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This paper shows some properties of dual split quaternion numbers and expressions of power series in dual split quaternions and
provides differential operators in dual split quaternions and a dual split regular function on Q ¢ C* x C? that has a dual split

Cauchy-Riemann system in dual split quaternions.

1. Introduction

Hamilton introduced quaternions, extending complex num-
bers to higher spatial dimensions in differential geometry (see
[1]). A set of quaternions can be represented as

H={z=xy+xji+xj+xk:x,€R, m=0,1,2,3},

)

where i* = j* = k* = 1, ijk = —1, and R denotes the set of
real numbers. Cockle [2] introduced a set of split quaternions
as

S ={z =xy+x,8, + X6, + X35 : x,, € R, m=0,1,2,3},

)

where ¢ = -1, ¢, = ¢ = 1,and eje;e; = 1. A
set of split quaternions is noncommutative and contains
zero divisors, nilpotent elements, and nontrivial idempotents
(see [3, 4]). Previous studies have examined the geometric
and physical applications of split quaternions, which are
required in solving split quaternionic equations (see [5, 6]).
Inoguchi [7] reformulated the Gauss-Codazzi equations in
forms consistent with the theory of integrable systems in the
Minkowski 3-space for split quaternion numbers.

A dual quaternion can be represented in a form reflect-
ing an ordinary quaternion and a dual symbol. Because

dual-quaternion algebra is constructed from real eight-
dimensional vector spaces and an ordered pair of quater-
nions, dual quaternions are used in computer vision appli-
cations. Kenwright [8] provided the characteristics of dual
quaternions, and Pennestri and Stefanelli [9] examined some
properties by using dual quaternions. Son [10, 11] offered
an extension problem for solutions of partial differential
equations and generalized solutions for the Riesz system. By
using properties of Hamilton operators, Kula and Yayli [4]
defined dual split quaternions and gave some properties of
the screw motion in the Minkowski 3-space, showing that 7
has a rotation with unit split quaternions in # and a scalar
product that allows it to be identified with the semi-Euclidean
space for split quaternion numbers.

It was shown (see [12, 13]) that any complex-valued har-
monic function f; in a pseudoconvex domain D of C* x C?,
C being the set of complex numbers, has a conjugate function
f> in D such that the quaternion-valued function f; + f,j is
hyperholomorphic in D and gave a regeneration theorem in a
quaternion analysis in view of complex and Clifford analysis.
In addition, we [14, 15] provided a new expression of the
quaternionic basis and a regular function on reduced quater-
nions by associating hypercomplex numbers e; and e,. We
[16] investigated the existence of hyperconjugate harmonic
functions of an octonion number system, and we [17, 18]
obtained some regular functions with values in dual quater-
nions and researched an extension problem for properties
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of regular functions with values in dual quaternions and some
applications for such problems.

This paper provides a regular function and some prop-
erties of differential operators in dual split quaternions. In
addition, we research some equivalent conditions for Cauchy-
Riemann systems and expressions of power series in dual split
quaternions from the definition of dual split regular on an
open set ) ¢ C* x C?,

2. Preliminaries

A dual number A has the form a + ¢b, where a and b are real
numbers and ¢ is a dual symbol subject to the rules

£#+0, 0e=¢0=0, le=¢l =¢, & =0, (3)
and a split quaternion g € & is an expression of the form
q = Xy + x1€; + X,e, + X363, (4)

where x,, € R (m = 0,1,2,3) and e, (r = 1,2,3) are split
quaternionic units satisfying noncommutative multiplication
rules (for split quaternions, see [1]):

€263 = —€36; = €, ©)

ese; = —ee; = e,.
Similarly, a dual split quaternion z can be written as

D(S)={zlz=py+ep, p,eS, r=0,1}, (6)
which has elements of the following form:

z = {(xg + x,8)) + (x5 + x3¢,) €y}

+e{(yo+y1e1) + (02 + yse1) €} )

= (20 + z16,) + £ (2, + 238,)

= Po + €p1s

where p, = z, + z,e, and p, = z, + z;e, are split quaternion
components, Z, = Xy + X1}, Z; = X, + X361, 2, = Yy + V1€),
and z; = y, + y;e, are usual complex numbers, and x,,, y,,, €
R (m = 0,1,2,3). The multiplication of split quaternionic
units with a dual symbol is commutative ce, = e.e (r =
1,2, 3). However, by properties of split quaternionic unit,

Zie, = €2y (k =0,1,2,3, r=0, 1),
ze, =¢z; (k=0,1,2,3, r=2,3), (8)
€ Pi# Prep €Dk = Puner (r=12,3,k=0,1),
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where

Po1) = %0 — 216y = Xp T X161 — X8y — X363,
P2) = %0 T 2185 = X — Xq€1 T X8 — X363,
P(o3) = %0 — 2163 = X — X1€] — X8 + X363,
)
Pa1) =22 — 236, = Yo t Y161 — )26, ~ Y363,
Paz) = 22 T 236, = Yo — Y161 + )16, — Ys€s,
Pas) = 22 — 236, = Yo — V1€ ~ )€ t+ Y363,
Kith Zy = Xg — X1€), 2] = X; — X3€1, 2, = Yo ~ Y1€p, and
z3 = ¥, — y3e,. For instance,
eypo = € (X9 + X18) + Xye) + x363)
= (xg = x18) + x50, — X3€3) &) = Po2)€2>
(10)
eipr = e (Yo + 1€ + 28, + y3e3)
= (Vo + 3181 — 126, — y363) € = Panes-
Because of the properties of the eight-unit equality, the addi-
tion and subtraction of dual split quaternions are governed

by the rules of ordinary algebra. Here the symbol p,, is used
by just enumerating r and k, not r times k. For example,

P2y # Py and py; = py.
For any two elements z = p, + ep, and w = ¢, + &q,

of D(S), where q, = Y>_;s,e, and g, = Y._, t,e, are split

r=0"r
quaternion components and s,,¢, € R (r = 0,1,2,3), their

noncommutative product is given by

zw = (po +epy) (qo + €41) = Podo + € (Pody + P10) - -
11

The conjugation z* of z and the corresponding modulus zz*
in D(&) are defined by

z" = py +ep;,
22" = 2"z = popy +e(popy + P1Dy)

= (2070 - 2121) + 2¢ (207, - 21%3) (12)
: 2 2
= Z {(xr - xr+2) té (xryr - xr+2yr+2)} >
r=0

where p; =z, — z\e, and p; =z, — zze,.

Lemmal. Forallz € D(8)andn € N := {1,2,3,...}, we
have
n
2= ph+e) py pipy (13)
k=1
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Proof. It n = 1, then (13) is trivial. Now suppose that this
holds for some #n € N. Then, as desired,

n
n+l n n n—k k-1
7" =2z =Z<po+sZpo PiDy )
k=1

=py e i pipy "t +epipp (14)
k=1

n+l

n+1 n+l-k k-1
=py t 8Z:Po bipby -
k=1

By the principle of mathematical induction, (13) holds for all
neN. O

Let Q be an open subset of C* x C*. Then the function
f:Q — D(8) can be expressed as

f@ = f(pop1) = fo (P> 1) +&fy (Pos 1) » (15)

where the component functions f, : Q@ — & (r = 0,1) are
split quaternionic-valued functions. The component func-
tions f, (r =0,1) are

fo (Po» 1) = fo (20,21, 22, 25)

= 9o (20 21522, 23) + 91 (20> 215 225 23) €55

(16)
fi (Po> 1) = f1 (20521525, 23)
= 9, (20, 21,22, 23) + 95 (20, 21,22, 23) €3,
where g, = uy + Uy e (K = 0,1) and g = vy 4 +

Vor_s€, (k = 2,3) are complex-valued functions, and u, and
v, (r =0,1,2,3) are real-valued functions.

Now, we let differential operators D, and D, be defined
on P(&) as

Dl = D(ll) + 8D(12>, D2 = D(Zl) + 8D(22). (17)

Then the conjugate operators D; and D, are

Dy =Dy + €Dy, D, =D, + €D,y (18)

where
0 0 1( 0 0 0
(11)=—+—_ez=—<———el+—e2+—e3>,
0z, 0z, 2\0x, 0x, 0x, 0x;
D —i+ie —l<i—ie +ie +ie>
D7 0z, "0z, ¢ 2\dy, Oy | Oy, 0 Oy )
0 10

=—+-—e
@7 5z, 20z, °

BRI

= +-—e———e
2\0x, 0x, ' 20x, > 20x; °

3
_9, 19,
@D 9z, 20z, *
_l<i_ie+lie_lie>
S 2\0y, 9y 20y, ¢ 20y )]
(19)
D’ _i_ie_l<i+ie_ie_ie>
)= 9z, 0z, © 2\0x, 0x, ' 0x, > Ox; /)’
D* —i_ie—l(i.l_ie_ie_ie)
Woom omt 2\ow oy oyt oy )
. 0o 10
Dy = a_z_o - za_zlez
_l<i+ie_lie+lie>
“2\0x, 0x, ' 20x, > 20x; )
. 0o 10
D) = 6_2_2 - 56_2382
_l<i+ie_lie+lie>
S 2\dy, 9y | 20y, ° 20y °
(20)

act on D(8). These operators are called corresponding
Cauchy-Riemann operators in (&), where 0/dz, and
0/0z, (r = 0,1,2,3) are usual differential operators used in
the complex analysis.

Remark 2. From the definition of differential operators on
D(S),

D.f= (D(rl) + SD(rz)) (fo+¢f1)
= D(n)fo +é€ (D(rl)fl + D(r2)f0)’
D:f = (DEkrl) + SDZ‘rZ)) (f() + Sfl)

= D:n)fo +é& (D(*n)f1 + D:rZ)fo))

(21)

wherer = 1, 2.

Definition 3. Let Q be an open set in C* x C2. A function f =
fo + €fq is called an L, (resp., R, )-regular function (r = 1,2)
on Q if the following two conditions are satisfied:

(i) fi (k = 0,1) are continuously differential functions
on (, and

(ii) D; f(z) = 0 (resp., f(z)D; =0)on Q (r = 1,2).

In particular, the equation D] f(z) = 0 of Definition 3 is
equivalent to

Dy fo =0, Dy fo + Dy fi = 0. (22)
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In addition, Then,
90 99 _ 99 99 _, 99 _ 199 _ 91 199 _
0z, 0z, 0z, 0z; 0z, 20z 0z, 20z
0g, 09y 93 g _ 03 39, 09y 199, 193, _ 26)
0z, 0z, 0z, 0z 0z, 0z, 20z; 20z,
dg; 991 9GO _, 995 , 991 109, 1990 _,
dz, 0z, 0z, 0z, 0z, 0z, 20z, 20z
Concretely, the following system is obtained Concretely, the following system is obtained:
0 0 1ou, 10
0x, 0x, 0x, O0x3 0 ! 2 3
o, By Doy D, AE TRt oAt
0x, 0x, 0x3 0x, 0 ! 3 2
0 0 10 10
uy [ Jty Oy Oy _, il e Tt el
ox, O0x, 0x, O0x3 0 ! 2 3
) 0
oy oy g D _ RS S e+
Ox, 0x, 0x, 0x, 0 ! 3 2
Ou, Ou; 10u, 10u; v,
Qug _ Ouy _ Ouy _Ous v o, o 20y, 29y, o,
9y Oy 9y, Ody; 0x
o 1 av2 10v;
—%—%—%=, S ox, 20x, 28x3_’
0x; 0x, 0x; 27)
ou, Ou, Ou, Ou. 0 (29 Quy  Oup 10w, 10u;  Ov,
dh (T T  TH  IN 3o Oy 20y, 20y, | ox
9, Oy dys 0y, 0x
Ovg 10v, 10v; _
+% o R 0, ox, 20x; 20x,
0x; O0x; 0x,
10 0
Ouy _Qu _duy 9w Ov, o ot
dy, Oy, Oy, Oy  0x, Yo V1 o%) V3 0
ov; 10y, 10v
ovy  0v, O, 2ty -—Ll=y,
B R R ) 20 20
Ox; 0x, 0x, 1 2 *
0 0 10 10
Dy Ouy_duy |y O, ot oy 2y 20y
9y Oy dys 0Oy 90X
ov, 0v, 0w 9 81/2 + 19v + = Lon =0.
+——-—+-—=0. ox, Bxl 20x, 20x,
0x; 0x; 0x,

The above systems (23) and (24) are corresponding Cauchy-
Riemann systems in 2 (). Similarly, the equation D] f(z) =
0 of Definition 3 is equivalent to

D(*u)fo =0,

D(y) fo + Dy f1 = 0.

The above systems (26) and (27) are corresponding Cauchy-

Riemann systems in ().
On the other hand, the equation f(z)D] = 0 of

Definition 3 is equivalent to

(25)

foD(*u) =0,

fo (12)

=-fiD (28)

11)
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Then,
9 _,9 9 _,9
gOaZ—O_glazl’ glazo_g()az—l’
I R TOURE B
g()az—z 9 823 - gZaZ—O g3azl’
9 L0 9,9
glazz gOaZ - g3azo glaz—l’
where
0 agk 0 agk
o —) = = = > =V, 1) 2) .
I FEail I FER (k,m=0 3)
(30)
Concretely, the following system is obtained:
Juy  Oduy _ Juy N Ou, Ju;  Ouy _ Oup  Ous
0x, 0x, 0x, O0x; Ox, O0x,  0x3 0x,
Qup  Qus Oy 0wy 0wy 0wy O | Oy
Ox, 0x, 0x, 0x; Ox, 0x; 0x; 0x,

Ou, Ou; Ou, Ou, v, N ov, Ov, Ov,
Yy Oy 9y, Oy 0xg  Ox; 0x; 0x;

Quy Oy Ouy Ous O Ov v, Ovs

o Oy Oy; Oy 0xy  0x a_x3 ox,’

Ouy , Ous _ Ottg | Oy _

Wy Oy 0y, Oy 0xg Ox; 0x; 0x;

O v O 0w

Ju; Odu, Ouy Ouy _ 0v; % % %
Yy Oy Oy; Oy Oxg 0x; Ox3 0x;

(31)
Similarly, the equation f(z)D; = 0 of Definition3 is
equivalent to

fOD(*Zl) =0, foD(*zz) = _f1D(*21)- (32)
Then,
o _1 0 o _1 90
gOaZ—O - zglaz—l’ glazo - zg()azl’
o 1,0 010
gOaZ—2 zglaz - gZBZ—O 29382_1;
9 1 0 _ 0 1 0
9 0z, 2% 0z; gs 0z, 27 oz,
where
0 g 0 99
—_— = —> —_— = = kkm=0,1,2,3).
U3 ", %5z, e, M )
(34)

5
Concretely, the system is obtained as follows:
Ouy, Ou; 10u, 10u
St R e e R )
0x, Ox; 20x, 20x,
ou; Ou, 1ou, 10u,
L D2 -,
Ox, Ox; 20x; 20x,
Ou, Ouz 10u, 10u _o
0x, 0x, 20x, 20x3
Oou; Ou, 10u, 10y
2,2 ___1._,
Ox, Ox; 20x; 20x,
Ouy 0wy 10w,  10u;  Ov,
9y Oy 20y, 20y; 0x
_avl_l%_f_l%:o’
Ox; 20x, 20x;
(35)
Ouy Oy 10w, 10u;  ov
Oyo Oy1 20y; 20y, 0%
O 10w 10v
0x, 20x, 20x,
Ouy , Ous 10y 10w,  0v
9y Oy 20y, 20y; 0x
GO _Lov lov o
Ox;, 20x, 20x;
Ju; Odu, 10u, 10u . 0vy
9y Oyr 20y; 20y, 0x
_On _low _low
0x, 20x, 20x,

From the systems (24), (27), (31), and (35), the equations
D! f(z) = 0and f(z)D; = 0(r = 1,2) are different.
Therefore, the equations D; f(z) = 0 and f(z)D; = 0 (r =
1,2) should be distinguished as L,-regular functions (r =
1,2) and R,-regular functions (r = 1,2) on (), respectively.
Now the properties of the L ,-regular function (r = 1,2) with
values in 2(&) are considered.

3. Properties of L -Regular Functions (r = 1,2)
with Values in 9(&§)

We consider properties of a L,-regular functions (r = 1,2)
with values in 2(&).

Theorem 4. Let Q be an open set in C* x C* and let f =

fo+ efi = (go+g162) +€(g, + gse,) be an L, -regular function
defined on Q). Then



Proof. By the system (23), we have

D,f=Dgyfote (D(IZ)fO + D(ll)fl)

=<%+E)+<%+@)e
9z, 0z, oz, 0z,) °
H(ago E+%+@>
0z, 0z, 0z, 0z,
+s<ag1+a_ff_+%+@>e
0z, 0z; 0z, 0z;) °

(o, 2n e, 9

0z, ox, ox ' oz
dg, duy ou, a%>
i (az0 " ax1 ax, 1 oz )&

5] 99,
+s< go+% ity 91

0z, 0dy, Oy 1+8z3

dg, O0v, 0v, a%>
Yoz Tax, ox T oz

dg, Ou; Ou, 99,
i €<az Yo o o (37)

0z, 0x, o0x, ' 0z,

ou, Ou, 8%)
= — — — 2
<ax1 ax, 1 oz

ous  du, a%>
7327 220
" <ax1 ax, 1T 0z )%

e ( ou, auoe g,

+% . ov;  0v, a@)ez

9 oy ! 0z

axl ox, ' "oz

(a_a_ 2%
om a)’l 0z,

avl v, 0G5 )

61/3 avze + 2E>e
2

d d d 0
le—{2<a—z_l+sa—z_3>ez—<a—xl+sa—yl>el}f. (38[)]
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Theorem 5. Let Q be an open set in C*xC* and f = fy+ef, =

(9o + 91€,) +€(g, + gse,) be an L,-regular function defined on
Q. Then

o= o
2J = \5z, "9, ) 2 \ox,

Proof. By the system (26), we have
D, f = Dgy fo + € (Dgay fo + Diany f1)

+eaiyl)e1}f- (39)

=(%+1%>+(%+1%)e
Jz, 20z, Jz, 20z
g<%+1E+%+1@)
0z, 20z; 0z, 20z
5<%+1@+%+1@)
0z, 20z; 0z, 20z
_(%+%_% 1991)
“\oz, Tox, ox, T 20z

+<%+%_% +1ago)e

0z, 0x, Ox, ' 20z,
+8@% GO0, 109,
0z, Oy, Oy 2 0z,
ag2 ov, 0y, 1 a%>
azo i 0x; O0x “at 0z,
e (afh f O 0w, 105
0z, Oy, Oy, ' 20z (40)

+a_9_3+%_%61+1%>e
0z, Ox; Oxy 2 0z,

_ (au1 ouy @)

ox, 0x, ' 0z
Ou;  Ou, a%>
" (ax1 ox, 1 3z, )%
. (% _ o, %
g o 0z5

2 M, E)
axl ox, ' 0z

e (% _%, %
% a}’l 0z,

81/3 v, a@>
Tox, ox, 152, )

A ean) e (6o e ol
\oz, 0z, ) * \ox, oy, ) M

Therefore, we obtain the following equation:

d d d d
szz{<a—z1 +Sa—z3>ez—(a—xl +sa_yl>el}f- (41)
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Proposition 6. From properties of differential operators, the
following equations are obtained:
D(lr)Pr—l = 2’ D(2r)Pr—1 = 1’

Dy pr1 = -1, D,y pr1 =0,
D:lr)P:—l =2, D:Zr)p:—l =1
Dgypr = Dy Py = Dy Py = Dy Py

= D) Py = DiyayPo = Dipay Po

=D{,p; =0 (r=12).

Proof. By properties of the power of dual split quaternions
and derivatives on 2(8), the following derivatives are
obtained:

D _l<i_ie+ie+ie)
(11)Po—2 Ox, 0x, ' 0x, ° 0x; °

X (X9 + x1€; + X585 + X3€3) = 2,

D* p_l<i+ie—lie +lie)
R T2 \oy T 29, 0 20 ) ()
x (yo + 3181 + y,€, + y3€3) = 0,
Dot =L (2 - Ler Les L)
anPo =5 Ox, 0x, ' 0x, ° 0x; °

X (xg — x1€; — X585 — X3€3) = —L.

The other equations are calculated using a similar method,
and the above equations are obtained. O

Theorem 7. Let Q) be an open set in C* x C* and let f(z) bea
function on Q with values in D(8). Then the power 2" of z in
D(8) is not an L, -regular function but an L,-regular function
on Q, wheren € N.

Proof. From the definition of the L,-regular function (r =
1,2) on Q and Proposition 6, we may consider whether the
power 2" of z in D(&) satisfies the equation D;z" = 0 (r =
1,2). Since Dz‘n)po =2,

n
% % % —k f—1
Diz" = (D(u) + eD(lZ)) <Pg + eng P1Po )
k=1

n

* * —k fe—1 *

= D(11)Pg té <ZD(11)P3 PPy t D(12)p3> #0.
k=1

(44)

Hence, the power z" of z is not L -regular on Q. On the other
hand, from the equations in Proposition 6, we have D, p, =
0, D(yyyp1 = 0,and Dy py = 0. Then,

n
* * * —k k-1 *
D;z" = D(21)Pg +é (ZD(znPS ppy t D(zz)PS) =0.
k=1

(45)

Therefore, by the definition of the L,-regular function (r =
1,2) on Q, a power 2" of z is L,-regular on Q. O
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