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The purpose of this paper is to generalize the concept of almost convergence for double sequence through the notion of de la
Vallée-Poussin mean for double sequences. We also define and characterize the generalized regularly almost conservative and
almost coercive four-dimensional matrices. Further, we characterize the infinite matrices which transform the sequence belonging
to the space of absolutely convergent double series into the space of generalized almost convergence.

1. Introduction and Preliminaries

Let [, be the Banach space of real bounded sequences x = x,,
with the usual norm [ x| = sup |x,|. There exist continuous
linear functionals on I, called Banach limits [1]. It is well
known that any Banach limit of x lies between lim inf x and
lim sup x. The idea of almost convergence of Lorentz [2] is
narrowly connected with the limits of S. Banach; that is, a
sequence x,, € [ is almost convergent to [ if all of its Banach
limits are equal. As an application of almost convergence,
Mohiuddine [3] obtained some approximation theorems for
sequence of positive linear operator through this notion. For
double sequence, the notion of almost convergence was first
introduced by Méricz and Rhoades [4]. The authors of [5]
introduced the notion of Banach limit for double sequence
and characterized the spaces of almost and strong almost
convergence for double sequences through some sublinear
functionals. For more details on these concepts, one can refer
to [6-12].

We say that a double sequence x = (x;; : j,k = 0,1,
2,...) of real or complex numbers is bounded if

b = s < o 0

denoted by £, the space of all bounded sequence (x;).
A double sequence x = (x;;) of reals is called convergent
to some number L in Pringsheim’s sense (briefly, P-convergent

to L) [13] if for every € > 0 there exists N € N such that
|xj’k —L| < e whenever j,k > N, where N :={1,2,3,...}.

If a double sequence x = (x;;) in Z, and x is also P-
convergent to L, then we say that it is boundedly P-convergent
to L (briefly, BP-convergent to L).

A double sequence x = (x;) is said to converge regu-
larly to L (briefly, R-convergent to L) if x is converges in
Pringsheim’s sense, and the limits x = limkxjk( j € N)and

x* = lim X jk(k € N) exist. Note that in this case the limits
li;n jlimyx . and limy lim x ;. exist and are equal to the P-limit
of x.

Throughout this paper, by €, €pp, and €y, we denote
the space of all P-convergent, BP-convergent, and R-
convergent double sequences, respectively. Also, the linear
space of all continuous linear functionals on €} is denoted
by €5

Let B= (b, gk ¢ j-k=0,1,2,...) be a four-dimensional
infinite matrix of real numbers for all p, g = 0,1,2,... and
S, a space of double sequences. Let S, be a double sequences
space, converging with respect to a convergence rule v €
{P, BP, R}. Define

= dx= (xj,k) P Bx = (BM (x))
(2)

=y- pr,q,j’kxj,k exists and Bx € S,
ik
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Then, we say that a four-dimensional matrix B maps the space
S, into the space S, if S, ¢ $¥” and is denoted by (S,, S,).

Moricz and Rhoades [4] extended the notion of almost
convergence from single to double sequence and character-
ized some matrix classes involving this concept. A double
sequence x = (x;;) of real numbers is said to be almost
convergent to a number L if

m+p—1n+q—1
lim sup |[— Z Z X — L[ =0. (3)
Pg— 00, 050 q j=m k=n

For more details on double sequences and 4-dimensional
matrices, one can refer to [14-20].

Using the notion of almost convergence for single
sequence, King [21] introduced a slightly more general class
of matrices than the conservative and regular matrices, that
is, almost conservative and almost regular matrices, and
presented its characterization. In [22], Schaefer presented
some interesting characterization for almost convergence.
The Steinhaus-type theorem for the concepts of almost
regular and almost coercive matrices was proved by Bagar and
Solak [23]. In this paper, we generalize the concept of almost
convergence for double sequences with the help of double
generalized de la Vallée-Poussin mean and called it (A)almost
convergence. Using this concept, we define the notions of
regularly (A)almost conservative and (A)almost coercive
four-dimensional matrices and obtain their necessity and
sufficient conditions. Further, we introduce the space £,
of all absolutely convergent double series and characterize
the matrix class (£, % ,), where &, denotes the space of
(A)almost convergence for double sequences.

2. Main Results

Definition 1. Let A =(A,, :m=0,1,2,...)and p = (y,, : n =
0,1,2,...) be two nondecreasing sequences of positive reals
with each tending to co such that A, ., < A, + 1,4, =0,
U1 < Py + 1, 4y = 0,and

Sm,n (x) =

A 2 DXk (4)

m ﬂ J€Tm keI,

is called the double generalized de la Vallée-Poussin mean,
where J,, = [m—A,,+1,m]and I,, = [n—p,+1,n]. We denote
the set of all A and y type sequences by using the symbol A.

Definition 2. A double sequence x = (x;;) of reals is said

to be (A)almost convergent (briefly, F , -convergent) to some
number Lif x € &) ,, where

Fa= = (o) P im0

= L exists, uniformly in s,t; L = & - lim x} > (5)

Z Z Xitsktt>

m/"n]e]m kel,

‘Qm,n,s,t (x)

denoted by &,, the space of all (A)almost convergent
sequences (x ). Note that €5p ¢ F, ¢ Z,
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Remark 3. If we take A,, = m and y,, = n, then the notion of
(A)almost convergence reduced to almost convergence due
to Méricz and Rhoades [4].

Definition 4. A four-dimensional matrix B (bp,g,jk) 18
said to be regularly (A)almost conservative if it maps every
R-convergent double sequence into F ,-convergent double
sequence; that is, B € (€, F ). In addition, if # , - lim Ax =
R-lim x, then B is regularly (A)almost regular.

Definition 5. A matrix B = (bp,q’ j,k) is said to be (A)almost
coercive if it maps every BP-convergent double sequence
(xx) into F , -convergent double sequence, briefly, a matrix
Bin (Ggp, F ).

Theorem 6. A matrix B = (bp’q’j,k) is regularly (A)almost
conservative if and only if

(CRy) 1Bl = sup,, 35 1By 14l < 00,

(CRy) lim,,, ,_, oa(m, n,s,t, j,k) = uy, for each j, k (uni-
formly in s, t),

(CR3) limm’nq 0 Zk |06(m) n,s, ta j: k)l =
(uniformly in s, t),

(CRy) lim,,, oo X la(m, 15,8, j, )| =
(uniformly in s, t),

ujp, for each j
Uper for each k

(CRs) lim,,,, _, 0 2. jc (M, 1,5, 1, jo k) = w, (uniformly in s,

t),

where

B(m,n,s,t, j, k) =

> D bpsgiik (6)

m/"npe] q€l,

In this case, the F ,-limit of Bx is

€u+Z(€j—€)uj0+ Z(hk—f)uok
=0 k=0
(7)

f) ”jk’

where £ = R-1im x.

Proof. Necessity. Suppose that B is regularly (A)almost con-
servative matrix. Fix s, t € Z, the set of integers. Let

1
Qe (%) = 7 DD Pprogrt () (8)
min pej, qel,
where
[celNee)
PP,q (X) = Z pr,q)j,kxj)k. (9)
j=0k=0
It is clear that
pP:QG%;(’R q=0,1,2,.... (10)
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Hence Q,,,; € %”;q for m, n € N. Since B is regularly
(A)almost conservative, we have

P- lim Q. (x) = Q(x) (say), a1)
uniformly in s, ¢. It follows that (Q,,,, ;;(x)) is bounded for
X € Gy and fixed s, t. Hence, [, ., ()| is bounded by the
uniform boundedness principle.

For each i, v € Z", define the sequence y = y(m,n,s,t)

by

Y Y bpigitin |» f0<j<i, 0<k<w,
y],k_

p€lnqel,
0, ifv<k, i<j.
(12)
Then, a double sequence y € Gy, |yl = 1, and
1 i v
|ans,t ()/)| - /\ Z Z Z Z bp+s,q+t]k (13)
mHn =0 k=0 | peJ,, g€,
Hence
|Qm,n,s,t (}’)l < "Qm,n,s,t" ")’" = ”Qm,n,s,t" . (14)
Therefore
[CelNee)
Z Z Z pt+s,q+t,j.k < “Qm,n,s,t” > (15)
Mt 1510 | peTy acl,

so that condition (CR,) follows.
The sequences F&) = (f hc)) F® =
and G = (g;) are defined by

(F9). 69 = (4,

fgq,r) _ 1, if ( ) (b,c),
jk 0, otherwise,
f(b) _ 1, lf] = b,
Jk 0, otherwise, (16)
g(c) _ 1, if k = c,
7k 0, otherwise,
g],k = 1, Vj, k.

Since F0, FV) GW, G € @y, the P-limit of O, , . ,(F¥P),

Qs (F ), Qm)n)s)t(G(k)), and Q,,, ,(G) must exist, uni-
formly in s, t. Hence, the conditions (CR,)-(CR5) must hold,
respectively.

Sufficiency. Suppose that the conditions (CR;)-(CR;) hold
and a double sequence x = (xj;) € €. Fix s, t € Z. Then

l [CelNee]
Qm,n,s,t (X) = ) Z Z Z pr+s q+t,j,kxj,k’
mbn j=0k=0 pe],, qel,
(17)
|Qm,n,s,t (x)l ZZ Z Z prsqtt.jk “xi)k"'
m n] 0k=0 |p€],, q€l,

Therefore, by (CR,), we have |Q,,  (x)] <
C,, is a constant independent of m, n. Hence Q,,,,,, € €}
and the sequence (]|(2,,,,;/|I) is bounded for each s, € Z".
It follow from the conditions (CR,), (CR;), (CR,), and (CRs)
that the P-limit of Q,,,, ,,(F¥®), Q,,., ., (F9), Q.. (G*),
and Q, . ,(G) exist for all j, k, s, and t. Since G, F Y ), G%® and
FYR) is a fundamental set in G (see [24]), it follows that

Csllxll, where

m,lrlir—1>lole’n,n,s,t (x) = Qs,t (x) (18)

exists and Q, € . Therefore, Q, has the form

(o]

Qg () = 6Q, (G) + Y (¢;- ), (FV)
j=0
$ -0, (09
k=0
V55 g 90, ().

But Q,(F™) = uy, O (FV) = uj, O, (GY) = uy,
and Qst(G) = u by the conditions (CR,)-(CR;), respectively.
Hence

m,!’tigoogm’"’s’t (x) = Q(x) (20)

exists for each x € ¥ and s, t =0,1,2,... with

Q) =eu+ ) (-0 uy+ Y (h—€)uy

j=0 k=0
(21)
+ ZZ(X —€j—hk—€)ujk.
j=0k=0

Since Q,,,,,,(x) € €Y for each m, n, s, and ¢, it has the form

o0

st )= 0,1, G+ 3 (6 €) 0y, ()
j=0

(o)

+Z(hk E mnst( (k))

M8
=

—€) Qs (F99).

(22)

+

T
(=]
T
<)

It is easy to see from (21) and (22) that the convergence of
(Qn (%)) to Q(x) is uniform in s, ¢, since Q,,,, ,(G) —

j k
u, mnst(F(])) - Yo Qm,n,s,t(G( )) - U and
Qnst(F9) = uy mn —  00) uniformly in s, t.
Therefore, B is regularly (A)almost conservative. O

Let us recall the following lemma, which is proved by
Mursaleen and Mohiuddine [25].



Lemma 7. Let A(s,t) = (am,n,j’k(s, ), s t=012,..,bea
sequence of infinite matrices such that

(i) |AGs, )l < H < +00 for all s, t; and

(ii) for each j, klim,, , a,, ,, ;i(s,t) = 0 uniformly in s, .

Then

lrinr)lf}ZZam,n)j,k (1) X
Tk (23)

=0 uniformly in s,t for each x € L

if and only if

lr}lnr};; |am,n’j,k (s, t)| =0 uniformly in s,t. (24)

Theorem 8. A matrix B =

(bp’q, j’k) is (A)almost coercive if and
only if

(ACI) ”B” = Supp,q Z],k |bp,q,],k| < 00,

(AGy) lim,, , , oa(m,n,s,t, j, k) = uy, for each j, k (uni-
formlyins, t),

(AC3) 1im,,, s o X720 X021 (WAt X pes, Tger, Bprsgrtsik
—uj| = 0, uniformly in s, t.

In this case, the F \-limit of Bx is Y72, Y2, ujx . for every
(xj,k) € goo

Proof. Sufficiency. Assume that conditions (AC,)-(AC;)
hold. For any positive integers J, K

M=

>

=1k

Z Z bp+s,q+t»j,k

Z Z pt+s,q+t,j.k

p€lnqeEl,

[CelNee)
ZZ' p+s,q+t,]k|
j=lk=1

LK ]
el = X2 i3

m‘un

Il
—
.
I
—_
=
Il
—

] K

—>>

m‘un —lk—l

|
5

(25)

< lim sup
mbn pe7,, gel,

< Bl

This shows that Y72 ¥}2, |u;l converges and that

Y1 Xk UjXj, is defined for every double sequence
x = (xj)k) €&
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Let (x;;) be any arbitrary bounded double sequence. For
every positive integers m, n

o0 0 1
) (A S S by )

mbn pe],, qel,

o0 O
= ZZ /\ u Z Z [ pts.qtt.k — jk]
j=lk=1 mi™n peJ,, q€l,
[oelee) 1
< sup ZZ Z Z [ prsatt,jk ~ Uik ] Xjk
St j=lk=1 m("n p€l,, q€l, ]
o0 O
< llxllsup NS S [Bpragen i - ]

m ”]—lk 1 |p€lnqel,
(26)

Letting p, ¢ — o0 and using condition (AC;), we get

o0 o0
Z Z Z Z prsqrt,jikXjk T Zzujkxj,k' (27)

m.“n] 1k=1p€J,, q€l, j=lk=1

Hence, Bx € F, with & ,-lim Bx = 372, Y2, .

Necessity. Let B be (A)almost coercive matrix. This implies
that a four-dimensional matrix B is (A)almost conservative;
then we have conditions (AC,) and (AC,) from Theorem 6.
Now we have to show that (AC;) holds.

Suppose that, for some s, ¢, we have

lim sup~ ZZ > 2 [ ps.art.jk ~

mn m n] 1k=1 |p€J,, q€l,

] N > 0.

(28)

Since ||B|| is finite, therefore N is also finite. We observe that
since Z(Jfl pa lujl < +oo and B is (A)almost coercive,
the matrix A = (ap,_q,j,k)’ wl.lere Apgik = bp’q‘j,k.— U 1s
also (A)almost coercive matrix. By an argument similar to
that of Theorem 2.1 in [26] for single sequences, one can find
x € &, for which Ax ¢ & . This contradiction implies the
necessity of (AC;).

Now, we use Lemma 7 to show that this convergence is
uniformin s, t. Let

hm,n,j,k (S, t)

Z Z [ ik k] (29)

m#ﬂ p€l,, g€l

and let H(s, t) be the matrix (h,,, ,, j,k(s, t)). It is easy to see that
|H(s, )|l < 2||B| for every s, t; and from condition (AC,)

lrlnnnl By j (s;t) =0 for each j,k,uniformly in s,f. (30)

Forany x € &,

o0 00 0 00
Hm Y Y Ay i (5:8) X5 = Fp-limBx = 3 > ujx
j=lk=1 j=1k=1

(31)
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and the limit exists uniformly in s, t, since Bx € %,.
Moreover, this limit is zero since

00 oo
DD Pk (55 X
j=1k=1 (32)
_ I ER T 2y, Der, (Bpain ]|
Aty
Hence
00 o
ly%lz Z |hm,m’j’k (s, t)| =0 uniformly in s,t.  (33)
j=lk=1
This shows that matrix B = (bp,q) j,k) satisfies condition (AC;).

O

In the following theorem, we characterize the four-
dimensional matrices of type (&, % ,), where

Mg
Mg

L1=1x= (xj,k) : |xj,k' <00, (34)

]
(=

k=0

J
the space of all absolutely convergent double series.

Theorem 9. A matrix B € (£, F ) if and only if it satisfies
the following conditions:

(i) Supm,n,s,t,j,kl(l/Am/"n) Zpe]m quln bp+s,q+t,j,k| < 00,
and the condition (CR,) of Theorem 6 holds.

Proof. Sufficiency. Suppose that conditions (i) and (CR,)
hold. For any double sequence x = (x;) € &, we see that

00 00 o0 00
T b ZZ 2 X bprsqreiiin = 2, D Mk

1 k=1 p€J,, q€l, j=lk=1
(35)

uniformly in s, ¢t and it also converges absolutely. Further-
more,

] 2 ®
A ZZ Z Z pts,gt, kX .k (36)

m‘l/ln j=1k=1p€J, q¢€l,

converges absolutely for each m, n, s, and t. Given € > 0, there
exist j, = j,(e) and k, = k,(¢) such that

> |xj,k' <e (37)

j>Jj. k>k,

By the condition (CR,), we can find m,, n, € N such that

22 |3

J<Jo ksk,

Z Z ps,g+t,jk

Uj | Xji| <00, (38)
m”npe]mqej

for all m > m, and n > n,, uniformly in s, t. Now, by using
the conditions (37), (38), and (CR,), we get

235

> D bpusgrnik ~ Uik | Xk
j=1k=1 mbn Pp€lnqel,
! b (39)
pts,gtt,jk ujk xj,k
Jj<ioksk, mbn pej, gel,
22 2 2 bprerain — i il
J>Jj. k>k, mtunpe] q€l,

forallm > m,, n > n, and uniformly in s, t. Hence (37) holds.

Necessity. Suppose that B € (£, % ,). The condition (CR,)
follows from the fact that E € £, where E = (e“R) with
eU® = 1 for all j, k. To verify the condition (i), we define a
continuous linear functional L, , . ,(x) on Z, by

ZZ Z Z s+t kX ik (40)

Lm,n,s,t (x) -
mt"‘nJ 1k=1 p€J,, q€I,

Now

ILm,n,s,t (x)l < sup Z Z pts,qtt,jik Iy (41)
Jok At p€l, g€l
and hence
”Lm,n,st” < sup Z Z pts.gtt,jik| (42)
jok m npeIm q€l,

For any fixed j, k € N, we define a double sequence x = (x; ;)
by

Xie
sgn < /\ Z Z +s,q+t,j,k> , for (l> e) = (], k) s
mbn pe,, qel,
0, for (i,€) # (j.k).
(43)
Then [x|; = 1, and
1
|L s ()] = 1 Z pr+s,q+t,j,kxj,k
m/’ln Pejm qEIn (44)
1
- A Z Z bp+s,q+t,j,k Il
m‘bln pe]m qEIn
so that
”Lm,n,s,t” Z Sup Z Z g+, jik | ¢ (45)
jk m n p€l, g€l




It follows from (42) and (45) that

”Lm,n,s,t" = sup z Z p+s,qtt,jik| - (46)
Jok Aty P€J,n qel,
Since B € (£, % ,), we have
sup |Lm,n,s,t (x)|
m,n,s,t
(47)
= sup ZZ Z Z prsgrt,jkXjik| < 00

mmst Arnn“n] 1k=1 p€J,, q€l,

n

Hence, by the uniform boundedness principle, we obtain

Sup “Lmnst(x)” - SLIE) f z Z pts.qtt,jik < 00.
m,n,s,t, j, m npe]mqej

(48)

O
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