired by the above facts, we introduce
two iterative algorithms by hybrid extragradient method
with regularization for finding a common element of the
set of solutions of the CMP (2) for a convex functional f :
C — R with L-Lipschitz continuous gradient Vf, the set
of solutions of finite GMEPs, the set of solutions of finite
VIPs for inverse strong monotone mappings, and the set of
fixed points of an asymptotically x-strict pseudocontractive
mapping in the intermediate sense in a real Hilbert space.
Then we prove some strong and weak convergence theorems
for the proposed iterative algorithms under mild conditions.
For recent related results, see, for example, [7, 24, 27-31] and
ther references therein.
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2. Preliminaries

Let H be a real Hilbert space whose inner product and norm
are denoted by (-, -) and ||-||, respectively. Let C be a nonempty
closed convex subset of H. We write x,, — x to indicate
that the sequence {x,} converges weakly to x and x, — x
to indicate that the sequence {x,} converges strongly to x.
Moreover, we use w,(x,) to denote the weak w-limit set of
the sequence {x,}; that is,

w, (x,) = {er:xni —x
(1)
for some subsequence {xni} of {xn}} .

The metric (or nearest point) projection from H onto C is
the mapping P, : H — C which assigns to each point x € H
the unique point P-x € C satisfying the property

e~ Bl =inf -yl =40

Some important properties of projections are gathered in the
following proposition.

Proposition 4. For given x € H and z € C:
()z=Pxe(x-2z,y-2)<0, forall y e G;

(ii) z = Pox & |lx — z|* < llx = yI*=lly — 2|% forall y €
C;

(iii) (Pox — Py, x — y) = |Pex — Peyll’, forall y € H.
Consequently, P, is nonexpansive and monotone.
If A is an a-inverse-strongly monotone mapping of C into
H, then it is obvious that A is (1/«)-Lipschitz continuous. We
also have that, for allu,v € Cand A > 0,
1T = AA)u— (1 - A4) |
= I = v) = MAu - Av)|*
= lu—-v|* =21 (Au— Av,u —v) (23)
+ A% Au — Av|)?
<u=vI* + A (A = 2a) || Au — Av|.

Soif A < 2a, then I — AA is a nonexpansive mapping from C
to H.

Definition 5. A mappingT : H — H is said to be
(a) nonexpansive if

ITx-Ty| < |x-y|. Vx.yeH; (24)

(b) firmly nonexpansive if 2T — I is nonexpansive, or
equivalently, if T' is 1-inverse strongly monotone (1-
ism),

(x =y, Tx-Ty) > |[Tx -Ty|’, Vx,yeH; (25
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alternatively, T' is firmly nonexpansive if and only if T can be
expressed as

T:%(I+S), (26)

where S : H — H is nonexpansive; projections are firmly
nonexpansive.

It can be easily seen that if T is nonexpansive, then
I — T is monotone. It is also easy to see that a projection
P is 1-ism. Inverse strongly monotone (also referred to as
co-coercive) operators have been applied widely in solving
practical problems in various fields.

Definition 6. A mapping T : H — H is said to be an
averaged mapping if it can be written as the average of the
identity I and a nonexpansive mapping; that is,

T=(-a)l+asS, 27)

where « € (0,1) and S : H — H is nonexpansive. More
precisely, when the last equality holds, we say that T' is «-
averaged. Thus, firmly nonexpansive mappings (in particular,
projections) are (1/2)-averaged maps.

Proposition 7 (see [32]). Let T :
mapping.

H — H be a given

(i) T is nonexpansive if and only if the complement I — T
is (1/2)-ism.

(ii) If T is v-ism, then for y > 0, yT is (v/y)-ism.

(iii) T is averaged if and only if the complement I-T is v-ism
forsomev > 1/2. Indeed, for o € (0, 1), T is a-averaged
ifand only if I — T is (1/2c)-ism.

Proposition 8 (see [32, 33]). Let S,T,V : H — H be given
operators.

WD) IT = (1 -x)S+ aV for some « € (0,1) and if S is
averaged and V is nonexpansive, then T is averaged.

(ii) T is firmly nonexpansive if and only if the complement
I - T is firmly nonexpansive.

(iii) If T = (1 = @)S + aV for some « € (0,1) and if S is
firmly nonexpansive and V' is nonexpansive, then T is
averaged.

(iv) The composite of finitely many averaged mappings
is averaged. That is, if each of the mappings {T;}~,
is averaged, then so is the composite T,---Ty. In
particular, if Ty is o, -averaged and T, is «,-averaged,
where oy, , € (0,1), then the composite T\ T, is a-
averaged, where & = o) + &, — o, .

(v) If the mappings {Ti}f\:] , are averaged and have a
common fixed point, then

N
() Fix (T;) = Fix (T, -+ Ty). (28)

i=1

The notation Fix(T') denotes the set of all fixed points of the
mapping T; that is, Fix(T) = {x € H : Tx = x}.

We need some facts and tools in a real Hilbert space H
which are listed as lemmas below.

Lemma 9. Let X be a real inner product space. Then there
holds the following inequality:

e+ y]* <Ixl®+2(p.x+y), VxyeX (29
Lemma 10. Let {x,} be a bounded sequence on a reflexive

Banach space X. If w,,({x,,}) = {x}, then x,, — x.

Lemmall. Let A : C — H be a monotone mapping. In the
context of the variational inequality problem the characteriza-
tion of the projection (see Proposition 4 (i)) implies

ueVI(C,A) & u=P;(u—-AAu), forsome A > 0.

(30)

Lemma 12. Let H be a real Hilbert space. Then the following
hold:

@) llx = 17 = x> = IyI* - 2¢x = y, y) for all x, y € H;

(i) (1 = B)x + tyl* = A=)l + £l yl* —t(1=1) | =y
forallt € [0,1] and for all x, y € H;

(iil) If {x,} is a sequence in H such that x,, — x, it follows
that

lim sup||xn - y"2 =lim sup”xn - x“z + ||x - y||2, Vy € H.
n—00 n— oo

(31)

Lemma 13 ([23, Lemma 2.5]). Let H be a real Hilbert space.

Given a nonempty closed convex subset of H and points
x, ¥,z € H and given also a real number a € R, the set

{v eC: ||y - v||2 <llx=vI*+ (z,v) + a} (32)
is convex (and closed).

Lemma 14 ([23, Lemma 2.6]). Let C be a nonempty subset of
a Hilbert space H and let S : C — C be an asymptotically
Kk-strict pseudocontractive mapping in the intermediate sense
with sequence {y,}. Then

[$% = "]
1

1-x«

(il =N+ =0 D=y + (=106,
)

<

forallx,y e Candn > 1.

Lemma 15 ([23, Lemma 2.7]). Let C be a nonempty subset
of a Hilbert space H and let S : C — C be a uniformly
continuous asymptotically k-strict pseudocontractive mapping
in the intermediate sense with sequence {y,}. Let {x,} be a
sequence in C such that ||x,,—x,,,| — 0and|x,-S"x,| — 0
asn — oo. Then ||x, — Sx,| — 0asn — oo.



Lemma 16 (demiclosedness principle [23, Proposition 3.1]).
Let C be a nonempty closed convex subset of a Hilbert space
Hand let S : C — C be a continuous asymptotically
K-strict pseudocontractive mapping in the intermediate sense
with sequence {y, }. Then I -S is demiclosed at zero in the sense
that if {x,} is a sequence in C such that x, — x € C and
limsup,, _, limsup, _, lx, - S"x,|l =0, then (I - S)x = 0.

Lemma 17 ([23, Proposition 3.2]). Let C be a nonempty
closed convex subset of a Hilbert space H and let S : C —
C be a continuous asymptotically x-strict pseudocontractive
mapping in the intermediate sense with sequence {y,} such that
Fix(S) # 0. Then Fix(S) is closed and convex.

Remark 18. Lemmas 16 and 17 give some basic properties of
an asymptotically k-strict pseudocontractive mapping in the
intermediate sense with sequence {y,}. Moreover, Lemma 16
extends the demiclosedness principles studied for certain
classes of nonlinear mappings in Kim and Xu [22], Gérnicki
[34], Marino and Xu [35], and Xu [36].

To prove a weak convergence theorem by a modified
extragradient method with regularization for the CMP (2)
and the fixed point problem of an asymptotically x-strict
pseudocontractive mapping in the intermediate sense, we
need the following lemma due to Osilike et al. [37].

Lemma 19 (see [37, page. 80]). Let {a,},>,,{b,}r2, and
{0,}2, be sequences of nonnegative real numbers satisfying the
inequality

A, <(1+9,)a,+b,,

Ify2, 68, <ocoand Y, b, < 0o, thenlim,_, oa, exists. If,
in addition, {a,},°, has a subsequence which converges to zero,

then lim a, =0.

Vn > 1. (34)

n— 00

Corollary 20 (see [38, page. 303]). Let {a,},>, and {b,},>,
be two sequences of nonnegative real numbers satisfying the
inequality

a,.,<a,+b, Vn=0. (35)

If Y72 b, converges, then lim,, _, . a,, exists.
Recall that a Banach space X is said to satisfy the Opial
condition [39] if for any given sequence {x,} < X which

converges weakly to an element x € X, there holds the
inequality

limsup |x, — x| < limsup|x, - y|, VyeX, y#x.
n—o0 n—00
(36)

It is well known in [39] that every Hilbert space H satisfies
the Opial condition.

Lemma 21 (see [24, Proposition 3.1]). Let C be a nonempty
closed convex subset of a real Hilbert space H and let {x,} be a
sequence in H. Suppose that

||xn+1 _p"2 < (1+/\n) ||xn_p||2+6n’ VPEC, nzl,
(37)
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where {A,,} and {3,,} are sequences of nonnegative real numbers
such that Y2\ A, < oo and Y2, 68, < oo. Then {Pcx,}
converges strongly in C.

A set-valued mapping T : H — 2" is called monotone if
forallx,y € H, f € Txand g € Tyimply (x—y, f—g) > 0.A
monotone mappingT : H — 2H is maximal if its graph G(T')
is not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping T' is maximal
if and only if for (x, f) € Hx H,{(x — y,f — g) > 0 for
all (y,g) € G(T) implies f € Tx.Let A: C — Hbea
monotone, L-Lipschitz continuous mapping, and let N-v be
the normal cone to C at v € C; thatis, Nov = {w € H :
(v —u,w) > 0,Vu € C}. Define

Ty — Av+ Ngv, ?f veC, (38)
0, ifve¢cC.

It is known that in this case T' is maximal monotone, and 0 €
Tvif and only if v € Q; see [40].

For solving the equilibrium problem, let us assume that
the bifunction F satisfies the following conditions:

(Al) F(x,x) =0 forall x € C;
(A2) F is monotone, that is, F(x, ¥) + F(y,x) < 0 for any

x,y €GC;
(A3) F is upper-hemicontinuous, that is, for each x, y,z €
C7
limsupF(tz+(1-t)x,y) < F(x,y); (39)
t— 0"

(A4) F(x,-) is convex and lower semicontinuous for each
x €C;

(BI) for each x € H and r > 0, there exists a bounded
subset D, € Cand y, € Csuchthatforanyz € C\D,,

Fay) 49 () - 9@+ 7 (n-22-x) <0 (40)

(B2) Cis a bounded set.

Lemma 22 (see [41]). Assume that F CxC — R
satisfies (Al)-(A4) and let ¢ : C — R be a proper lower
semicontinuous and convex function. Assume that either (BI)
or (B2) holds. For r > 0 and x € H, define a mapping
TH9) . H — C as follows:

T (x) = {z €C:F(zy)+9(y)-¢(2)
(41)
Soeesamed

for all x € H. Then the following hold:

(1) for each x € H, Tr(F"”) (x) +0;

) Tr(F ) s single-valued;
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3 Tme is firmly nonexpansive; that is, for any x, y € H,
(Eg) () |1 (Ep) (Eg)
"Tr‘px—Tr‘Py" <(TPx-THy,x-y);  (42)

(4) Fix(T"*)) = MEP(F, ¢);
(5) MEP(F, ) is closed and convex.

Lemma 23 (see [42]). Let C be a closed convex subset of a real
Hilbert space H. Let {x,} be a sequence in H and u € H. Let
q = Pcu. If {x,} is such that w,(x,) C C and satisfies the
condition

sl <u-al, vn (43)

then x,, — qasn — oo.

3. Strong Convergence Theorem

In this section, we prove a strong convergence theorem for a
hybrid extragradient iterative algorithm with regularization
for finding a common element of the set of solutions of the
CMP (2) for a convex functional f : C — R with L-
Lipschitz continuous gradient Vf, the set of solutions of finite
generalized mixed equilibrium problems, the set of solutions
of finite variational inequalities for inverse strong monotone
mappings, and the set of fixed points of an asymptotically
Kk-strict pseudocontractive mapping S : C — C in the
intermediate sense in a real Hilbert space. This iterative
algorithm with regularization is based on the extragradient
method, shrinking projection method, Mann-type iterative
method, and hybrid gradient projection algorithm (GPA)
with regularization.

Theorem 24. Let C be a nonempty closed convex subset of
a real Hilbert space H. Let f : C — R be a convex
functional with L-Lipschitz continuous gradient Vf. Let M, N
be two integers. Let F, be a bifunction from C x C to R
satisfying (Al1)-(A4) and let ¢, : C — R U {+00} be a
proper lower semicontinuous and convex function, where k €
{1,2,..., M}. Let B, and A; be p-inverse strongly monotone
and w;-inverse-strongly monotone, respectively, where k €
{1,2,...,M},ie€{l,2,...,N}. Let S : C — C be a uniformly
continuous asymptotically k-strict pseudocontractive mapping
in the intermediate sense for some 0 < x < 1 with
sequence {y,} C [0,00) such that lim,_, y, = 0 and
{c,} < [0,00) such that lim, , ¢, = 0. Assume that
F =t GMEP(F, ¢, Ap) N NN, VI(C, A;) N Fix(S) N T is
nonempty and bounded. Let {«,} be a sequence in [0, 00) and
let {B,},18,} be sequences in [0, 1] such that0 < a < 3, <1
andk < 8, < b < 1. Pickany x, € H and set C; = C,
x; = Pg xo. Let {x,} be a sequence generated by the following
algorithm:

U, = Trgﬂij,\:@M) (I - rM,nBM) T:AIE:?I@MA)
x (I - rM—l,nBM—l) e Tr(fnl’%) (I- rl,nBl) X
X, =Fc (1 - )‘N,nAN) Pe (I - /\N—l,nAN—l)

PC (I_ AZ,nAZ)PC (I_ /\l,nAl)un’

ty = Po (%0 = A, (%))
2, = Po (%, = A, f,, (£)»
k,=0,z,+(1-6,)S"z,,
Yo = (1= B,) X, + Bk,
Cor =12 € Cyt =2l < vy =2 +6,}.

Xy = Pg, X0 VM 20,

(44)
where 8, = (y, + /\nocn)Azn + 3,0, (1 + yn)zg2 +¢p, A, =
sup{llx, — pll : p € F} < oo and = sup{|pll : p € F} < co.
Assume that the following conditions hold:

(i) lim,, , &, = 0;

(ii) {A,)} < [c, d] for some ¢, d € (0,(1/L));
(iii) {A;,,} € [a;b] € (0,21), for all i € {1,2,...,N};
(iv) {1} € lews fil € (0,2u), for all k € {1,2,..., M}.

Then {x,} converge strongly to Ppx,, provided either (B1) or (B2)
holds.

Proof. First of all, one can show that P-(I — AVf,) is &-
averaged for each A € (0, (2/(« + L))), where

2+A(a+1L)

&= €(0,1), (45)

which shows that P-(I -AVf,) is nonexpansive. Furthermore,
for {A,} € [c,d] with ¢, d € (0, (1/L)), we have

1
c¢<infA, <supd,<d < — = lim .
nfh < suph, <d < p = i oS 46)
Without loss of generality, we may assume that
1
¢ <infd, <supl, <d < , Vnx>1
infd, < suph, <d < ~— (47)

Consequently, it follows that for each integer n > 1, Po(I -
A, Vfy ) is §,-averaged with

; 1 Ay, +L) 1 A,(a,+L)
= — 4+ —_——
" 2 2 2
(48)
2+ A, (o, +L)
s €(0,1).

This immediately implies that Pc(I-A,,Vf,, ) is nonexpansive
foralln > 1.
We divide the proof into several steps.

Step 1. We show that {x,} is well defined. It is obvious that
C, is closed and convex. As the defining inequality in C,, is
equivalent to the inequality

(2(x,~2).2) <[l e’ +6,, (49

by Lemma 13 we know that C,, is convex for every n > 1.



Next we show that F ¢ C,, for all n > 1. Put

— T(Fk i) (I e BM) T Fe-1:9k-1)
ko

Tk-1,n

(50)
X (I =7y 11 B ) Fl %)(1_”1,7131)3%
forallk € {1,2,...,M}andn > 1,
Q _PC(I /lln 1)PC(I A’l 1,n 11)
(51)

"PC (I_ A2,11"42)PC (I_ /\l,nAl)

foralli € {1,2,...,N}andn > 1, and @2 = Qg = I, where I
is the identity mapping on H. Then we have that u, = @nMxn

and %, = Q)'u,. Suppose that F ¢ C, for some n > 1. Take
p € F arbitrarily. Then from (23) and Lemma 22 we have

1 -

(FnpsPar) M-1
= TrMi: u (I - rM,nBM) ®n

5 (1 1y ) 0

“ — TagnBag) O3 %, = (1= ra,,Bay) ®M_1P” (52)
< e x, -0, p]
s “®(r)txn = ||xn - P" :
Similarly, we have
%, - pl
= “Pc (I-AnaAN) Qyz:]_l”n ~Po(I-Ay,AN) QyIl\r_lP”

< “(I - AN,nAN) er:lilun - (I - AN,nAN) QnNilp"

<|

QN_lun - QnN_IP“

n

£ “ngn - QT(’)lP" = ”un - P" .
(53)

Combining (52) and (53), we have

1%, = pl < [lx. = |- (54)

Note that z, = Pg(
Then, by Proposition 4(ii), we have
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Also, it follows from (44) that

It - pl
= |Pe (1= 2,91, ) %0~ P (1-1,91) p|
< ||PC (1-M1,9f, )%, - Pc(I-1,Yf, ) p]]
+[[Pe (1= 2,91, ) P~ P (1= 1,9F) p|
<%, - pl + |(1- A9, ) p - (1= 1,9F) p|
= 1% = pll + Anexs 2]

xn - Anvfan(tn))

Iz I’

< ”x

AV

= ”5571 - p" - "En - Zn” + 2/\n <Vfoc,, (tn) P - Zn>
o ST [ EAEA
+ ZAn (<Vfocn (tn) - Vfac,, (p) 2 tn>

+ <Vfay, (P) p- tn> + <vf¢xn (tn) ’tn -
s ”fn - P"2 - ""zn - Znnz
+ 24, ((Vfo, (£) 2= t) + (Ve (1), — 2,))

=% - 2l - 1%, - 2l

+ 20, [{(@a +Vf) pop = 1,) + (Vfo (1)
<% - oI’ - 1% -zl

+ 20, [, (P, p = 1) + (Vo (8) £ = 20) ]
=% - ol - 1%, -
ty = Zn) = tn = 2l

+ 20, [, (0. p = 1) + (Vo (£0) 11 = 20) ]
= 1%, ol = 1% — tull = It - 2l
~ Ao, (6) =t 20 = )
+ 2,00, (P p — 1) -

-2(x, - t,

+2<5c‘n

for everyn = 1,2,....

Xn = Anvfoc,, (tn) - Zn"z

%))

by =)

(56)
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Further, by Proposition 4(i), we have

(Zn = Ao, (1) =t 2y — 1)
= (%0~ AV, (B) =t 2y = 1)
+ (Mo, () = AV, (£0) 2 = )
< (M Vo (%)= A Vfo (t):2,—1,)
< Ay |V, (%) = Vo, ( £
tll 1z, = tall -
So from (54) and (55), we obtain
e A e e i
+24, (o, + L) [, = £, ]| |2, = t.]
+ 24,00, (P> p — 1)

(57)

<A, (@, + 1) |, -

<& - PP = 1% 1l = 1t~ 2l
+ A% (e, + L&, - 6, + 6, — 2l
+20,0, ol lp -t
=&, - I + 20,0, [l lp - £,
+ (Ao, + L) = 1) &, ]
<|&, - I + 20,0, [l lp - £,
< [|&, - oI + 20,0, |l 1%, - £l + Lo [ 1]
< [l = I + 20,0 2l [l = £l + Aucta 1 2]]

= Ju = I + 22500, [l o = ol + 2253
(58)

By Lemma 12 and (58), we have

Ik, - p|’
=6, (2, - p) + (1-8,) (S"z, - p)|
=81z, — pl* + (1-8,) 8"z, - p
=8,(1-0,) |z, - 8"z, |’

<8,z - pl” + (1-8,)
x [(1+9,) 20 = pl* + llz, = Sz + ]

~6,(1-0,) |z, ~ 8"z,

=)z - £l
8,) (k =8,) |1z,
<[1+y,(1-6,)]

x [l = oI + 22000, o 1% — 2l + 22502 ]
8,) (k= 8,) |1z,

- 871)] [”xn - P||2 + zAn‘xn "P“

=[1+y,(1

+(1- —S"zn||2+(l—6n)cn

+(1- -8"z,|" +¢,
<[1+y,(1
x|x, = pll + 205001l ] + ¢
< (1+3) [l = I + 20,00, ] 1~ 2
2ol ]+
(59)

It follows from (59) and A,,(«,, + L) < 1 that

Iy - oI
= (1= B)x, = )+ By (ke — p)I
< (1 - ﬁn) “xn - P"2 + ﬁn“kn - P”z

<(1-B) Jx. - pl’
+ B A (L) [I%a = 21 + 24,0, ol 1%, -
2 alpl*] + 6.}
< (149 [l = 21 + 200, ] |, -
2 apl’] + ¢,
= (1+9,) %, = oI + 24,0, (1 +7,) o] % -
2(1+y.) eslpl +c,
< (1+,) Jx, - ol
+ daot, [(L+3,) ol + 1 = 2]
2(1+y,) AMealp| +,
< (1+,) Jx, - ol
Aoty [(L+ 3l + = ]

#2014 9,) Lol + e,
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= (1 + Yn) “xn - p"2

+ A, [300+ 9 [l + = ] + 4
(60)

< [, =PI + ( + Ar,) A2
22 2
+34,00,(1+7,) 0" +¢, = |x, = pl|” + 6,

Hence p € C
Therefore, {

wr1- 1his implies that F ¢ C, foralln > 1
x,,} is well defined.

Step 2. We prove that ||x,, — k,|| — 0Oasn — oo.

Indeed, let v = Ppx,. From x,, = P; xpandv € F ¢ C,,
we obtain

[, = x| < [lv = |- (61)
This implies that {x,} is bounded and hence {u,},

{x,} 1t} 1z, 1 {k,}, and {y,} are also bounded. Since
Xpi1 € Cyyy € G, and x,, = P x, we have

%, = x| < [|%p1 = %0|, ¥R =1 (62)

Therefore, lim,, _, ., l|x,, — x|l exists. From x,, = P¢ x, X,,,1 €
C,.1 € C,, we obtain

s = 25ll” < o = 0l = o — %, (63)

which implies

lim ||xn+1 - xn“ =0. (64)

n— 00

It follows from x,,,, € C,,,, that ||y, — x,,, 1> < 1, = X, 1>+

0, and hence

"xn - yn||2 <2 (”'xn - xn+1"2 + ||xn+1 - yn"z)

<2 (”xn - xn+1||2 + "xn ~ Xns1 "2 + en) (65)
=2(2l%, = xunl +6,)-

From (64) and lim 0, = 0, we have

0 oo
Jim [lx,, = y,[ = 0. (66)

Note that
Y= % = Py (ky = x,). (67)

Since 0 < a < f3, and (66), we obtain
nli_)n(?)lo "xn - kn“ =0. (68)

Step 3. We prove that |x, — u,| — 0,u,
lz, —S"z,l — 0asn — co.

-z, — 0,and
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Indeed, from (58) and (59) it follows that

"kn - p"2 < [1 TV (1 - (Sn)] ”Zn - P||2
+ (1 - (Sn) (K - 6,,) "Zn - S"Zn||2
+(1-96,)c,

< "Zn - P"Z + Vn"Zn - P"2 TG

< |z, - p|’
9 [ln = 217 + 20,0, 12l I, - 2l
2ol + 6 ©
< |z, - oI’
¥ [l = 2I° +2V20,0, o] 1%, - 2

w2200 pl ] + e,
< [la - oI’

2
+ yn("xn - p“ + \/i)tnocn ||p||) +¢

Next we prove that

. —1
lim |©)x, - O} 'x
n—ooll —n7N

n n

=0, k=1:2)‘-'7M' (70)

For p € F, it follows from (23) that

Ty (I - r,,By) O

&), -l =

n

2
—Tr(:f’%)(l = e Br) P”

< ”(I - rk,an) @)I:;lxn - (I - rk,an) p"2

= ”@ﬁ_lxn - p"Z T T (rk,n - 2t"lk) @

X "Bk@ﬁ_lxn - ka”z
S ”xn - P"2 T Tkn (rk,n - 2Mk)

x |Be®; " x, - ka||2.
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By (52), (53), (58), (69), and (71), we obtain

Ik, - oI
< 2w - oI+ vl - Pl + V2, ) + ¢

<%, - oI + 20,0, ol (1%, - ol + Auct o]
9l = 2l + V2,8, Ip])" +

< g = oI + 2200, L] [ — I + Aty ]
1l ol + Vad,a Ipl) +

<y = ol + 20,00, Lol [ = ol + A l2l) (72)
1,1 = ol + Vad,e Ipl) +

e = o+ 2000, Lol [ — 21+ Ao ]

2
- P" + \/EAn“n “P”) 6

+ Yl
_ 2
< %, - P||2 + T (T = 20 ”Bk@ﬁ e BkP"
+ 21,0, | | [, = pll + et [ ]

2
+ Vn(”xn - P" + ﬁAn“n ”p”) + G

which implies that

Tin (2t = Tien) |'Bk®ﬁ_1xn - BkP“2
<|xu = oI = ks - 2l
+ 22,0, 12 L, = 2l + Aners [ 2]
1% - P+ V2A e lpl) + 6,
< [l = Kall (s = 21l + 1k = 21)
+ 22,0, 1o Ul = 2l + Aners [ 2]

(% = 2l + V2,0, 1p]) + 6
(73)

Since {A,} € [c,d] € (0,1/L), {ry .} C [er fr] € (0,2u1), k €
{1,2,..., M}, &, — 0,9, — 0,and¢, — 0, we conclude
from (68) and the boundedness of {x,}, {k,} that

i [0, gl =0

1

By Lemmas 12 and 22, we have

okx, - p|’

2
Ty (1 1, BYO, ' x,, — TiP (1 - rk,an)Pu

< < I rkan)® Xy —(I Tkan P @ Xy p>

=3 (||(1 — 1, BO® X, — (I - 7,By) p]]

+ "@Exn - p"2 - ||(I - rk,an) Gﬁ_lxn
- (I - rk,an) p- (®:xn - p)l'z)
1
<5 (lo5 5~ ol + |@xu - o]

—”@ﬁ*lxn - @ﬁxn - rk)n(Bk®fflxn - ka)||2) R

(75)
which implies that
J&nx - ol <@,
- ®ﬁ_1xn - @ﬁxn

~Tin (BO) X, - BkP)“2

k-1 2 k-1 k
_"@n xn_p“ _"@n Xn = YpXy

2 k-1 2
Tk B®, x,— ka"

k-1 k k-1
+ 21 <®n x, - 0,x,,B0, "x, - ka>

k-1 2 k-1 k_|?
<[e"x, - p| -] x, - O

k-1 k
+ Zrk,n ||®Vl Xn -9, X,

®]:l_1xn - BkP"
<|x, - - |05 x, - O,

k-1 k
+ Zrk,n ||®fl xn —Y, X,

®y'x, - Byp|.
(76

Utilizing (72) and (76), we have

Ik, I
2
< @ = o[+ 22,0, 1l [, = £l + A, ]

2
+ yn("xn - p” + \/z/lnocn ||p||) + ¢
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_ 2
< = ol - €)%, - 0,

+21,, [0} " x, - Ofx,| | BOy  x, - Bep|
(77)

+ Z)Ln“n ”P" [”xn - P" + ’\n‘xn "P“]

a2 = 2l + V2 [0])) + ¢

which implies
| M x - ® X "
< ”xn - p" - "kn - p"2

+ 21y, | @z_lxn - ®ﬁxn” "Bk@ﬁ_lxn - ka“

+ ZAH“H ”P" [”xn - P" + /\n(xn "P“]

1, = 2l + V2A,0 o) +6, 78)

< I = Kall (5 = 21l + s = 21D

k-1 k k-1
+21,, [0 " x, - Ofx,| | B@y  x, - Bep|

+ 2)‘11091 ”P" [”xn - P" + /\n‘xn "P“]

2
+ yn(“xn - p|| + \/5/\,1047, ||p||) +¢,.

Since {A,} € [¢,d] € (0,1/L), {r,,} C [er fi]l € (0,2u), k €
{1,2,...,M},«, — 0,9, — 0,and ¢, — 0, we conclude
from (68) and (74) and the boundedness of {x,,}, {k,} that (70)
holds. Hence we obtain

e = | = ©,"x,
< ||®2xn - @,llxn" + "@;xn - @flxn" 79)
+0 4 |®Mﬁ1 Mxn"

— 0 asn— oo.
Next we show that lim,, _, |A;Q u, — A;pl = 0,i =

1,2,..., N.It follows from (23) that

[t~ o
"PC I Aln z)Ql lu PC(I )‘zn I)P"

< (1= 250A) O, — (1= A4 |
< [0, = ] + A (- 20) 4,05 0, - A
< Jlu, - P||2 + A (Ai = 217) ”Aiﬂfq_lun - Aip”Z

i— 2
< s = oI + Ais Ny = 27) ||AiQn ', - AiP" .
(80)
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Utilizing (54), (72), and (80), we get

Ik, - o’
< 1%, - oI + 20,0, Il (1%, - 2l + A, ]
(50— 2l + V2,8, Ip]) + 6
< 1%, - ol + 2,00, Lol [~ 2l + Aty ]

2
+ yn("xn - p|| + \/Eknocn ||p||) + ¢
(81)

P+ 22,08, 0 Tl = 21+ Aes, ]
9w = I+ V2h,05, o) + 6,
<[ = Pl + A (Niyy = 21) 4,925, — A
+ 20,00, [l [ ~ o + Aoty ]

2
+ yn("xn - p|| + \/5/\,106" ||p||) + ¢

which implies

Mo (2= i) | 4,05 = A ||
< o= 2l° = Ik, - 2I°

+2X 0, || ol %, = Pl + Auexs 1 ]]

el - ol + VI lpl) v, (82
)

+ ZAnan ”P" [“xn - P" + /‘ncxn "P”]

< ”xn - kn" ("xn - P”

2
+ yn(”xn -p|+ V22,4, ||p||) +c,.

Since {A,} < [c,d] ¢ (0,1/L), {A;,} ¢ [a,b] < (0,21,),
ie{l,2,...,N}L«a, = 0,9, — 0,andc, — 0, we conclude
from (68) and the boundedness of {x,,}, {k,} that

lim 4,07 w, - Ap| =0, i=1,2..,N.  (83)

By Proposition 4 and Lemma 12, we obtain

ol

Po(l - A1, A)p|

ANy, —

LN 1

= |Pet - A

< ((T=2;,A) Q) 'y = (- 4,,A

Ln 1

1 Qu—p>
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= 2 (1= 24020 9, = (1= At

intti
+Jose, - ol
- “(I - Ai,nAi) Qi;lun

- (I - )‘i,nAi)p - (‘Q;un - p)“z)

< 5 (190w, ol + e, - ol

_"Qiz_lun - ‘quun - /\i,n (Aio‘il_lun - Azp)"2)

= % ("un - pHZ + “Q;un - P“Z

IN

_“Qi;lun - Q;”n - Ai,n(AiQizilun - AiP)||2)

2 (b= o+ o~

o, - O, = Ay (405, - Ap)[).
59

which implies

; 2
|t = | < s = pI°

0, = O, = Ay (4,0, - 4,p)[

Q! o 2
n Un = S4Uy

= %, - pl* -
-2 A0 - Ap|
+ 2Ai,n <Q;_1un - ‘Q;un’AiQiz_lun - A1P>

Q! o 2
n Un = S4Uy

< [lx, — pl* -

+ 20, (O, = O, A, — Ap)
(85)

Utilizing (81) and (85), we get

Ik, — pll* <

Qu, - p|” + 21, ||

X [l = ol + Aues | ]
2
+ yn("xn - P” + \/EAn‘xn "P") +¢

Q! Q 2
n Un = S0Uy

< |lx, - p|* -
+2M, (O, = o, A Q0w — Ajp)
+ 22,0, o] [l = Pl + Anery [l ]

2
+ yn("xn - p” + \/zAnocn "p") + G
(86)

which implies

“Qi’_lun - Q;un"z

o

+ 24, () w, — Qs AL u, - Ajp)

+ 24,0, [l [l = Pl + A, [ 2]
2
+ Yn("xn - p” + \/z/\n(xn "P") +¢,

S Hxn - kn" ("xn - P“ + ”kn - P”)

2 0, 0| 4,08 0, - A

+ ZAnan “P" [“xn - P” + )‘n‘xn "P"]

2
+ yn("x,, - p” + \/E/lnocn ||p||) +c,.

13

(87)

Since {A,} ¢ [¢,d] c (0,1/L), {A;,} < [a,b] < (0,27),
ief{l,2,..., N}, — 0,9, — 0,and¢, — 0, we conclude
from (68) and (83) and the boundedness of {x,}, {k,}, and

{u,} that

lim 0w, - Qu,| =0, i=1,2,....N.

From (88) we get

"”n - fn" = qun - QnNun"

0 1
< “Qnun - Qnun" +

1 2
Qu, - Qnun"

— 0 asn-— 00.

By (79) and (89), we have

“xn - %n” < "xn - un" + “un - fn“

— 0 asn-— o0o0.

From (64) and (90), we have

||5C‘n+1 - ‘;én" < “56111’1 - xn+1"
+ ”xnﬂ - xn" + "xn - fn"

— 0 asn-— 00.

(88)

(89)

(90)

(o1
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By (68), (79), and (89), we get

"kn - ’?n” < "kn - xn” + ”xn - un” + "un - fn"

(92)

— 0 asn-— o00.

On the other hand, utilizing (58) and (59) we have
"kn - p"2 < [1 T Vn (1 - 6n)] “Zn - P”z
+ (1 - 671) (K - 6n) "Zn
+(1-6,)c,

< "Zn - p"2 + Yn"Zn

- S"z”“2

- ol +e, (93)
<%, - plI* + 20,0, o] 2 - .
+ (Afl((xn + L)2 - 1) %, - tn||2
2
+Yallzn =2l +¢
which yields
(I—dz(oc +L) )"x ||2
< (1-22(a, + 1Y) |5, -1,
< ”fn - P"2 - ”kn - P”Z
+ 2/\71“" ”P” ”P - tn" + Vn"zn - p"2 TG
< ||1%, = kall (1% - 2l + Ik, = )

+ 20,0, ol o=t + vallzw = oI + 6

Since {A,,} < [¢d] < (0,1/L), &, — 0,9, — 0, and

¢, — 0, we conclude from (92) and the boundedness of

{x,}, {k,}, {t,,}, and {z,} that
lim [, —t,[ = (95)

n— 00

Also, utilizing the similar arguments to those of (58), we
obtain

Iz~ I’
< %, - ol = 1% - 1.

—|It, - zn||2 + 24, (o, + L) |%, = t| |2 — Ll
+ 2An(xn <P’P - tn>
< ”xn - P"Z - "En - tn”z - "tn - anlz (96)

200+ L)t = 2l + %, - 2
+ 240, ol o = tal

=%, ~ I + 20,0, [l [P - 1.
+ (e + L) = 1) 1~ 2,
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which together with (59) leads to

Ik, - oI
< [1 + Vn (l - 871)] "Zn - p”Z
+ (1 - 871) (K - (Sn) “zn - Snzrl”2 + (1 - 871) Cn

< “zn - Pnz + yn"zn - P"2 TG

~ 2
< % = ol + 250, ol 2 - .

(/\2 o, + L) - ) £, zn||2 +Vallzn - p||2 +,
(97)
So we have
(1= d(a, + L)t - 2
(1—)\2(04 +L) )||t -z ||
<% - ol =k — oI
152 #IF - s~ o
20,0, 1o 12 = tall + vallza = I + <
< 1%, = k|l (1%, = 2l + 1K, = 2l))
+ ZAn‘Xn "P" "P - tn” + Vn”Zn - P”Z + o
Since {A,,} < [¢d] < (0,1/L), o, — 0,9, — 0, and

¢, — 0, we conclude from (92) and the boundedness of

{%,}, {k,}, £}, and {z,,} that
Jim |t —z,[ = (99)

Utilizing (92)-(99), we get

“kn - Zn“ < "kn - xn" + “fn - tn” + ||tn - Zn"

(100)
— 0 asn— o0.
Since k,, = 9,2, + (1 - 8,)S"z,,, we get
(1 - b) "Snzn - Zn“ < (1 - 6n) ”Snzn - Zn" = ”kn — 2y I ’
(101)
which together with (100) implies
Jim |87z, - z,[ = 0. (102)
In addition, observe that
"”n - Zn” < "un N xn" + "xn - kn” + ”kn B Zn” : (103)
From (68), (79), and (100), it immediately follows that
Jim [, = z,|| = O. (104)
Moreover, note that
||zn+1 - Zn” < ||Zn+1 - kn+1|| + ||kn+1 - xn+l”
(105)

+ "Enﬂ - fn" + ”En - kn" + "kn - Zn” :
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From (91), (92), and (100), it immediately follows that

Jim_ 2041 = 2| = 0. (106)
Meantime, it is clear that
S"z, - S"“zn“ < |8z, = 2| + |20 — Zaa ||
(107)
+ '|szr1 - S"+lzn+1|| + "S”“zn+1 - S”“zn".
From (102) and (106) and Lemma 14, we obtain
lim |s"z, - s""2,| = 0. (108)
Furthermore, we note that
”Zn - Szn” < "zn - Snzn” + “Snzn - Snﬂznn
(109)

+ ”S”“zn - Szn" .
From (102) and (108) and the uniform continuity of S, we have
Jim |z, - Sz, = 0. (110)

Step 4. Finally we prove that x,, — v = Ppx,asn — 00.

Indeed, since {x,,} is bounded, there exists a subsequence
{xn,_} which converges weakly to some w. From (70), (88)-
(90), and (104), we have that ®ﬁixni - w, Qnm,.“n,- - w,
z, — w, X, — w, where k € {,2,....M}ym ¢
{1,2,...,N}. Since S is uniformly continuous, by (110) we
get lim,, , Iz, — $"z,| = 0 for any m > 1. Hence from
Lemma 16, we obtain w € Fix(S). Next we prove that w €
NN_ VI(C, A,,). Let

T v= A, v+ Ncv, veC, (1)
0, vé¢C,

wherem € {1,2,...,N}. Let (v,u) € G(T,,). Sinceu — A,v €
N¢vand Q)'u,, € C, we have

(v-Qu,u—-A,v)>0. (112)

On the other hand, from Q'u,, = Po(I-A,,,A,,) Q" 4, and
v € C, we have

<V - -Q:,nun’ Qnmun - (Q::%lun - /\m,nAmQ;nilu")> 20,
(13)

and hence

Q™Mu, - Q" 'y
<v - Qu,, ”)L—“ + AmQZ“u,,> >0. (114)

m,n
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Therefore, we have

<v - Qpu,, u> > <v -Qu,, Amv>

> <v -Qu,, Amv>

m m—1
m Q”iuni B Qn' u”i
— V- Q u _r . o 7
n; ;> 2

m,n;

+Ame_luni>

= <V - Q:Zum’ Amv - Aanmiun)

m m m—1
+ (v-Qu,, A, Qu, — A, Q0 u, )

m m—1
m Qniun,- - Qni Uy,
- —_ony A E h
v n; o’ A
mn;

m m m—1
> (v-Qu,, A, Qru, — A, 00 u, )

m m—1
- g Quut,, =ty
v n, uni, —A .
m,n;

(115)

From (88) and since A,, is continuous, we obtain that
lim,_, JlA,,Q0u, - Aanm_lunH = 0. From Qﬁuni - w,
{Aia} clasb] € (0,21;), forall i € {1,2,..., N} and (88), we
have

(v—w,u) > 0. (116)

Since T, is maximal monotone, we have w € T,'0
and hence w € VI(CA,), m = 1,2,...,N, which
implies w € NY_ VI(C,A,,). Next we prove that
w € MY GMEP(F, ¢, By). Since @x, = TP -
rk,an)®};1xn, n>1,ke{l,2,..., M}, we have

F (05, y) + 9 () - 0 (O)x,) + (BeO ' x,,, y — Ofix,, )

1 -
+ — <y - @ﬁxn, @ﬁxn - @I; lxn> > 0.
rk,n
(117)

By (A2), we have

Pr (y) ~ Pk (G)I:lxn) + <Bk®l:1_1xn’y - ®]:lx7l>

+ i <y - @ﬁxn, @ﬁxn - (H)]:l_lxn> > Fp (y, @ﬁxn) .
’ (118)
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Letz, =ty+ (1 -t)wforallt € (0,1] and y € C. This implies
that z, € C. Then we have

<zt - ®';xn, Bkzt>

= P (®I;xn) - i (z,) + <Zt - @ﬁxn, Bkzt>

- <Zt - ®an> Bk®l:1_1xn>
OFx — @F1
: < _ekx, —> +F (2. 0x,)
rk,n
= ¢ (04x,) - ¢ (z,) + (2, — Opx,, Byz, — BOx,,)
+(z, - ©x,, B®'x, - BO 'x, )

k k-1

k ®nxn - ®n Xn k

- <zt - O, o n TN L E (2, 0x,).
Tien

(119)

By (70), we have ||Bk®]:lxn - BkGﬁ_lxnll — O0asn — oo.
Furthermore, by the monotonicity of B, we obtain (z, —
OFx,, Bz, - Bk®ﬁxn) > 0. Then by (A4), we obtain

(z, —w, Biz,) = ¢ (w) — ¢ (2,) + Fe (zpw) . (120)
Utilizing (A1), (A4), and (120), we obtain
0= F(22,) + ¢ (2.) — i (21)
<tF (z, y) + (1 - t) B (z,, w)
+tgp () + (1= 1) g (W) — 9y (2,)
<t[F (2 9) + o (¥) - 0x (20)]
+(1-1)(z, —w,Biz,)

(121)

=t [F (2 9) + 91 () = 9 (20)]
+(1-t)t{y—w,Bz,),

and hence

0<F (25 y) + 9 (¥) —r (20) + (1 =) (y —w, Byz,) .
(122)

Lettingt — 0, we have, for each y € C,

0<F (wy)+ ¢ (y) -9 W)+ (y —w,Buw) . (123)

This implies that w € GMEP(F,, ¢, B;) and hence w €
NiL, GMEP(Fy, ¢, By).

Further, let us show that w € T'. As a matter of fact, since
X,—t, — 0and X, -z, — 0(dueto (95)and (99)), we have
t, — wandz, — w.Let

b 'f bl
Ty = Vf (v) + Nov 1 veC (124)
0, ifvé¢cC,
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where Nv is the normal cone to C at v € C. We have
already mentioned that in this case the mapping T' is maximal
monotone, and 0 € Tv if and only if v € VI(C, Vf); see
[40] for more details. Let G(T') be the graph of T' and let
(v,u) € G(T). Then, we have u € Tv = Vf(v) + Ngv and
hence u — Vf(v) € Nv. So we have (v —t,u — Vf(v)) > 0 for
allt € C. On the other hand, from z, = Po(X,, — A,,Vf, (t,))
and v € C, we have

(%= M, Vf, (t,) =22, —v) 20, (125)

and hence

<v —z, Z/\;x“ + Y, (tn)> > 0. (126)

n

Therefore, from (v—t,u—Vf(v)) > 0forallt € Cand z, €C,
we have

(v-z,,u) = (v=2,,9f )
> (v-2,,9f ()

) <V ~Enp Zni,\_ o Via, (tni)>

n;

= <v -z,,Vf (v)>

zni—xni
- <V_Zn,~’ /\— + Vf (t"i)>

- &y, <V ~ Znp t”i>
= (v=2,,Vf () - Vf (2,))
+ <V = Znp» Vf (zni) - Vf (t”i)>

/o E X\ L
V=2 =y o, (V=25

n;

> <V ~ Znp vf (Zﬂi) -Vf (t”")>
_ <V ~ Zn Z”"/\_ 2"" > = % <V - Zni’tni> ’

" (127)

i

Note thatr, — 0, [z, — X, — 0,and [[Vf(z,) - Vf(¢)l —
0 (due to the L-Lipschitz continuity of Vf). Thus, we obtain
(v —w,u) > 0asi — o0. Since T is maximal monotone,
we have w € T7'0 and hence w € VI(C, Vf). Clearly, w € T.
Consequently, w € F. This shows that w,,({x,}) ¢ F. From
(61) and Lemma 23 we infer that x,, — v = Ppx,asn — oo.
This completes the proof. O

Corollary 25 (i.e., [3, Theorem 3.1]). Let C be a nonempty
closed convex subset of a real Hilbert space H. Let f :
C — R be a convex functional with L-Lipschitz continuous
gradient Vf. Let M, N be two integers. Let Fy. be a bifunction
from C x C to R satisfying (Al)-(A4) and let ¢, : C —
R U {+oo} be a proper lower semicontinuous and convex
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function, where k € {1,2,...,M}. Let B, and let A; be -
inverse strongly monotone and n;-inverse-strongly monotone,
respectively, where k € {1,2,...,M},i € {1,2,...,N}. Let
S : C — C be a uniformly continuous asymptotically k-strict
pseudocontractive mapping in the intermediate sense for some
0 <k < 1 with sequence {y,} C [0, 00) such thatlim, _, ..y, =
0 and {c,} < [0,00) such that lim, _, ¢, = 0. Assume that
F = Nt GMEP(F,, ¢, Ap) NN, VI(C, A;) N Fix(S) N T is
nonempty and bounded. Let {f,,} and {5,,} be sequences in [0, 1]
suchthat0 <a < f, <landk <96, <b < 1. Pickany xy, € H
and set C; = C, x| = P x,. Let {x,} be a sequence generated
by the following algorithm:

_ (Fapenmr) (Fr-1:90m-1)
u, = Ter\: o (I - rM,nBM) TrMI:f P

X (I =Tp10Bror) Tr(f:%) (I - 11,By) X,
2z, = Pc(I - /\N,nAN) Po(I- AN—I,nAN—l)
e Po(I- AZ,nAZ) Pc(I- Al,nAl) Uy,

(128)
k,=06,z,+(1-9,)S"z,,

In = (1 - ﬁn) Xp T ﬁnkw
Cpy = {z €Cy,: |y, - z||2 < %, —z||2 + Gn},

Xy = Pg, %0 VN 20,

where 0, = ynAZn +¢, A, =supillx, — pl : p € F} < oo,
{Ai,n} C [ai’ b]] C (0) 27];‘)) {rk,n} C [ek: fk] C (Oy Z#k)) 1 €
{1,2,...,N}, k € {1,2,..., M}. Assume that either (Bl) or (B2)
holds. Then {x,} converge strongly to Prpx,.

Proof. In Theorem 24, put Vf = 0 and o, = 0 for all
n > 1ThenT = Cand F = N GMEP(F,, ¢, A;) N
NY, VI(C,A)) N Fix(S) N T = N, GMEP(F,, ¢, Ag) N
ﬂfi 1 VI(C, A;) N Fix(S). In this case, we obtain from (44) that

t, = PC (kvn - Anvfocn (kvn)) = 55"’
Zn = PC (fn - Anvfocn (tn)) = gn'
Thus, the iterative scheme (44) reduces to (128). Since ,, = 0

foralln > 1 and F is bounded, we know that ¢ = sup{|pl| :
p € F} <o0,A, =supfllx, - pll : p e F} <o0,and

(129)

0, = (7 + Lyet) A% + 30,0, (1 +7,) 0" + 6, = 1,87 + 6.

(130)

It is easy to see that all the conditions of Theorem 24 are
satisfied. Therefore, in terms of Theorem 24, we derive the
desired result. O

Corollary 26. Let C be a nonempty closed convex subset of
a real Hilbert space H. Let f : C — R be a convex
functional with L-Lipschitz continuous gradient Vf. Let F be
a bifunction from C x C to R satisfying (Al1)-(A4) and let ¢ :
C — RU{+00} be a proper lower semicontinuous and convex
function. Let B and A; be u-inverse strongly monotone and
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n;-inverse-strongly monotone, respectively, where i = 1,2. Let
S: C — C be a uniformly continuous asymptotically k-strict
pseudocontractive mapping in the intermediate sense for some
0 < k < 1 with sequence {y,} C [0, 00) such that lim, _, ..y, =
0 and {c,} c [0,00) such that lim, _, . ¢, = 0. Assume that
F := GMEP(F, ¢, A) N VI(C, A,) N VI(C, A,) N Fix(S) N T is
nonempty and bounded. Let {«,} be a sequence in [0, 00), and
let {3,},{3,,} be sequences in [0, 1] such that0 < a < 3, <1
andk < 8, < b < 1. Pick any x, € H and set C; = C,
x; = Pg x,. Let {x,} be a sequence generated by the following
algorithm:

F(u,y) +o(y) =9 (u,) + (Bx,, y —u,)

+l(y—un,un—x,,> >0,

Tn

X,=P-(I- /\z,nAZ) P-(I- AMAI) U,,
ty = Po (%, = A,Vfe, (%)),
2, = Pe (%, - 1,Vfa, (t,)).
k,=90,z,+(1-6,)S"z,,
Yo = (1= B,) X, + Bk

Con={z€C,1|yu- 2|’ <|lx, - 2| + 6.},

Vy € C,

(131)

Xpp1 =P Xp» VN 20,

where 0, = (y, + /Xnocn)Azn + 3,0, (1 + yn)zg2 +¢p, A, =
sup{lx, — pll : p € F} < ooand g = sup{lpl : p € F} < co.
Assume that the following conditions hold:

(i) lim a, =0;

(ii) {A,} < [c, d] for some c,d € (0,1/L);
(iii) {A;,} C [ab] € (0,27,), 1= 1,2;

11

(iv) {r,} c [e, f1 C (0,2u).

Then {x,} converge strongly to Ppx, provided either (B1) or (B2)
holds.

Corollary 27. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let f : C — R be a convex functional
with L-Lipschitz continuous gradient Vf. Let F be a bifunction
from C x C to R satisfying (A1)-(A4) and let¢p : C — R U
{+00} be a proper lower semicontinuous and convex function.
Let B and A be p-inverse strongly monotone and n-inverse-
strongly monotone, respectively. Let S : C — C be a uniformly
continuous asymptotically k-strict pseudocontractive mapping
in the intermediate sense for some 0 < k < 1 with sequence
{y.} < [0,00) such that lim,_, y, = 0 and {c,} < [0,00)
such that lim,, _, ..c, = 0. Assume that F := GMEP(F, ¢, A) N
VI(C, A) N Fix(S) N T is nonempty and bounded. Let {«,} be
a sequence in [0,00), and let {f,},{6,} be sequences in [0, 1]
suchthat0 <a < f, <landx <6, <b < 1. Pickanyx, € H
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and set C; = C,x, = P x,. Let {x,} be a sequence generated
by the following algorithm:

F(uyy) + () =9 (u,) + (Bx,, y — )

1
+—(y-u,u,-x,) =0, VyeC,
T

n

X, = Pe (uy, — pAus,)
ty = P (%0 = Ao, (%))
2, = Pe (%, = 1,Vfa, (t)).

k,=0,z,+(1-9,)S"z,,
Yo = (1= B,) X, + Bk

Co={2€C,t|y- 2|’ < |x, - 2| + 0.}

(132)

Xy = Pg, X9 VM 20,

where 0, = (y, + /\n(xn)Azn +31,0,(1 + y) 20" + ¢, A, =
sup{llx,, — pll : p € F} < 00, and ¢ = sup{lpll : p € F} < 0.
Assume that the following conditions hold:

(i) lim o, =0;

n—o0"'n

(ii) {A,} < [c, d] for some c,d € (0,1/L);
(iii) {p,} < [a,b] c (0,2x);
(iv) {r,} < [e, 1 € (0,2u).

Then {x,,} converge strongly to Ppx, provided either (B1) or (B2)
holds.

Corollary 28. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let f : C — R be a convex functional
with L-Lipschitz continuous gradient Vf. Let F be a bifunction
from C x C to R satisfying (A1)-(A4) and let¢p : C — R U
{+00} be a proper lower semicontinuous and convex function.
Let B and A be u-inverse strongly monotone and n-inverse-
strongly monotone, respectively. LetS : C — C be a uniformly
continuous asymptotically k-strict pseudocontractive mapping
for some 0 < k < 1 with sequence {y,} C [0,00) such that
lim, _, v, = 0. Assume that F := GMEP(F, ¢, A)NVI(C, A)n
Fix(S) N T is nonempty and bounded. Let {«,} be a sequence
in [0,00), and let {f,},{5,} be sequences in [0, 1] such that
0<a<pf,<landx <96, <b < 1 Pickany x, € H
and set C; = C,x, = P x,. Let {x,} be a sequence generated
by the following algorithm:

F(u,y) + () =9 (u,) + (Bx,, y — )

1
+—(y-u,u,-x,) >0, VyeC,
T

n

in = PC (un - pnAun) >

t, = PC (kvn - )‘nvfan (55”)) >
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2, = Po (%, = L, Vfy, ().
k,=08,z,+(1-6,)S"z,,
I = (1= B) X+ By
Con =1z €Ci 2l <xu—2l* +6,}.

Xy = Pg, Xp» V20,

(133)

where 0, = (y, +/\nocn)A2n +31,a,(1 +yn)292, A, = sup{lx, -
pll : p e F} <o00,and o = sup{llpll : p € F} < co. Assume
that the following conditions hold:

o =0;

(i) lim,,_ oo,

(ii) {A,} < [c, d] for some c,d € (0,1/L);
(iii) {p,} < [a,b] C (0,2n);
(iv) {r,} < [e, 1 € (0,2u).

Then {x,} converge strongly to Ppx, provided either (B1) or (B2)
holds.

Remark 29. Theorem 24 extends, improves, supplements,
and develops Yao et al. [26, Theorem 3.1] in the following
aspects.

(i) Theorem 24 generalizes and extends [26, Theorem
3.1] from the asymptotically k-strict pseudocontrac-
tive mapping to the asymptotically k-strict pseu-
docontractive mapping in the intermediate sense
and from one mixed equilibrium problem to finite
GMEPs.

(ii) We add finite VIPs and the CMP (2) in our algorithm
such that it can be applied to find a common element
of the set of solutions of finite GMEPs, the set of
solutions of finite VIPs for inverse strongly monotone
mappings, the set of fixed points of an asymptotically
k-strict pseudocontractive mapping in the intermedi-
ate sense, and the CMP (2) for a convex functional f
with L-Lipschitz continuous gradient Vf.

(iii) Theorem 24 also removes the condition (ii) in [26,
Theorem 3.1].

4. Weak Convergence Theorem

In this section, we prove a new weak convergence theorem
by a modified extragradient method with regularization for
finding a common element of the set of solutions of the
CMP (2) for a convex functional f : C — R with L-
Lipschitz continuous gradient V£, the set of solutions of finite
generalized mixed equilibrium problems, the set of solutions
of finite variational inequalities for inverse strong monotone
mappings, and the set of fixed points of an asymptotically
Kk-strict pseudocontractive mapping S : C — C in the
intermediate sense in a real Hilbert space. This iterative
algorithm with regularization is based on the extragradient
method, Mann-type iterative method, and hybrid gradient
projection algorithm (GPA) with regularization.
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Theorem 30. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let f : C — R be a convex functional
with L-Lipschitz continuous gradient Vf. Let M,N be two
integers. Let F, be a bifunction from C x C to R satisfying
(Al)-(A4) and let ¢, : C — R U {+00} be a proper lower
semicontinuous and convex function, where k € {1,2,..., M}.
Let By and A; be p-inverse strongly monotone and n;-inverse-
strongly monotone, respectively, where k € {1,2,..., M},
i e {1,2,...,N}. Let S C — C be the uniformly
continuous asymptotically k-strict pseudocontractive mapping
in the intermediate sense for some 0 < k < 1 with
sequences {y,} < [0,00) and {c,} < [0,00). Assume that
F = n', GMEP(F,, ¢, Ay) N NN, VI(C, A;) N Fix(S) N T is
nonempty. Let {a,} be a sequence in (0, 00), and let {f3,},{0,}
be sequences in [0,1] such that 0 < a < 8, < B < 1 and
k <8, <b < 1. Pickany x, € H and let {x,} be a sequence
generated by the following algorithm:

Uy = Tr(;f\:’(m) (I = 7a1uBar) Tr(;ffl’wfl)
X (I=7p1Bys) Tr(f:’%) (I=r1,,By) X5

X, =Pc(I- )‘N,nAN) Po(I- AN—I,nAN—l)

P (I = A5,A5) P (I = Ay A ) uy,
ty = Po (%, = A,Vfe, (%))
2y = Po (%0 = AV, (8)).
k,=90,z,+(1-9,)S"z,,
Xer = (1= Bo) %, + Bakos

where {A;,} C [a;,b] € (0,21;), {ry. .} € e fir] € (0,214),1 €

{1,2,...,N},and k € {1,2,..., M}. Assume that either (BI) or
(B2) holds and that the following conditions are satisfied:

(134)

(1) X2y &, < 00,22, y, <00 and 32, ¢, < 00;

(ii) {A,)} < [c, d] for some c,d € (0, 1/L).
Then

(a) {x,} converges weakly to an element w € F;

(b) {x,} converges weakly to w = lim Ppx,, provided

F is bounded.

n— 00

Proof. First of all, again one can show that P(I — AVf,) is
&-averaged for each A € (0,2/(« + L)), where

2+ A(ax+ L)

(135)

3 €(0,1).

This shows that P-(I — AVf,) is nonexpansive. Furthermore,
for{A,} c [a,b] witha, b € (0, 1/L), without loss of generality,
we may assume that

. 1
aSLl‘Zl{AnSSup/\nSb< T Vn > 1.

n=1 (Xn

(136)
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Consequently, it follows that for each integer n > 1, Po(I —
AuVfy ) is §,-averaged with

(137)

This immediately implies that Po(I - A,,Vf, ) is nonexpansive
foralln > 1.

Nextlet us show thatlim,, , [lx,—pl exists for any p € F.
Put

k _ m(For) (Fi-159x-1)
®n - Trk’: o (I - rk,an) Trk_kl,i o

) (138)
X (I =71 uBpr-1) “T'fl):%) (I =71,,B1) %,

forall k € {1,2,...,M},n > 1, and @2 = Qg = I, where I
is the identity mapping on H. Then we have that u, = ®"x,
and X, = Ou,,. Take p € F arbitrarily. Similarly to the proof
of Theorem 24, we obtain that

s, = pll < [l - > (139)
1%, — pll < . - > (140)
It = ol < %, — pll + Aues [ 2] (141)

Iz = pI” < 1%, - oI + 22,0, 2l |2~ .

+ ()Li(ocn + L)2 - 1) %, - t,,||2
<%, - ol + 20,0 ol -t (142)

< x, - oI + 21,0, [ o] |, - £

+ 250 ol

lzs = oI < 1%, = oI + 22,0, ol |~ . ,
(4.5)

+ (/\f,(an + L)2 - 1) llt,, - z,,||2,

2
||®];xn - P" < "xn - p"2 T Tk (rk,n - 2[’lk)
k-1 2

x |B®s ", ~ Bep|'s kef1,2,..., M},
(143)
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2 _ 2
|0kx, - p| < 0 — pl* - |0} ", — O, |

+ 21y, @ﬁ_lxn - @ﬁxn“ “Bk®};_1xn - ka“ ,
k=12,..., M,
(144)

“Q‘ilun - p“z S ”xn - p"2 + Ai,n (/\i,n - 2’11')

x40, — Agp|, i€ {12,
(145)

Q! ol 2
n Un = S4Uy

|t = o = 1, - I - |
+ ZAi,n "Q;_lun - Q;un" ||AiQi1_1un - Alp" >
ie€{l,2,...,N}.

(146)

We observe that

"kn - P"2 = "8n (zn - P) + (1 - an) (Snzn - P)||2
= (Sn"Zn - P”Z + (1 - 8n) “Snzn - P"2
- 6n (1 - (Sn) "Zn - Snznnz
<8z - pl* +(1-8,)
<[+ ) 2 = pI + 2, = "2l + <]
-8,(1-8,) |z, - 8"z’
= [1 T Vn (1 - 6n)] “Zn - p“z
+(1-8,) (k=8,) |2, - Sz + (1-8,) ¢,
<(1+y,) |z, - p||2 +6,

(147)

It follows from (142) and (147) and A, («, + L) < 1 that

%01 - 2l
= (1= B.) (xs = p) + B (k= DI’
< (1=B) Ixu = £l + Bullk, = oI’
< (1= B I = oI + B [(1+ 1) 2 =PI + ]
<(1-B) Ix. - ol
+ B {1+ 9) [l = 2 + 24,0, 2] 1%, - £

2222 pl°] + ¢}
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< (1 + Vn) ["xn - P||2 + ZAn“n "P” ”xn - P"

2xalolf] +e,

= (1) [ = 2l + 2 (1 3) Auess [ 2l 6 —
+2(1+y,) Mol + 6,

< (L 9) [, = oI + (14 9) A (oI + %, - 2I)
+2(1+p,) La |+,

= [1+p,+ (14 9,) L] |, - ol

+3(1+7y,) /\nocn"p”2 +,.
(148)

From {A,} C [c,d] c (0,1/L) and condition (i) we have

Mg

[y, + (1 +p,) Aex,] < 00,

I
—_

n

(149)
Y 30+ r) el +6.] < co.
n=1

So, applying Lemma 19 to (148), we deduce that lim,, _, . [lx,,—
pll exists. This implies that {x,} is bounded and hence
{u,}, {x,},{t,}, {z,}, and {k,} are also bounded. In addition,
by Lemma 12 and (59) we obtain from A, (e, + L) < 1 that

s = 2 = (1= B) I = Pl + Bullks = 2l
=B (1=B) %~ Kl
< (1-B,) % - pl’
+ B (L + 1) [l - oI
+ 24,0, | ol 1, - Pl
220l ] + .}
=B (1=B) %~ Kl
< (L+3) [ = £ + 22,0, [ ]
x|x, = pll + 24505 ]
46~ By (1= B) % = K
< (1+3) [ = 2l + 200, 2] %, - £

+2L,, | pI*] +¢,

- ﬁn (1 - ﬁn) "xn - kn”2
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= (1 + Vn) "xn - P”Z + 2(1 + Vn) Anan
x|l (lxn = 21l + 1121
+6 — ﬁn (1 - ﬁn) "xn - knuz'

(150)
Thus, it is easy to see from 0 < a < 8, < 3 < 1 that
a(1=p)|x, - k[’
<B,(1-8,)|x, -k, 2
B (1-B,)| || s

< Joew = I = s = 27 + vl = I
+ 2 (1+3) Ay 2] (I = £l + 2] + <

Since {A,;} € [¢,d] c (0,1/L),lim,,_, . llx,, — pll exists, &, —
0,9, — 0,¢, — 0, and the sequence {x,} is bounded, we
obtain

lim |lx, k|| = 0. (152)

Taking into consideration x,.,; = (1 - 8,)x, + fB,k,, we get
Xy — X, = B.(k, — x,), which together with (152) leads to
lim |x,,, - x,| = 0. (153)

n—00

Combining (140), (142), (143), and (147), we have
I, - oI
< llzn= 2 + vallza - 21+,
< [%, - pI + 220, [ P - tall + vullzw = 2 + 6,
< 1, = oI + 20,0, [Pl | - tall + vl — I+,
< @k, — o+ 22,0, Il 1 = bl + vl = 21 +
< [, = pII* + 11 (i — 208 "Bk@ﬁflxn - BkP”2

+ ZAn‘Xn ”P" "P - tn” + ynnzn - P“z + G

(154)
which yields
_ 2
Tion (2t = i) | B©) ', - BkP"
< Jxw = I* = Ik = I + 20,0, |l 2 - 1]
+ Yn”zn - P"2 +é (155)

< "xn - kn” (”xn - P“ + “kn - P")
+ ZAH(XH "P” ”p - tn" + yn"Zn - P"2 + G

Since {An} C [C’ d] C (07 l/L)> {rk,n} C [ek> fk] C (Oa z,uk)) ke
{1,2,...,M},«, — 0,9, — 0,and¢, — 0, we conclude
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from (152) and the boundedness of {x,}, {k,}, {t,}, and {z,}
that

lim |B®, 'x, - Bip| =0, k=12,...,M. (156)
Combining (140), (142), (144), and (147), we have
Ik, — oI’
2
< “®flxn - p'l + 2/\71“" "p” ||P - tn"
2
+ Yrtnzn - P“ +6G (157)
2 k-1 k. |12
< “xﬂ - P" - |®n Xn ~ ®nxn||
+ 21k @I:lxn - @ﬁan HBk®};1xn - ka“
+ 20,0, ] 2 = tall + vallzw - 2l + 6o
which implies
k-1 Kk |1?
| ®n Xn — ®nxn||
<[l = pl* - Ik, - 2l
+21, €5 " x, - Ofx,| | By x, - Bep|
+ 20,0, 2 2 = tall + vallza - 21 + <, (158)

. ”xn - kn" ("xn - P" + "kn - p”)

k-1 k k-1
+21,, |05 " x, - Ofx,| | BOy ' x, - Bep|

+ 2)‘71091 ”P" "P - tn” + Vn”Zn - P||2 + o

Since {A,,} < [c,d] C (0,(1/L)), {ry.,.,} € le> fi] € (0,2u),
k e {1,2,..., M}, «, — 0,9, — O0,and¢, — 0O,
we conclude from (152) and (156) and the boundedness of
{x,}, {k,}, {t,}, and {z,} that

lim |0} 'x, —Ohx,| =0, k=12,...M. (159
From (159), we have
"xn - un" = ”@236,, - G)rI:/Ixn”
< |®2xn - ®,11xn“ + |®:lxn - @flxn“
(160)

M-1 M
+eeet ”@)n x, -0, xn”

—> as n — 0.
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Combining (140), (142), (145), and (147), we have

Ik, = ol
<lzw= 21" +vallzu - 21+,
= ||55n - p"2 + ZAn‘xn ”P" "P - tn“
2
+ ynllzn - P” +é
- (161)
< ”Q;lun - P” + 2/\14“71 "p“ “p - tn"
2
+ )}nllzn - P” +é
2 i-1 2
< lxa = pI" + Ain (A — 21) ||AiQn Uy — AiP"
+ ZAn“n “P” ||P - tn" + yn”Zn - P"2 + G

where i € {1,2,..., N}, which implies
Aig (201 = Ain) "AiQ;_I”n - AiP”z
< [ = oI = I = I
+ 2An“n “P" "p - tn“ + Yn“zn - p”2 TG (162)
< xn = kol (I = 21l + Ik = 2I)
+ 20,0, ol 1o = tull + vz = 2l + 6
Since {A,,} < [c,d] < (0,1/L), {A;,,} < [a;,b] € (0,2), i €
{1,2,...,N}L«a, = 0,9, — 0,andc, — 0, we conclude

from (152) and the boundedness of {x,}, {k,}, {t,}, and {z,}
that

lim A0} w, - A;p| =0, ie€{l,2,...,N}.

n— 00

(163)

Combining (140), (142), (146), and (147), we have

Ik, - oI’
< "Zn - p"2 + Vn”zn - p”2 +¢,
<%, - pl* + 22,0, [l 12 - 1.
2
+ yn"Zn - P" TG
i 2
< |, = ol + 22,05, Il I - 1] (164)
2
+ Vn"zn - p" +G
i i |2
S "xn - P“z - “Qn lun - Qnun”

i-1 i
+24,, 019, u, - Qu,

A0, - A

+20,0, o = tall + vallz — 21 +
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which implies
|, - Q|
< [l = 2l - Ik, — 2l
24, |, - | A0, - A
+ 20,0, ol 12 = tull + valz - 2l + (165)
< [lon = kall (lx, = 2l + Ik = 2I)
+ 24, |t - | A0, - A
+ 20,0, o) 12 = tall + valz, - 2l + <.
Since {A,} ¢ [e,d] c (0,1/L), {A;,} < [a,b] < (0,27,),
i € {1,2..,N,a — 0y, — 0 andg, — 0O,

we conclude from (152) and (163) and the boundedness of
{x,} (kb {u, b {81 and {z,,} that

Tim 05w, - Q| =0, i€ {L2,.. N} (166)
By (166), we have
[, — %] = 'qun - Qf:]un"
< 'qun - Q:,un" + "Qiun - Qﬁun"
(167)

N-1 N
+---+“Qn u, - Q, un"
— 0 asn— oo.

From (160) and (167), we have

||xn - 56,," < Hxn - un” + ||un - 9?,1” — 0 asn— 00.
(168)

By (152) and (168), we obtain

||kn - a?n" < ||kn - xn" + ||xn - 56,," — 0 asn— oo.
(169)

Furthermore, combining (139), (140), (142), and (147), we
have

Ik, = oI < 120 = £l + ¥allza — 2l +
<&, - ol +2M.0, o] 2 -t
+ (Ai((xn + L)2 - 1) %, - tn“z
+ Vn"zn - P"2 +¢, (170)
< Jlx, = pl” + 20,0, ol 12 - ]
+ (}Lfl(oc,1 + L)2 - 1) %, - tn“z

2
+ Yn"zn - P" + G
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which yields
(1= Ao, + 1)) %, — ]
< lxu = 2l = Ik = 21 + 20,00, ol |~ .
Va2 ol + 6, (171)
< % = Kull (i = 2ll + 50 = 2]))

+ 20,0, o1 12 = tal + vallz = 21 + <.
Since {A,} ¢ [¢,d] € (0,1/L),«, — 0,9, — 0,and¢, — 0,
we obtain from (152) and the boundedness of {x,}, {k, }Ht,},
and {z,} that
dim |7, —t,] =o0. (172)
Also, combining (139), (140), (4.5)', and (147), we have
"kn - P||2 < "zn - P||2 + Vn”Zn - pHZ + G
< 1%, - 21" + 220, o]l 12—t
+ ()tfl(ocn + L)2 - 1) I%, - tn||2
+ yn"‘zn - P"2 + 6 (173)
< |l = oI + 220 ol 12— tal
+ (Ai((xn + L)2 - 1) It - zn"2
2
+ Yn"zn - P" + G
which leads to
(12 (et + L)2) It -z
<|lxu = oI = Ika - 2l
+ 20,0, ol 1o = tull + valzu = I +6, 74
< [l = Kall (% = 2l + Ik, — 2Il)
* 2Anocn ”P" "P - tn” * Yn”Zn - P”2 + Gy

Since {A,}} ¢ [¢,d] € (0,1/L),t, — 0,9, — 0,and¢, — O,
we obtain from (152) and the boundedness of {x,}, {k,}, {t,.},
and {z,} that

Jim |, - z,[ =o0. (175)
Hence, combining (172) and (175), we get

“)’Zn - zn" = “)’Zn - tn” + "tn - Zn“ — 0 asn-— oo.
(176)

We note that

k,-x,=(1-6,)(5"z,-z,). (177)

23
From &, < b < 1 and (169), we have
Jim J5'2, 2] = 79
On the other hand, we observe that
”Zn+1 - zn” < "zn+1 - xn+1|| + ||£n+1 - xn+1||
(179)
+ "xnﬂ - xn“ + ”xn - fn" + "En - Zn“ .
By (153), (168), and (176), we have
,,15%0 ”Zn+1 - zn” =0. (180)
We note that
"Zn - Szn“ < "Zn - zn+1" + 112041 — Sn+1zn+1"
(181)
+ "S"“zwrl -8z |+ “S”“zn -Sz,| .

From (178), (180), Lemma 14, and the uniform continuity of
S, we obtain

Jim_ |z, - Sz, = 0. (182)

Since {x,,} is bounded, there exists a subsequence {x,, } of
{x,} which converges weakly to w. From (168) and (176), we
have that z, — w. From (182) and the uniform continuity
of S, we have lim,_, llz, — S"z, = 0 for any m > 1.
So, from Lemma 16, we have w € Fix(S). Similarly to the
arguments in the proof of Theorem 24, we can derive w €
N, GMEP(F,, ¢, B,) N NY, VI(C, A;) N T. Consequently,
w € F. This shows that w,,(x,,) C F.

Next let us show that w,(x,) is a single-point set. As a
matter of fact, let {xnj} be another subsequence of {x,,} such

that Xy, = w'. Then we get w' € F. Ifw# w', from the Opial
condition, we have

. . . !
nlgrgo [lx, — w|| = Ilirglo X, = w“ < 11320 X, —W "
= lim |x —w'": lim |x —w'“
Jim [, Jim e, —w'] - 183)
< lerrgo Xy, — w” = lim |x, - w|.

This attains a contraction. So we have w = w'. This shows
that w,,(x,) = {w}. Therefore, by Lemma 10, we know that
x, — w.

Finally, we claim that w = lim,_, . Ppx,, provided F is
bounded. Put v, = Pp(x,,). Since w € F, we have (x,,—v,, v, —
w) > 0.By (148) and Lemma 21, we have {v,,} which converges
strongly to some w, € F. Since {x,} converges weakly to w,
we have

(w—wy, wy —w) > 0. (184)
Therefore, we obtain w = w, = lim,, _, . Prx,,- This completes
the proof. O
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Corollary 31 (ie., [3, Theorem 4.1]). Let C be a nonempty
closed convex subset of a real Hilbert space H. Let M, N be
two integers. Let F,_ be a bifunction from C x C to R satisfying
(Al)-(A4) and let ¢, : C — R U {+00} be a proper lower
semicontinuous and convex function, where k € {1,2,..., M}.
Let By and A; be p-inverse strongly monotone and n;-inverse-
strongly monotone, respectively, where k € {1,2,...,M},
i € {1,2,...,N}. Let S C — C be the uniformly
continuous asymptotically k-strict pseudocontractive mapping
in the intermediate sense for some 0 < x < 1 with sequences
{r.} < [0,00) and {c,} < [0,00). Assume that F :=
ML, GMEP(F, ¢, A )NNY, VI(C, A;)N Fix(S) is nonempty.
Let {f,} and {8, } be sequences in [0, 1] such that0 < a < f3, <
B<landx <6, <b < 1. Pickany x; € H and let {x,} be a
sequence generated by the following algorithm:

(Fnps®) (Fyr—1>9nm-1)
U, = TrM]:,I o (I - 7’M,nBM) TrMi: P

X (I=ryyuBy) Tr(ii’(pl) (I=11,,B1) x5
z, = Pc(I - AN,nAN) P (I~ /\N—l,nANfl) (185)
- Po (I - Az,nAz) P (I - /\l,nAl) Up>

k,=90,z,+(1-6,) 5"z,

Xn+1 = (1 - ﬁn) X, + ﬁnkn’
where {A;,} C [a;,b] € (0,21;), {ry. .} € e fir] € (0,214,),1 €
{1,2,...,N},andk € {1,2,..., M}. Assume that Y, y, < 00
and Y2 ¢, < 0o, and that either (B1) or (B2) holds. Then {x,,}
converges weakly to w = lim, _, . Ppx,,.

Proof. In Theorem 30, put Vf = 0 and «, = 0 for all
n > 1ThenT = Cand F = N’ GMEP(F,, ¢, A;) N
NY, VI(C,A;) N Fix(S) N T = N, GMEP(F,, ¢, Ag) N
nfi 1 VI(C, A;) NFix(S). In this case, we obtain from (134) that

t, = PC (fn - Anvf(xn (En)) = En’

z, =P (”?n - Anvfocn (tn)) =X,

Thus, the iterative scheme (134) reduces to (95). It is easy
to see that all the conditions of Theorem 24 are satisfied. In
terms of Theorem 24, we have that {x,} converges weakly to
an element w € F. Now, put v,, = Pr(x,,). Since w € F, we
have (x,, - v,, v, — w) > 0. Taking into account that o, = 0
for all n > 1, we conclude from (148) that

(186)

“xn+l - P"2 < [1 t Pt (1 + Yn) /\nan] "xn - P“z

+3(1+y,) L] + 6 (187)

< (1 + Yn) “xn - p"2 + Gy

By Lemma 21, we have that {v,} converges strongly to some
w, € F. Since {x,} converges weakly to w, we have

(w - wy, wy —w) 0. (188)

Therefore, we obtain w = w, = lim,, _, . Prx,,- This completes
the proof. O
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Corollary 32. Let C be a nonempty closed convex subset of
a real Hilbert space H. Let f : C — R be a convex
functional with L-Lipschitz continuous gradient Vf. Let F be
a bifunction from C x C to R satisfying (Al)-(A4) and let ¢ :
C — RU{+00} be a proper lower semicontinuous and convex
function. Let B and A; be p-inverse strongly monotone and ;-
inverse-strongly monotone, respectively, where i € {1,2}. Let
S:C — C bethe uniformly continuous asymptotically x-strict
pseudocontractive mapping in the intermediate sense for some
0 < k < 1 with sequences {y,} < [0,00) and {c,} c [0,00).
Assume that F := GMEP(F, ¢, B) N VI(C,A,) N VI(C, A,) N
Fix(S) NT is nonempty. Let {a,,} is a sequence in (0, 00), and let
{B,},16,} be sequences in [0, 1] such that0 <a < ff, < <1
andx <6, < b < 1. Pickany x, € H and let {x,} be a sequence
generated by the following algorithm:

F(u, y) + ¢ (y) — o (u,) + (Bx,, y — u,)

1
+—(y-u,u,—x,) >0, VyeC,
r

n

Xy =Po(I-2Ay,A0) Po(I= Ay A ) uy,
t, = Pe (%, - 4,Vf, (%)),
2, = Po (%, = L, Vfy, ()
k,=0,z,+(1-6,)5"z,,

Xp+1 = (1 - ﬁn) X, + ﬁnkn’

(189)

where {A;,} C [a;,b] c (0,2n;), {r,} C [e, f] C (0,2u), and

i€ {1,2}. Assumle tlhat either (B1) or (B2) holds and that the
following conditions are satisfied:

(i) X2y oy <00, 2y, <00 and ¥.2, ¢, < 005
(ii) {A,} < [c, d] for some c,d € (0, 1/L).
Then

(a) {x,} converges weakly to an element w € F;

(b) {x,} converges weakly to w = lim
F is bounded.

Ppx,, provided

n— o0

Corollary 33. Let C be a nonempty closed convex subset of
a real Hilbert space H. Let f : C — R be a convex
functional with L-Lipschitz continuous gradient Vf. Let F be
a bifunction from C x C to R satisfying (Al1)-(A4) and let
@ : C — R U {+o0o} be a proper lower semicontinuous
and convex function. Let B and A be p-inverse strongly
monotone and n-inverse-strongly monotone, respectively. Let
S:C — C bethe uniformly continuous asymptotically k-strict
pseudocontractive mapping in the intermediate sense for some
0 < k < 1 with sequences {y,} C [0,00) and {c,} < [0,00).
Assume that F := GMEP(F, ¢, B) N VI(C, A) N Fix(S) N T is
nonempty. Let {a,} be a sequence in (0, 00), and let {f3,},{6,}
be sequences in [0,1] such that0 < a < f, < B < 1 and
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Kk <6, <b < 1. Pickany x, € H and let {x,} be a sequence
generated by the following algorithm:

F(uy y) + 9 (y) =9 (u,) + (Bx,, y — u,)

+l(y—un,un—xn) >0, VyeC,

X, = Pc (u, — p,Au,)
t,=Pc (fn - A Ve (fn))r
2y = Pe (%, = L, VS, (t,))
k,=90,z,+(1-6,)S"z,,
Xui1 = (1= By) X + Buks
where {p,} C [a,b] C (0,27), {r,} C [e, f] C (0,2u). Assume

that either (BI) or (B2) holds and that the following conditions
are satisfied:

(190)

(1) X2y &, < 00,22, y, <00 and 32, ¢, < 00;

(ii) {A,} < [c, d] for some c,d € (0,1/L).
Then

(a) {x,} converges weakly to an element w € F;

(b) {x,,} converges weakly to w = lim, _, . Ppx,, provided
F is bounded.

Corollary 34. Let C be a nonempty closed convex subset of
a real Hilbert space H. Let f : C — R be a convex
functional with L-Lipschitz continuous gradient Vf. Let F be
a bifunction from C x C to R satisfying (Al)-(A4) and let
@ : C — R U {+00} be a proper lower semicontinuous
and convex function. Let B and A be u-inverse strongly
monotone and n-inverse-strongly monotone, respectively. Let
S:C — Cbethe uniformly continuous asymptotically k-strict
pseudocontractive mapping for some 0 < x < 1 with sequence
{y.} € [0, 00). Assume that F := GMEP(F, ¢, B) N VI(C, A) N
Fix(S) NI is nonempty. Let {e,,} be a sequence in (0, 00), and let
{B,.},10,,} be sequences in [0, 1] such that0 <a < 3, < <1
andx < 8, < b < 1. Pickany x, € H and let {x,} be a sequence
generated by the following algorithm:

F(uy y) + 9 () =9 (u,) + (Bx,, y — u,)

1
+—(y-u,u,—x,) =0, VyeC,
r

n

X, = Pc(u, = paAu,),
ty = Po (%, = A,Vfo, (%))
= Pe(Fa= A, (1),

k,=08,z,+(1-96,)S"z,

Xn+1 = (1 - ﬁn) X, + ﬁnkn’

(191)
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where {p,} < [a,b] c (0,2n),{r,} C [e, f] C (0,2u). Assume
that either (BI) or (B2) holds and that the following conditions
are satisfied:

(i) Y2y a, <ocoand ), y, < 00

(ii) {A,,} < [c, d] for some c,d € (0, 1/L).
Then

(a) {x,} converges weakly to an element w € F;

(b) {x,,} converges weakly to w = lim, _, . Ppx,, provided
F is bounded.

Finally, we provide an example to illustrate Corollary 34.

Example 35. Let H = R* with inner product (-, -) and norm
| - | which are defined by

(x,y) = a,b, + ayb,, (192)

Ixll = ai +a3,

for all x,y € R* with x = (a,a,) and y = (b,,b,). Let
C = {(a,a) : a € R}. Clearly, C is a nonempty closed convex
subset of a real Hilbert space H = R*. Let f : C — R
be a convex functional with L-Lipschitz continuous gradient
Vf, for instance, putting f(x) = (1/2)(Vx,x), where V" =
{Zﬁ gﬁ } Then Vf = V is L-Lipschitz continuous with L = 1
(due to V]l = 1). Put F(x,y) = 0 and ¢(x) = 0 for all
x,y € C. Then it is clear that F is a bifunction from C x C
to R satisfying (Al)-(A4) andletgp : C — R U {+oo} be a
proper lower semicontinuous and convex function. Let B and
A be p-inverse strongly monotone and #-inverse-strongly

monotone, respectively, for instance, putting A = {fﬁ ;ﬁ}

and B = {;ﬁ gﬁ } Then we can take y = n = 1/2. Let
S : C — C be the uniformly continuous asymptotically «-
strict pseudocontractive mapping for some 0 < x < 1 with

sequence {y,} C [0, 00), for instance, putting S = {gf; if; }
Thenx = 0and y, = 0 foralln > 1 (due to the nonexpansivity
of S). Thus, we know that F := GMEP(F, ¢, B) N VI(C, A) n
Fix(S)NT = GMEP(0, 0, B)NVI(C, A)NFix(S)NT = {0}. Take
(P} € [a,6] € (0,24) = (0, 1), r,} < [e f1 € (0,240) = (0, 1),
and {A,} ¢ [¢,d] c (0,1/L) = (0,1). Let {«,} be a sequence
in (0,00) such that lim, , &, = 0, and let {8,},{5,} be
sequences in [0,1] such that0 < a < f, < B < 1 and
0 =x <9, <b < 1 Pickany x; € C. In this case, the

algorithm (191) reduces to the following algorithm:

U, = PC (xn - rann) = (1 - rn) Xn>
fn = PC (un - PnAun) = (1 - pn) (1 - rn) Xn>
t, = PC (gn - Anvfan (in))

= (1 - /\n(l +“n)) (1 _Pn) (1 - rn) Xn>
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20 = Po (%, = L Vfy, (1) = (1= p,) (1-1,) x,
— A (T+a,) (1= 4, (14 ) (1= p,) (1= 1,) x,
=[1-2, (1) (1= 24, (1+ )] (1= p) (1=7,) %,
k,=0,z,+(1-6,)8"z, =z,
Xpar = (1= By) x, + Bk,
={1=B)+ B [1 -2, (1 + ) (1= 4, (1 +,))]

X (1 - Pn) (1 - rn)} Xp-
(193)

So it follows that

(E
= {(1 - ﬁn) +ﬁn [1 - /\n(l +‘xn) (1 _An (1 + ‘Xn))]
x (1 - pn) (1 - rn)} "xn"
{(1 - ﬁn) + ﬁn [1 - /\n (1 + (xn) (1 - An (1 + (Xn))]} ”xn”

{1 - ﬁn/\n (1 + “n) (1 - An (1 + “n))} "xn"
< [1 - ac(l + ‘xn) (1 - d(l + “n))] “xn” :

IN

(194)

Since lim,, _, cac(l + o,)(1 — d(1 + «,)) = ac(l —d) >
(1/2)ac(1 — d), we deduce that there exists an integer n, > 1
such that

ac(l+a,)(1-d(1+a,)) > %ac(l—d),

Therefore, from (194) we obtain that for all n > n,

[l < [1=ac(l+a,)(1-d(1+a,))]|x,|

<

1
1= Zac(-d)] x|
(196)

[

1 n—ng+1
< [1 - Eac(l —d)]

This shows that

(a) {x,} converges to the unique point 0 in F;

(b) {x,,} converges to 0 = lim,, _, ., Ppx,,.
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