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We establish the regularity criteria for the two-dimensional generalized liquid crystal model. It turns out that the global existence

results satisfy our regularity criteria naturally.

1. Introduction

In this paper we consider the following two-dimensional (2D)
liquid crystal model:

(t,x) e R" x R?,
)

(t,x) eR"xR? (2

ut+u-Vu+Vp+A2“u=—Vd~Ad,

d,+u-Vd+APd=-fd),

Veu=0, (t,x)eR" xR? (3)

(u,d) (x,0) = (up,dy) (x), x€R?, (4)
where u(x,t) € R? represents the velocity field, d(x, ) € R?
is a vectorial field modeling the orientation of the crystal
molecules, and p is the scalar pressure, while « > 0, 8 > 0 are
two real parameters. f(d) = (|d |- 1)d and the operator A =

(-A)"? is defined by Af () = [€]f(£), and here f(&) denotes
the Fourier transform of f(x). We identify the cases & = 0 or
B = 0 as the 2D generalized liquid crystal model with zero
velocity diffusion or zero orientation diffusion, respectively.
We say our system is a generalized form of liquid crystal
model. When « = 0, = 1, the system is a simplified version
of the Ericksen-Leslie system modeling the hydrodynamics
of nematic liquid crystals which was developed during the
period of 1958 through 1968 [1-3]. We notice that if d = 0,
a = 1, then the system (1)-(4) becomes the Navier-Stokes

equations. In this sense, the study of the system (1)-(4) can
be valuable and interesting in both mathematical sense and
physical sense.

The existence and uniqueness of the weak and smooth
solutions for system (1)-(4) are given in [4-6] when o = 8 =
1. Local existence of classical solutions for the nematic liquid
crystal flows was established in [7].

Now, we mention some known results about regular-
ity theory for the system. In 2010, Zhou and Fan estab-

lished a regularity criterion for it as IOT IVull,/(1 + Ine +
IVull,))dt < +oco with 2/r +3/p = 2,2 < p < 3in
[8]. Later, some regularity criteria are proved for the system
with zero dissipation in [9]. In [10], Fan et al. established a
global regularity for this system with mixed partial viscosity.
Recently, in [11, 12], it is proved that smooth solutions are
global in the following three cases: 0 < 8 < La + f3 > 2;
a>0,8=1a=0,p> 1 Moreover, global strong solution
to the density-dependent 2D liquid crystal flows was studied
in [13].

This paper is devoted to obtain some regularity criteria
for the generalized system (1)-(4). Our main results are the
following Theorems.

In our Theorems we set p = max{2/a,2}, o = max{2/
B, 2}. The first one is for large o and .

Theorem 1. Let «, 3 > 1/2. Suppose (uy, d,)(x) € H*(R?) x
H3*(R?) and (u,d)(x,t) is a local smooth solution of the
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2D generalized liquid crystal model (1)-(4). If u(x,t), d(x,t)
satisfy

1-6,)

T 1(
J [Vu, Ol , dt < oo, (5)
0
or
T
J 1A, £)]13,dt < oo, (6)
0
or
T
j 1A )l dt < oo, %
0

then (u(x,t),b(x,t)) is a regular solution in [0,T]. Here 0/; =
1/pp. pp = 1.
Ifin addition, 1 > B> 1/2, a > 0, APb satisfies

LT [afac, o ™t < oo, (8)

then (u(x,t), b(x,t)) is a regular solution in [0, T], where 0,, =

(2/s)-@2B-1))/e, 2B -1)/2<1/s < 2B -1+ a)/2.

The following theorems are established for the cases ¢ or
B small.

Theorem 2. Let0 < a« < 1/2,3>00r0 < < 1/2, & > 0.
Suppose (uy, dy)(x) € H*(R?) x H*(R?) and (u,d)(x,t) is a
local smooth solution of the 2D generalized liquid crystal model
(D-(4). Ifu(x,t), d(x,t) satisfy

T T
[ IvuCon dr <o, [ IadC OISt < o,
0 0

©)

then the solution remains smooth on (0,T]. Here 0 =

max{0,, 04}, 0, = 1/pex, pa > 1,05 = 1/pf, pf > 1.

Theorem 3. Letx = 0, 8 > Oora > 0, B = 0. Suppose
(g, dy)(x) € HX(R?) x H*(R?) and (u,d)(x,t) is a local
smooth solution of the 2D generalized liquid crystal model (1)-
(4). Ifu(x,t), d(x, t) satisfy

T
L IVuC, Dllgyio + IV, Ol + [1Ad(C, )]I7.dt < co, (10)

or

T
L IVl )l oo + 1AAC DI + 1A, D20 dE < 00
(11)

respectively, then the solution remains smooth on (0, T].

Remark 4. The results in this paper are motivated by the
recent works on 2D incompressible generalized MHD equa-
tions (refer [14] for details). It turns out that our regularity
criteria imply previous global existence results naturally. If
0<B<la+pB=2o0ra > 0,3 = 1itis proved in [12]
u € L0, T; H*(R?), d € L*(0,T; H’(R?)), the regularity
criteria in Theorem 2 are satisfied naturally. If « = 0, 8 > 1,
one can prove w € L®(0,T; LP(R?)), 2 < p < 00, Ad €
L*(0,T; LF(R?), 2 < p < oo (refer [11] for details); the
regularity criteria (10) in Theorem 3 are satisfied naturally.
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2. Proof of Theorem 1

In this section, we are devoted to prove our main Theorem 1.
Under the assumption in Theorem 1, if u € L*(0, T; H H(R?))
and d € L%, T;H*(R?), we can deduce u ¢
L0, T; HA(R?)) and d € L®(0, T; H*(R?)). So we only have
to give the regularity criteria to guarantee the H' estimation
for u, Vd.

Proof. Firstly, we give the following priori estimates.
Multiplying (2) by p|d|?"2d, integrating over R?, after
integrating by parts, and using the following property,

IAzﬁd JdP?d >0, (12)
we obtain
d P p+2 p
E”d”LP + pldl, = pldlly, (13)

for any 2 < p < oo. Applying Gronwall’s inequality, we
deduce that

T
IdI?, + p L IdI7 2 dr < ¢"P|dy . (14)

Multiplying (1) and (2) by u and —Ad, respectively, integrating
over R?, and adding the resulting equations together, we
obtain

1d
2dt

_ —J Vf (d) Vddsx
RZ

(hals + VA ) + A% + AP

<C J |d)*|Vd*dx + |Vd|
R2 (15)

< Cldl3 VAl 72 + VAl
20
LZ

< Clldl7 IVl | AP d| , + IVl

-0 1 2
< ™19l + S |7 d] , + 19dll,

where 1/p + 1/q = 1, p > 1/p. Here we have used the
following Galiardo-Nirenberg inequality:

1-0) A B £1I° 1 (1 B 1-6
Il =l WAl 5= (5-5)0+ 52
0<6<1,
(16)
in the above inequality
1/2-1/2 1/2 1
g 2-1/29 1/2p 1 )

B2 B2 pp
Applying Gronwall’s inequality and (14), we obtain

T
(lullz: + V47 ) + L A%, + ||Aﬁ“d'|izdr <C(T).
(18)
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Now, we are ready to give the H' estimation for (u, Vd).
Multiplying (1) by —Au, applying A to (2), and testing it by
Ad, then by using (14), (18), we have

2
+

A(u-Vd) - Addx

< (1vutls + 1AdIE:) + |

1
2

=J Vd-Ad-Audx—J
RZ

RZ

- J Af (d) - Addx
RZ

< CJ Vud| - |AdPdx
RZ

+C J dPIAdP + |AdP + |d] [Vd]? |Ad] dx
RZ

< ClIVull o A2 + Clldl7 20 | A2

+ 1l 2o 1A 20 VA7 s + 1A

< CIVull lAdIZ AP,

L2
+ IR A1 | AP 22

_ 6
+ Clldll 2o IAdI:° | AP2d| IVl AdlL + [AdI:

< C(IVulll® + 1) ad) + %"A
(19)

Here we used (16) and the following Galiardo-Nirenberg
inequality:

Al = AR 1012 (20)
Thanks to Gronwall’s inequality and (5), we deduce

(IVully + 1Al ) + J |a A% izdr <C(T).
(21)
If 8 > 0, we have
L (v 10+ A +
< cJ Vul - |Ad|Pdx
RZ
+C j AR IAd + |AdP + |d] V] |Ad] dx
RZ
C(IVul72 + 1A ) (A5 + 1) llAﬁ”d o
- 0<pB<1,
e (vulz + 1) 1ad)E + ~ ||A3 o
B=1

(22)

Here we have used
j Vud| - |AdPdxe
RZ
N j d2IAP + A + 1d] VAP |Ad] dox
RZ

< ClIVull 2 IAdl7 + Clldl 2 A

+ldll 2o | Al 24 I VAl + A7

<CIVull, | Adlly 5| AP *2d|  +Clidll 70 I adIT

_ 0
+ Clldll gz IAdI:° [ AP2d| L 1Vdl AL, + 1A

< CIVulE IadPs + ClAIE: + 5 |A*2d];

>’

0<p<l,

j Vu| - |AdPdxe
RZ

N I dPIAdP + |AdP + |d] [Vd] |Ad] dx
RZ

< Vull 2 Ad]I}s + ClldlI7 A7
+ Il AN 1Vl + A7

< ClVul 2 1Ad] 2

12+ CldllzlIAd]

+Clidlls [ Ad] 2

IIVdIIL2 +]|Ad]7.
< C|Vul2|Ad2: + CllAd]2: + -||A d||L2, B>l
(23)

In the above estimation we have used (16), (20), and the
following Galiardo-Nirenberg inequality:

lad]}: < C|af?d

lAdl . (24)

Using the condition (6) we get the H ! estimation (21).
If « > 0, we have

o 2
IVulz: + I1Ad]Z) + A% u

|

o]

< cj Vud| - |AdPdx
RZ

+C j dIPIAdP + A + 1d] V] |Ad] dox
RZ

(25)

C (||Ad||im + 1) IAd]Z.

1

+—| ”Aﬁ”d L, O<ac<l,
< < 2 L
Clad|y. + C||Ad||Lz
2
—||Au||Lz += ||Aﬁ+ d|.. a>1.




Here we have used

[ 1vul- 1adPdx
[RZ
+ | APIAdP + |ad? + 1d] V4P |ad] dx
R
_ 20
< CIVull o |AdIF0en + Clldl o AN A2
APl

0
+Clldl 2 lAdIl 2 IVl :llAdll: + |Ad]7

ol

< c||A°'“u

1
LIAdl 2 A s + ClA: + E"

< C (1A + 1) IAdIE; + A ]},

el

>’

O<a<l,
J Vu| - |Ad2dx
RZ
+ J dPIAdP + |AdP + |d] [Vd]? |Ad] dx
RZ

<C (”VMIIBMO”Ad"LZ + ||Vd||BM0||Au||L2) Ad]| 2

+ ClldII7, Adl:

+Clldll 1 Ad]l 2

"Vd”LZHAd"LZ + IAdIlz:

< ClAd|}: + ClAd|% + = ||Au||Lz + —“A’md

>’

a>1.
(26)

Here and in the following we use the embeddings H*(R?*) <
LP(R?) for s < n/2and 1/p = 1/2 - s/n, H'(R*) < BMO
and the commutator estimate given in [15]

o1 -9 g], <C (1 lnio |4 g +Iglanio |4 1],
(27)

usually. Thanks to condition (7) we have the H ! estimation
(21).
If in addition, 1 > 3 > 1/2, « > 0, use (16),

6“

>’

o+l

1-6,
Vel < IVl ™ || A

0<0, <1, (28)

1/2

A2+/3d“1/2

lad] 2 < C|AP*'d oo

1 1-8 1

21 2 25
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where
00( — M — i) 2<r< 2 R
/2 ra 1-«
(29)
r 1 N 1 1
S = 5 _ -_=
rp—1 r 1
We have
a+l 2
3 dt (||Vu||Lz +lIAd|Z) + A u, + |
< ClIVull |AdI + Clldl2, 1A
+ 11l 20 AN 24 V70 + A7
_ 0,
< C”vu"izea Aoc+1 o Aﬁ+1 . Aﬁ+2d p
(30)

+ Cllad| | APd

+Cllad]:?|| A

IIVdIIL2 lad]z + 1AdI:

< C(Ivullf. + Iadl3:) <'| AP

2/(1-6,)
s 1)
LS

+ 2
2
Thanks to condition (8) we have the H! estimation (21). Now
we complete the H' estimation.

Since H' < BMO in 2D, if Vu, Ad € L*(0, T; H'(R?)),
then we can deduce that Vu, Ad € L*(0, T; BMO).

Applying A to (1) and testing by Au, applying A to (1), and
testing by —AAd, after suitable integration by parts we obtain

o (sl 40+ o+ 4

=—J A(u-Vu)-Audx—J A (Vd - Ad) - Audx
R? R?
" J A(u-Vd) - AAddx + J Af (d) - AAddx
R? R?
<C J Vudl - [AufPdx + C J \Aul - |Ad| - [VAd] dx
R? R?

+cj |Vu|-|VAd|2dx+J VAS (d)|- [VAd] dx
R? R?

=L+ L+1;+ 1.
(1)

Ifa > 1/2, B > 1/2, we estimate the right hand side of (31)
one by one:

I, = cj |Vul - |Aul*dx
RZ

< ClIVull lAul?,

4/3 2/3
< ClIVull sl Aull 2y | Al 2,

1/2 2/9 1/2 2/9 |Au" 1/2 14/9

< ClVul 2
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< CIvul 72| AY 2’9||A A NN
< C (o) IVul A" L,
L=C Lz \Aul - |Ad] - [VAd| dx

< ClIAd] 3 [VAd| [ Aull:

< ClAdIP | A ad])) 19 Ad] L A2
o TN e T P

<C(e) ||Ad||Lz( 2 V2 )
+e(| 12 “AI/ZAu L2>’

I, - cj Vul - [VAPdx
R2

< CIVull: [VAd|7:
< C||Vuls ||VAd||4/3||VAd||2/3

1/2

< C(e) IVullj:

+e ("AI/ZVAd"iZ + ||A1/2Au||L2) :
(32)

Here we used the following Galiardo-Nirenberg inequalities:

7 P T o T
IVFl,» < VA A v,
IVl = IVARINAIR < A £ 1ol a2 vr 2
171, < A A vrY
(33)

Using (14), (16), (20), (21), and the following Galiardo-
Nirenberg inequality,
IVdl: < Idl 2 1vAd]2 (34)

12

we have
- J VAS (d)] - VAd| dx
RZ
<C J (1d1IVAd[ + |d| [Vd] |Ad| [VAd]) dx + VA7,
RZ

< Clld|172IVAd 2 + Clldll 2 VAl | A 4 [V A 24

+ VA2

5
< C||d||L2p||d||1/2||VAd||1/2 ||Ad||“2||VAd||“2||VAd||;9
x| , +CldlI7»IVAdI ! Ivadl?
< cumdniz +efa
(35)
Finally, putting the above results together, we deduce that
L (ol + 1981 + A2, + |
dt
< C(IIVull]. + |Ad|]
(Ivul; ) o)
2 2
x (||A“2w||L2 lAul: + A Ad] VA
+|vad]?,).
By using Gronwall’s inequality and (21), we obtain
2 2 ! 2
(1Aul + IVAdI ) + L [ +]
(37)
The proof of Theorem 1 is finished. O

3. Proof of Theorem 2

Now, we give the proof of Theorem 2.

Proof. This section focuses on the case with 0 < a < 1/2,
B >00r0 < f < 1/2,« > 0. Since we cannot estimate
(37) as that in Theorem 1, so we should give the estimation of
L,i=1,2,3,4,5 which is defined in Section 2. Using (16), we
have

L =C IRZ IVul - |AulPdx < Cl[Vull | Aue] 724

20, (38)
LZ

2+a

< ClVull o | Auli

2

1/(1-60,) 2 2+
< CIVul %l Aull + e"A “ul,.»

where 1/p+1/q = 1and 0, = 1/ pa. We use the same way to
estimate I, and I.

L= cj \Aul - |Ad] - [VAd| dx
RZ
< ClIAA 1 VA p2q | Ane 124

< ClAIZIVAAI | AN I Aull 20

1-6;) 1/(1-6,)

IVAAIZ: + |Ad]

L2>’

1/(
< ¢ (adyy laul?:)

ve (||A2+zx

“A3+ﬁd




I =CJ Vil - VAdPdx
RZ

< Cl[Vull o VA2,

< VUl IVAdL ™ 4P
< CIVully P 1vadiZ. + e|a>Fdl..,
(39)
The same as that in Section 2, we have
I, = JW VAS (d)] - VAd| dx
< Cldl 1V AdII 72, (10)

+ Clldl e VAl s | Adl [V Al 2 + VA2

2
< CIVAd|l7: +e|APd| ..

Finally, putting the above results together, we have

o (1t + VAR + [l + A

1-05 1/(1-65)

)
+[Vaull

1/( 1/(1-6
< c(ladly, +lad]

1/(1-6,)
o A 1)

2 2
x (IVAdIZ + lAulZ) + e (||A2+"‘u LA LZ) .
(41)
Using Gronwall’s inequality and (9) we can deduce (37).
The proof is finished. O

4. Proof of Theorem 3

Proof. Fora = 0, B > 0, firstly we give the H' estimation for
(u, Vd):

2 (uls + 1adi%:) + |2

[C(IVully, +1AdI7:) (1AdI. + 1)

ealsdl,

0<p<l,
C(IVul?s + 1) 1adi: + 5 |a%d]
=1

(42)

IN
A

2
»’

Then by using Gronwall’s inequality and (10) we obtain (21).
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Now, we give the H' estimation for (Vu, Ad). We should
give the estimation of I;,i = 1,2,3,4 which is defined in
Section 2:

L=C|  IVul-18uPdx < ClVulyollau,
I - cj \Aul - |Ad] - VA dx
RZ

C1Ad|| 21

|A/3+3d

LAl

<1 <ClAdILlaulz, +e|aPd

ClAd | Aul? + e“VZAd"iz, B> 1.

iz, 0<pB<1,

I :CJ Vu| - VAdPdx
RZ

IVull 2| AP, IV A 2
<1 <CIVulZlVadZ + | APd|,. 0<p<1,
CIVul:1VAdIE +e|v2ad] . B>1.
(43)
The same as that in Section 2, we have
I, = J [VAf (d)| - IVAd| dx
R2
(44)
2, Ly, pes )2
< C|IVAd|Z. + E||A d| .-
Putting the above results together, we deduce
1d 2 2 2+a ||2 348 4|12
P T (IAulf: + IVAUIZ ) + [A%u], + [A%Fd]
< C(IVullpro + I1Ad]7. + [Vull7, + 1) w5
45

x (lAully. + IVAdIZ:)

te (“Azmu iz + ||A3+ﬁd

2
LZ)'

Applying Gronwall’s inequality and (10) we obtain (37).
Fora > 0, B = 0, firstly we give the estimation for (u, Vd):

| =

(el + 1Vdll7: ) + AP d

2
12

N | —
QU

t

_ —J Vf (d) Vddsx
" (46)

<C J dPIvddx + VAl
RZ

< Cldlayoll VAl + [V}
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and the H! estimation for (u, Vd):

%% (19ulls + 1AdI% ) + Al

< C|Vull . IAdII7
i C I dPIAdL + |d) [Vd) [Vd] |Ad] dx + [AdI
RZ

< ClIVull i IAdN7: + Idlipo Al + 1A

< C(IVullo + Idlpo + 1) 1A
(47)

The regularity criteria (11) can guarantee estimations (18) and
(21).

Now, we give the estimation of I;,i = 1,2,3,4 which is
defined in Section 2:

I, = cj IVl - |Aul*dx < C||Vul o |Aul?,
RZ
I = cj [Vul - [VAd|*dx < C|[Vul| ;- |VAd| 2,
R2
I, = J VA (d)] - [VAd] dx
RZ

<C j (1417 IVAdI® + |d| [Vd| |Ad| [VAd]) dx + [VAd] 7.
RZ

< C(Idlgpo + 1) VAL

(48)
Using the following Galiardo-Nirenberg inequality,
~ 0
Auls < CllAulyz A% 2,
l:<l_§)9+ﬂ, (49)
q \2 2 2
0<0<1,
where
1 1 1 1/2-1 2
4=, 0= / /qz_’ pax>2, (50)
p q 2 «f2 p«
we can deduce
I - cj |Au] - [Ad] - [VAd] dx
RZ
< ClIVAd| 2 1Ad] o | Auil 14
. (51)
< CIVAdI I Ad e lAul2° | A u

< CIAdILE? (1AulF: + VAT ) + e A% u

2
|z

7
Finally, putting the above results together, we deduce
1d 2 2 a2 |2 B+3 412
P (IAully + IVAdIS) + A%, + |APd],
< C(IVull = + IADITZ + |dllfpo +1) o)

x (IVAdI7 + lAull}:)

t+e ("A‘”zu iz + ||A/3+3d

2
2):

By using Gronwall’s inequality and (11) we obtain (37). Now
we complete our proof. O
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