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We study an initial-boundary problem for a sixth order Cahn-Hilliard type equation, which arises in oil-water-surfactant mixtures.
An existence result for the problem with a concentration dependent diffusional mobility in three space dimensions is presented.

1. Introduction

We consider

u, — div [m (u) (kVAzu +V (—a (1) Au — aT(u)Wulz

ﬁfW0>]=0,

in Qx(0, T), where Q ¢ R® isabounded domain, m(u) = |u|",
n > 1is mobility, k > 0, a(u) = a,u* + ay, and a; > 0, a,
are constants [1]. From the physical consideration, we prefer
to consider a typical case of the volumetric free energy F(u);
that is, F' (u) = f(u), in the following form [1, 2]:

@

(H1) F(u)=(u+1)"(u®+hy) (u—1)>. (2)

Equation (1) is supplemented by the boundary value condi-
tions

Ulyg = Aulyg = Aulyg =0, t>0 3)
and the initial value condition
u(x,0) = ty (). @)

Equation (1) is the sixth order parabolic equation which
describes dynamics of phase transitions in ternary oil-water-
surfactant systems [2]. Here u(x, ) is the scalar order param-
eter which is proportional to the local difference between

oil and water concentrations. Pawlow and Zajaczkowski [2]
proved that the initial-boundary value problem (1)-(4) with
m(u) = 1 admits a unique global smooth solution which
depends continuously on the initial datum. Wang and Liu [3]
proved that the solutions of problem (1)-(4) with m(u) =
1 might not be classical globally. In other words, in some
cases, the classical solutions exist globally, while in some
other cases, such solutions blow up at a finite time. They also
discussed the existence of global attractor. Liu and Wang [4]
considered the optimal control problem for the problem (1)-
(4) with m(u) = 1. They proved the existence of optimal
solution. The optimality system is also established. Since
the mobility depends on the concentration in general, the
equation with nonlinear main part reflects even more exactly
the physical reality comparing to the one with linear main
part. Schimperna and Pawlow [5] studied (1) with viscous
term Au,, m(u) = 1 and logarithmic potential

F(ry=(1-r)log(1-r)+ (1 +r)log(1+7)— &rz,
20

A>0.

They investigated the behavior of the solutions to the sixth
order system as the parameter y tends to 0. The uniqueness
and regularization properties of the solutions have been
discussed. Liu [6] studied the problem (1)-(4) and he proved
the existence of classical solutions for two dimensions and
m(s) € CT**(R), M, < m(s), |m'(s)]* < M,m(s).
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In this paper, we study the problem (1)-(4) with degener-
ate concentration dependent mobility. The main difficulties
for treating the problem are caused by the degeneracy of the
principal part, nonlinearity of the fourth order term, and the
lack of maximum principle. Our method is based on Galerkin
approximation and Simon’s compactness results.

This paper is organized as follows. In Section 2, using
Galerkin approximation, we prove the existence of the weak
solution for positive mobility. In Section 3, we prove the
existence of the weak solution for degenerate case.

2. Existence for Positive Mobilities

In this section, we study the Cahn-Hilliard equation with
a mobility which is bounded away from zero. We prove
existence of weak solutions.

Consider the following sixth order Cahn-Hilliard equa-
tion:

u, = div(m (u) Vo),
@) ©

w = kA *u - a(u) Au— aTIVulz +f(u),

with the boundary conditions

Ulyg = Aulpg = A’ Ulyo =0, t>0 (7)

and the initial value
u(x,0) = ugy (x). (8)

In this section, we assume () is a bounded domain with
Lipschitz boundary and m such that

(i) m(s) € C(R,R") and there is m; > 0 such that m; <
m(s).

Under these assumptions we can state the following
theorem.

Theorem 1. Suppose u, € H*(Q). Then there exists a pair of
functions (u, w) such that

(1) u € L*(0,T; H*(Q)) N C([0, T]; L*(Q)),
(2) u, € L2(0, T; (H'()),

(3) u(0) = u,,

(4) w € L*(0, T; HY(Q)),

which satisfies equation (1) in the following weak sense:
T
[, GOm0y et = - jQT m () VoVEdxd, (9)
for all € € L*(0,T; H(Q)), and
J wddx = kJ Aul¢ dx
Q Q

+ J (—a (1) Au — aT(u)IVuIZ + f(u)) ¢dx,
Q
(10)

forall ¢ € H*(Q), and almost all t € [0, T].
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Proof. To prove the theorem we apply a Galerkin approxima-
tion. Let {¢;},cy be the eigenfunctions of the Laplace operator
with Neumann boundary conditions; that is,

-Adi = A, in O,

V¢, -n=0,

(11)
on 0Q.

The eigenfunction ¢; is orthogonal in the L*(Q), H'(Q),
and H*(Q) scalar product. We normalize the ¢; such that
(¢i»$)12q) = 9. Furthermore we assume without loss of
generality that A, = 0. Now we consider the following
Galerkin ansatz for (6):

N N

Nt =Y O¢x), oV tx)=Yd )¢ ),
i=1 i=1

(12)

J atuN</>jdx = —J m (uN) VwNV(pjdx, j=12,...,N,
Q Q

(13)
J qudex
Q
= kJ AuNAqudx
Q
(14)
+J < —a(uN)AuN
Q
1(, N
_Q(Tu)'qu'z + f (uN)> ¢jdx,
N
ul (0) = Z(uo’ ¢i)L2(Q)¢i- (15)

i=1

This gives an initial value problem for a system of ordinary
differential equations for (¢, ¢, . .., cy):

N N
oy = -y Y Jﬂ m (ZciNgbi> VY dx,
k=1 i=1

ZN
j
=kA CN + a NE CN¢ A CNdx
J7i 0 P i i J%j

N L <_a' (221 CiNﬁbi)

N

ZCiN V¢,

2 i=1

vr(5e)
X (pjdx,

¢ (0) = (40:9;) 2
(16)
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By use of the Peano existence theorem, the initial value
problem has a local solution. Now, we set

N
E(t) = J;) <§(AuN)2 + @Wul\]'z +F (uN)> dx.
17)

In order to derive a priori estimates we differentiate the E(t)
and get

d a (ul
EE(t) J(kAuNAui\r+ (2 )|VuN|2uf]

+a (uN) VuNVuf\’ +f (uN) uf\]> dx

I( N
= J' (kAuNAuf’ - M|VuN|2uf]
Q 2

-a (uN) ANl + f (uN) ui\r> dx

= J wNuf]dx = —J m uN) |VwN|2dx.
Q Q
(18)
This implies
N
J;) <§(AMN)2 + ¢ (Z )|VuN'2 +F (uN)> dx
N N|2
+ JQTm(u )|Vw | dxdt
(19)

N
- <§(A¢%on2+fﬁﬁgﬁﬁthNmnz
Q

F (uN (0)) )dx <C.

The last inequality follows the fact that u, € H*(C).
On the other hand, we have

J |VuN (x, t)|2dx < ej (AuN)de +C(¢) J (uN)de.
Q Q Q
(20)
By the Young inequality
(uN)2 < s(uN)6 +Cy,, (uN)4 < s(uN)6 +Cy.  (21)

Combining the above inequalities and using a(u) = a,u* +a,,
a, > 0yield

ess sup [[u(®)ll e q) < C. (22)

0<t<T

This estimate implies that the (N, ..., C%) are bounded and
therefore a global solution to the initial value problem (6)
exists. By Gagliardo-Nirenberg inequality (noticing that we
consider only the three-dimensional case)

sup lul < C, w22 2 < C. (23)

If we denote by ITy the projection of L*(Q) onto span
1> .. PN, We get

J 3N Ty dx dt

Qr

)
“(], It

U 3N daxc | =
Qr

Vw VI dx dt

1/2
VwN| dx dt>

(24)
1/2
X <I |VTTyo| dx dt>
Qr
2 1/2
< M(J m(uN)|Va)N| dx dt>
Qr
<[Vl 0,y < CIVl20,
for all ¢ € L*(0,T; H'(€)). This implies
o] <C. (25)

L2(0,T3((H ()")

Using compactness results, (Simon [7] and Lions [8]) we
obtain for a subsequence (which we still denote by u™)

u — u, weak” in L® (0, T;H’ (Q)),
u" — u, strongly in C ([0, T; L’ (Q)]) ,
ou” — u, weakly in L* (0, T; (H1 (Q))’) ,  (20)
u — u, strongly in L* (0, T; L (Q)),

a.e. in Q.

It remains to show the convergence of w"
(14) gives

J Ndx
Q

-, <_a(uN) p - @wwﬁ R

; choosing j = 1in

f (uN)> dx.

(27)
By (19) and Poincaré inequality, we obtain

o™
w

L*(0,T:H' () <G (28)

and this implies oV 5w weakly in L2(0, T; H(Q)).



The strong convergence of 4N in C([0,T; L*(Q)]) and
the fact that u™N(0) — u, in L*(Q) give u(0) = u,. By
o — w weakly in L*(0, T; H'(Q)) and 0, — u weakly
in L*(0, T; (HI(Q)),) we can pass limit in (9). Using (22), we
know (—a@™AuY = (@' @™)/2)[Vul > + h(w™)) € L*(Q).
Then we can pass the limit in (10). O

3. Existence for the Degenerate Case

Our approach is to approximate the degenerate problem
by nondegenerate equations. By Theorem 1, we know the
existence of weak solution to the problem

u, = div (m, (u) Vw), in Qr,
w = ktu—a () du— D v + f(u), inQpn
2 (29)
u=Au=Au=0, on 0Q,

u(x,0) =u, (x),

where m, (1) = m(u) + e.
We denote the solution by (u,,w,); from now on we
assume either 9Q € C"! or Q is convex.

Lemma 2. The solution u, belongs to the space L2(0, T; HY(Q))
and VA*u, € L*(Qy).

Proof. Since

J wpdx = kJ Au Ap dx
Q Q

+ JQ <—a (u,) Au, -

+f (u,) ) ¢dx,

Vu > (30)

a’ (u,)
2

forall ¢ € H?*(Q), and almost all ¢ € [0, T], from elliptic
regularity theory, we get u, € L*(0,T; H*(Q)). By Vw €
LZ(QT), (22) and (23), we have

I,
Il

dx dt

v (—a (u,) Au, - @’ () Vi | + b (us))

2

—2a' (u,) Vu,Au, —a(u,) VAu, + 1 (u,) Vu,

a" (u,)

—TVus|Vu€|2 dxdt

Abstract and Applied Analysis
< CH |Vue|2dx dt + C” |Vus|2dx dt
o Qr
+ c” |V Au, |*dx dt
QT

+ C” qus|3dx dt <C.
or
(31

Then we get

@' (u)

2

v (—a (u,) Au, — |Vu,|* + h(ug)) € L*(Q),

(32)

which implies VA*u, € L*(Q;). Therefore, we get

T
J-o (&, at”a>H1,(H1)’dt

— J;) m, (u,) V (kAzu‘E - a(u,) Au,

a' ()

_T|Vu€|2 + h(u£)> VEdxdt

(33)
for all £ € L2(0, T; H' (Q)). O

In the next step we prove the energy estimates.

Lemma 3. There exists an €, such that for all 0 < € < ¢, and
the following estimates hold with a constant C independent of
€

(1)  ess sup J <E|Au£|2 + a(uS)lAu£|2 +F(u£)>dx
a\2 2

0<t<T

+ J m (u,) |V, 'dx dt < C,
Qr

(2) J .|’ dxdt <C, there ], = m, (u,) Vo,
Qr
(34)
Proof. The w, = kAzus + (—a(u,)Au, — (61'(1,t£)/2)|VuE|2 +

f(u,) € L2(0, T; H(Q)) is a valid test function in (33).
Therefore, we obtain

2

+f(u£)) , atu£> dt (35)
H (HY)'

= —J m, (u,) V|w,|*dxdt, for Vt € [0,T].
0

t
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Define functions

t
g, (b %) = % L_htg(r,x)dT, (36)

where we set u,,(t, x) = uy(x) when t < 0. It is easily proved

that

ANug, — Au,, strongly in L* (0, T;H' (Q)) >

a’ (ug,)

(—a () Ay, — Vug|* + (ush))

S ).

strongly in L’ (0, T;H' (Q)) ,

(37)

— (o) s

for at least a subsequence (h — 0). Furthermore we can
show o,u,, — 0J,u, strongly in L*(0,T; (H 1(Q))’). For any
£ e L*(0, T; H'(Q)) we have

|8 Butten = 0ptte) ey, 2 ey |

- % LT <s, f_h(atus(‘r) - atus(t))dr> dt

H(HY

T 0
J <5, J (Qyu, (t +5) — Qu, (1)) dT> dt
0 h

1

" h

1 0
A
h )

< Vel 0

(38)

T
J J VE-(J.(t+s)—J. () dxdt|ds
Q

0

o sup IT.C+9) = O 2,
—h<s<0

Since

sup “] (+9)-J ()"L2 oy — 0

as h — 0, (39)
—h<s<

it follows that

Oy, — O,u,, strongly in L’ (0, T; (Hl),) . (40)

Using d,u,;, € L*(Q) we have for almost all t € [0, T]

¢
J <kA2ush + (—a (tg,) Aug, —
0
+f (ush) ) > atu£h> dt
HYL(HY'

t
= J J (kAzush + (—a (tg) Auy, —
0 Ja

+f (ug,) > ) O,u,dx dt

a (ueh)

|V shl

a (ush)

|v eh|

a (ush)

JIRCE

L <§|Au€h|2 ) + sh) |V Eh| (t) + F (uy, (t))) dx

- J §|Au0|2 . a(;‘o)
Q

|Au £h| +F(ush)>dxdt

(1) dx.
(41)

Pass to the limit h — 0 in the equation, where we apply the
convergence properties of u,. Hence, we get

L (§|Aug|2 42 (2%) Vi) + F (us)) dx

+ J m (u,) |Veo,'dx < C,
Qr

(42)

and (2) follows easily from (1), and this finishes the proof of
Lemma 3. ]

Theorem 4. Let either 9Q € C"' or Q convex and suppose
that u, € H'(Q). Then there exists a pair (u, J) such that

Wu € L¥0,T;H*Q) n L%, T;H*(Q) n
C([0, T]; L*(Q)),

(2) u, € L*(0, T; (H'(Q)),
(3) u(0) =uy Vu-n=0o0n0Q x(0,T),
(4) ] € L*(Qp, R),

which satisfiesu, = =V - ] in L*(0, T; (HI(Q))’); that is,

T
L (O () pp ey dt = LT J - VEdx dt (43)

forall& € L2(0, T; HY(Q)) and

=-m(u)V

. (kAz (1) +<

a' ()
5 ,

(44)



in the following weak sense:

J, 7

= L [kAqu ~(m@w)n)-m@)Vv (45)

X (—a (1) Au ~ aT(u)IVuIZ + f(u)> : '7] >

forally € L*(0, T; H' (Q, R*))NL®(Qy, R?) which fulfilly-n =
00noQ x (0,T).

Proof. From Lemma 2, we get
||”e||L2(o,T;H4(Q)) <C. (46)

Now we apply the compactness result [7] with X = H*(Q),
Y = H(@Q = HYQ),H Q). and Z = (H'(Q) to
conclude the existence of a subsequence of (1), such that

— u, strongly in L* (Qg),

us
Vu, — Vu, strongly in L* (Qy),
(47)
VAu, — VAu, strongly in L* (Qy),

D*u, — D’u, strongly in L* (Qy).

Furthermore using standard compactness properties we
obtain the convergence

du, — Ou  weakly in L’ (0, T; (H1 (Q))’) ,
A*u, — A*u  weakly in L* (Qy), (48)
J. — ] weakly in L* (Q).

It remains to show that u fulfills the limit equation. The weak
convergence of d,u, and J, gives in the limit

T
L €W, u () i ypydt = LT J-VEdxdt  (49)

for all &€ € L*0,T;H'(Q)). Now we have identified J.
Therefore, we want to pass to the limit in

J ]srl
Qr

- jQT m, () V

X [kAzus

+ (—a (1,) Au, — (i) |Vue | + f (us))] 7,

2
(50)
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where 7 € L*(0, T; H' (Q, R*)) N L™(Qy, R*) with -1 = 0 on
0Q x (0, T) and the left hand side converges to _[Q,, J - . Since

VA*u, may not have a limit in L*(Q;), we integrate the first
term on the right hand side of (50) by parts to get

k j m, (u,) VA®u, - ndxdt
Qr
= -k J Nu,m, (u,) Vi dxdt (51)
Qr

- kJ Azusm; (u)Vu, -ndxdt =1+11.
QT
It is easily proved that m,(1,) — m(u) uniformly. Hence, we
have
m, (u,) — m (u)

a.e. in Q. (52)

Since A*u, — A*uweaklyin L*(Q;) and m, (1) is uniformly
bounded, we conclude

k J Nu,m, (u,) Vydxdt — k J A*u (m (u) Vi) dx dt,
Qrp Qr
as ¢ — 0.
(53)

Now we pass to the limit in II. We consider the casen > 1. As

for m(u), we have m;(ug) — m' () uniformly, which gives
m, (u,) — m' (u), aein Q. (54)

By using

in L* (Qy),

Vu, — Vu, and a.e. in Q, (55)

and the fact that m::(ug) is uniformly bounded, a generalized
version of the Lebesgue convergence theorem yields

m. (u,) Vi, — m' () Vu, in L* (Qy). (56)
Hence
k J Azusm; (u) Vu, -ndxdt
Qr
(57)
— k J Aum' (u) Vu - ndxdt,
Qr

where we use the fact that 7 € L™ (Q).
To complete the proof of Theorem 4 we have to show

L m, (u.) V (—a (u,) Au, — @W”Jz + f(”s))

T

-ndxdt

a' (u)
2

-, J m(u)V(—a(u) Au - |Vu|2+f(u)>
Qr

-ndxdt.
(58)
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In fact, we have
a’ (us) 2
V| -a (us) Aus - Tlvusl + f (us)
a" (u,)
2

= —a' (u,) VuAu, —a(u,) VAu, - Vit |Vus, |
-a (us) (Vus : V) Vu, + f, (us) :
(59)

On the other hand, we know
m, (u,) — m(u), uniformly,

Vu, — Vu strongly in L* (Qy),
(60)
VAu, — VAu strongly in L* (Qy),

D*u, — D’u  strongly in L* (Qy).

Hence, when ¢ — 0, the right hand side of the inequality
tends to zero. Similarly, we can pass to the limit, and this
finishes the proof of Theorem 4. O
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