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Tu Guizhang and Xu Baozhi once introduced an isospectral problem by a loop algebra with degree being A, for which an integrable
hierarchy of evolution equations (called the TX hierarchy) was derived under the frame of zero curvature equations. In the paper,
we present aloop algebra whose degrees are 21 and 21 + 1 to simply represent the above isospectral matrix and easily derive the TX
hierarchy. Specially, through enlarging the loop algebra with 3 dimensions to 6 dimensions, we generate a new integrable coupling
of the TX hierarchy and its corresponding Hamiltonian structure.

1. Introduction

Since the theory on integrable couplings was proposed [1, 2],
some integrable couplings and properties were obtained, such
as the results in [3-10]. Tu and Xu [11] employed loop algebra
which is subalgebra of the loop algebra A, with degree being
A to obtain an integrable hierarchy, which is called by us the
TX hierarchy, and its corresponding Hamiltonian structure.
In the paper, we would like to extend the loop algebra with
3 dimensions into enlarged loop algebra with 6 dimensions
so that an integrable coupling of the TX hierarchy can be
derived, the Hamiltonian structure of which is also produced
by making use of the variational identity [5].

In paper [7], the Lie algebra was once presented as follows:

= {91 96} > )

where

0
h
0 h 0 e
9a = (o 0)’ gs=<0 0>’

along with commutative relations as follows:

(91921 =292 91931 =295 [92:95] = 90>
(91,941 =0, [91.951 =295, [91:96] = 296
[92>g4] —29s, [92’95] =0 [92’96] =94

(95> 94] = 296> (95 95] = ~9u>

[95: 96] = (94> 95] = [94> 6] = (95> 96] = 0, o

where

() () (Y e

form subalgebra of the Lie algebra A, denoted by A, again;

that is, A; = {h,e, f}. The corresponding loop algebra of G

was given by

G={g,(n),....g9s M)}, gi(n)=gA\", i=12,...,6.
(5)

Through the G some integrable couplings were obtained,
and some exact solutions of the reduced equations were also
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produced. In the paper, by redefining the degrees of the Lie
algebra G, we give the following loop algebra:

G=1{g,(n),....,gs M}, (6)
where
g =g A" gy (m) = g, A",
g () = g A7, -
9s () = g A", g5 (n) = gAY,
s () = g™

The commutative relations read that
(9, (m), g, )] =29, (m +n),
)95 (m)] = —2g5 (m +n),
g2(m),gs(m)] =g, (m+n+1),
91 (m), g, (n)
91 (m),gs(n)] =295 (m+n),
g1 (m), gs (n)] = -2g5 (m +n),
-2g5 (m+n), (8)
9, (m), gs (n)

g, (m),gs(n)| =g,(m+n+1),

g3 (m), g, ()] = 2g¢ (m +n),

—-g,(m+n+1),

[9: ]
[ ]=
[ ]=
[ ]=
[ ]=
(9, (M), g, ()] =
[ ]=
[ ]
[ ]
[95 (M), g5 ()] =
95 ]=

(m), ge (n) [!]4 (m), gs (”)]

= [g4 (m), gs ()] = [g5 (M), g ()] =

2. The TX Hierarchy and Its
Integrable Coupling

In the section, we want to investigate the TX hierarchy and
its integrable coupling by employing the loop algebra G under
the frame of zero curvature equations. Then through the trace
identity proposed by Tu [12] and the variational identity [5],
we derive the Hamiltonian structure of the TX hierarchy
and the Hamiltonian structure of the integrable coupling,
respectively.

Obviously, the Lie algebra A, = {h,e, f} is isomorphic
to the subalgebra G, of the Lie algebra G, where G, =
{915 92> g}, that s,

A =G, 9)

The resulting loop algebra A 1 = {h(n),e(n), f(n)} is also
isomorphic to G, = {g:(n), g,(n), g;(n)}, where

h(n)=hA*",  em)=eX™,  f(n)=fA"", (10)
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equipped with
[h(m),e(n)] =2e(m+n),
[h(m), f (m)] = -2f (m+n), (11)
[e (m), f (m)]

Based on the above fact, the isospectral matrix presented in
[11] can be written as

2
U:</\ +w  Au

=hm+n+1).

w> =h(1)+ue(0)+vf(0), (12)

v =A% -
or
U=91(1) +ug, (0) +vg; (0). (13)
Set
V= ZO (Vih (=m) + Vyye (=m) + V, f (=), (14
or

V= Z (Vigy (=m) + Vg, (=m) + V3,95 (-m)) . (15)

m=0

It is easy to check that the stationary zero curvature equations

Z( lmxh( m)+V2mxe( m)+V3mxf( m))

m=0

= I:h(1)+ue(0)+vf(0),

Z (Vi (=m) + Ve (-m) + Vs, f (Om)):| ,

m=0

Z (Vlm,xgl (_m) + V2m,xgz (_m) + V3m,xg3 (_m))

m=0

(16)

= [91 (1) + ug, (0) + vg; (0),

Z (Vimg1 (=m) + Vo, g, (=m) + V3, g5 (—m))]
m=0

have the same solutions for V. That is, starting from (16),
we can derive all of the following recursion relations among
V,, (i=1,23):

Vimx = Wamir = Womens
V2m,x = 2V2,m+1 + 21“”‘/2;41 - 2u‘/lm’ (17)
V3m,x = _2V3,m+1 - 2wv3m + 21/Vlm’
which is equivalent to
1
V2,m+1 = EVZm,x - wVZm + uVlm’
1
V3,m+1 = _5V3m,x - wv3m + VVIm’ (18)
1
Vimx = —EuV3m)x - EVVZm,x —uwVy, + vwV,,,.
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Given some initial values V,, = a, V,y = V3, = 0, (18)

admits some explicit solutions as follows:

«
Vy1 = au, Vi =av, Vi = —zuv,

[0 x 5
Vy,p = —u, —awu— —uv,
2 2
[0 x 2
Vi =—=v,—awv—- —uv,
’ 2 2

[0 3a 22
Vig == (uv, —uv) + auvw + —u™v,
’ 4 8

04 x 9
Vi, =—=v, —awv— —uv,
’ 2 2
[0 3a 2 2
Vi == (uv, —uw) + auvw + —uv’,
1,1 X X
4 8
o’ « 3a
Vys = Zuxx - awu,, — Euwx - Euuxv

2 x 2 3a 3 5
+(xwu+5u wv+§uv,

V. o o 3
==V, +—-vw, +ocwv, + —uUvy
3,3 4 XX 2 X X 4 X

3a 3a
+ OCLUZV + 7v2uw + §M2V3, e

Denoting

n

(19)

VO = 3 (Vb (-m) + Ve (-m) + Vs, f (-m)) A™,

m=0

we can obtain that

_V;En) + [U’ V(n)] = (Wapn = uVs,11) g1 (0)
= 2V5,19, (0) +2V3,,,,95 (0).

Thus, the compatibility condition of the Lax pair

v, =Uy, y,=V"y

gives rise to

_ w uVS,n+1 - VVZ,n+1 Vln,x
u =\ul = 2V) i1 =l 2V |»
v/, —2V3 11 “2V3 1

and we call (23) the TX hierarchy.
When #n = 2, o = 4, (23) reduces to

2
Wy = UV, — Uy, v+ 3un, v
2
+ 3vv,u” + 4(uwvw),,
u, = 2u,, — 8wu,, — 4uw, — 6uu,V
2 2 32
+ 8w u+4uwy+3uv,
vy = =2v,, — 4vw, — 8wv, — 6uvy,
2 2 2.3
= 8wy - 12viuw - 3u"v’,

which is called the TX equation.

(20)

(21)

(22)

(23)

(24)

In what follows, we discuss the Hamiltonian structure of
the TX hierarchy (23) by using the loop algebra A ,. Equation
(14) can be written as

(VA
v-(w, ) &
where V; =Y (A", i=1,2,3.

A direct calculation gives that

oUu ou\ .,
\/a_ 2V) ‘/)_ AV:
< aw> ! < au> ’

<V, ?3_3\] = 4AV] + WV, + AuVi.

Substituting these consequences into the trace identity yields

ou\ .,
‘/)_ A'V)
< aV> ?

(26)

A%V,
A%V,
2V,

% (4AV] + WV, + AuVy) = </\‘V %M) (27)

Comparing the coeflicients of A7 in (27), we have

1) L
50 (4V1,n+1 +Wo i t ”V3,n+1) =(-2n+y) Vot |-
u 2V,
(28)

By the previous initial values, we see that y = 1. Thus, we get

Vi + W UV,

<V3,n+1 8Hn+1
V2,n+1 = T o~ Hn+1 =
W, ou -2n+1
(29)
Therefore, the TX hierarchy (23) can be written as
w Vi 2 0 0\ /2V,
=\ u )] = 2Voun |={0 0 2 )( V5,
v/, —2V3 1 0-20 Vo
(30)

In order to derive the integrable coupling of the TX hierarchy,
we introduce the following Lax matrices:

U = g, (1) + wg, (0) + ug, (0) + vg; (0)
+ pg4 (0) + 995 (0) + rgg (0),

6
V=) ( Vindi <—m)).
1

m=0 \i=

(31)

According to the Tu scheme [12], the stationary zero curva-
ture equation

V., =[U,V], (32)



leads to the following recursion relations:

Vimx = Wemit = Wi +qVs i1 = Vo it

V-

5m,x

Vemx = =2V mi1 — 2WVe, + 20V, = 2PV + 2rV,

=2V

5m+

L+ 2wVs,, —2uV,,, +2pV,, —2qV,,,, (33)

plus (17), which are equivalent to

1
VS,m+1 = EVSVH,X - wVSm + uV4m - pVZm + qVIm’

1
V6,m+1 = _Evﬁm,x - wVGm + VV4m - pV3m + erm’ (34)
1

1 1 1
V4m,x = _Euvﬁm,x - EVVSm,x - quSm,x - ErVZm,x

—uwVg, + vwVs, — (up + qw) Vs, + (vp + rw) V,,,,,

plus (18).

Ifweset Vig=a, Vg = Vi =V,0=V55 =V =0,
which are the initial values, then we have from (18) and (34)
that

o
Vi = - (ur +qv),
(04 X 5
Vs, = qu - awq — Eu r —aquv — apu,
Ve, = (xr awr (xuvr “ v — apy (xuvr
62 = 5T > Zq P S WV

o
Vip = 1 (yre —uer +qve = q,v) + aqrw

2

3a
+ arwv + auvp + ” (u vr+ uqu) ,

2

[0 [e4 [0 [0
V5,3 = qux - owq, — waq - Z(u r)x - E(quv)x

« « "
- E(pu)x +aw’q - Euzrw + 2qwpu + Zuzrx

o o
- —UUr — —q,uv + 3aquvw + auvrw
47 4

2 3a /3 2.2
foau'vp+ — (Wvr +u'v
I 4( q)

2

il pv+ Zquv, - Squu +3oc ulv
Py Squve = gVl mmqu v,

~Zpu, +
2Pty

o« « « &y 5
Vs = 2l + awr, + SWiT + Z(”W)x + Z(qv )x
a a 3

+ z(pv)x + Z(”W)x + aw’r + 2awuvr + quvz

(4% 2
+ 2awpv + Z (uvrx — UV +qVv, — q,V )

2 2
+arwv +aouv p

Abstract and Applied Analysis

+3—“uv3+gv+§uv2+gruv
4 M 2Px 2P g Wx

[0 9« 2 2
- UV —UVT,....
4 8

(35)
Denoting

n 6
D) <ZVimgi (—m)) SV -V, (36)
i=1

m=0
then we have
-v® 4 [u,v?]
= (_”V3,n+1 + VVz,n+1) 9:(0)
=2V 119, (0) +2V3 115 (0) (37)

+ (_uVG,n+1 FWs1 =GV + ”Vz,n+1) 94 (0)
= 2V5 14195 (0) + 2V 1,1 96 (0) .

Hence, the zero curvature equation
U -V +[uv?] =0 (38)

gives that

NN < = 8

uVs 1 = VWonn
2‘\/2,;1+1
_2V3,n+1
UV i1 = Vst T qVa 00 = Vo
2‘\/5,n+1
_2V6,n+1

When p = g = r = 0, (39) reduces to the TX hierarchy.
According to the theory on integrable couplings, (39) is a kind
of integrable coupling of the TX hierarchy.

We consider a reduced case of (39). Set n = 2; we get an
integrable coupling of the TX equation (24):

Wy = UVyy — Uy, V+ 3uuxv2 + 3qu2 + 4(uwvw),,
u, = 2u,, — 8wu, — 4uw, — 6uu, v

+ 8wu + 4wy + 3u3v2,
vy = =2, —4vw, —

8wy, — 6uvy,

2 2 2.3
- 8w'v— 12viuw - 3u"v’,
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«
Py = Z(urx —ur+qv, —qv), +a(quw + rwv +uvp)
3x 2 2
g (u Vr + ugv )x,

q = gqxx - 20wq, — aw,q — %(uzr)x —a(quv),

2
o
—a(pu), +20w°q + o’ rw + dawpu + Euzrx

« « o
- Euuxr + Equvx - quuv + 6aquvw + 2ouvrw

3a
+ Zauzvp + > (u3vr + uzvzq) —apu, + (xuzpv

+ Zquv, - Sqvu +3(X u'v?
2 AWVx T SV T T mqU Y

o o o
M= =S e~ 2awr, — aw,r — E(W”’)x - E(qu)x

«
—a(pv), - E(W”’)x - 2aw’r — dawuvr — 3(quv2

o 2 2
- dawpv — > (uvr,C —UVr+qvw, —q,v ) - 2arwy

3a o
- 20cuv2p - Tuqf —apv, — cxpuv2 - E””"x

o o 9o , ,
+ —ruv, + Euxrv— ?u vor.

(40)

When we set p = g = r = 0, the above equation reduces to
(24). In addition, if we set w = u = v = 0, the above equation
reduces to two different heat equations.

Next, we discuss the Hamiltonian structure of the inte-
grable coupling (39), that is, the TX hierarchy. For this reason,
we need to construct Lie algebra which is isomorphic to the

Lie algebra G. Consider the linear space R® = {(xq, ... ,xG)T |
x; € R}. Define an operation on R° as follows:
[a,b]" =a" M (b), (41)
where
a=(apy....a5), b=(b,....b)" €R,
0 2b, —2b, 0 2b, -2b,
b, —2b, 0 b, -2b, 0
Mo | B 0 2 b 0, (42)
- 0 0 0 0 2b -2b
0 0 0 b -2b 0
0 0 0 -b 0 2b

It can be verified that R® becomes Lie algebra if equipped with
the commutator (41). In addition, we assume a linear map

6
8:— RS, Za,-gi — (A ay...ra5) . (43)
i1

We can prove that § is an isomorphism between G and R°.
Therefore, (31) can be written as

U = (/12 +w, Au, Av, p, gA, r/\)T,
(44)

V = (V,, VL, VaA, V,, Vi, VL),

where V; =Y Vi, A", i=1,2,...,6.

In order to make use of the variational identity to derive
the Hamiltonian structure of (39), we need to solve a matrix
equation as follows:

M®)F=-M®)F)', F'=F (45)

where F = (f;;)6xe is @ constant matrix independent of x and
t.
From (45), we can obtain that

27, 0 0 21, 0 0
0 0#n, 0 0 5
_ 0 0 0 n O
E 2, 00 0 0 0 | (46)
0 0, 0 0 0O
0 7, 0 0 0 0
from which we construct a linear functional
b
{a,b}:J aTFbdx, abe R, (47)

where R® is the corresponding loop algebra of the Lie algebra
R®. A direct calculation gives, by using (44) and (47), that

ouU |
P, ‘/, _aw ‘» = 2}11V1 + 27’]2\/4,
ou
1V S b =AYy 4 AV,
ou
VS b= A, + Vs,
oU oU 48
V| = Ve {V, % } = AV, (48)
ou
e or |~ ’72/\2V2’
ou
v, =1 A (2 Vy + 2,V + muVy + nuVi

+ WV, + 19V + 1,qVs + 1,1V

Substituting the above consequences into the variational
identity leads to

2m Vi + 21,V
’71/\2V3 + W2A2V6
’71/\2V2 + 712/12V5

2n,V,
’72A2V3
’72A2V2

5 (* o
O T wvutde= (2
5&[’{%}’“ < oA )

(49)



Comparing the coefficients of A™>""! in (49), we get that

8 X
Su J (2711V1,n+1 +2,Vo 0 + (21, +mv +1,7) Voni

+ (1u +1,9) Vi1 +1VWs 1 + ’72”V6,n+1) dx

il

J Qn+1dx

2, Vi + 21,V
’hlzvs + ’72A2V6
’hlzvz + ’72A2V5

2, Vi
’72/\2V3
’72/\2V2

=(-2n+y) =(-2n+7y)P,.

(50)

It can be determined that y = 1 in terms of the initial values
of (18) and (34). Thus, we have

5H, 1
=g s =l [Qudn 6D

Therefore, the integrable coupling (39) can be written as the
Hamiltonian form

w
u
_ v
u, = »
q
r .
0 0 0 i 0 0
21,
0 0 O 0 0 —
, ™ (52)
0 0 0 0o ——
up
= a Pn
i 0 _’7;2 0 0
21, 215
2 =21,
0 o — o0 0 >
iy B
2 2m
o —— 0 0o — 0
Uy m
0H

Obviously, J, is a Hamiltonian operator. To our knowledge,
(52) is completely new consequence.
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