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We show that some definitions of multidimensional coincidence points are not compatible with the mixed monotone property.
Thus, some theorems reported in the recent publications (Dalal et al., 2014 and Imdad et al., 2013) have gaps. We clarify these gaps
and we present a new theorem to correct the mentioned results. Furthermore, we show how multidimensional results can be seen
as simple consequences of our unidimensional coincidence point theorem.

1. Introduction and Preliminaries

In the sequel, X will be a nonempty set and < will represent
a partial order on X. Given n € N with n > 2, let denote by

X" the product space X x Xx . %X of n identical copies of
X.

In [1], Guo and Lakshmikantham introduced the notion
of coupled fixed point and, thus, they initiated the investiga-
tion of multidimensional fixed point theory.

Definition I (Guo and Lakshmikantham [1]). LetF : XxX —
X be a given mapping. We say that (x, y) € X x X is a coupled
fixed point of F if

F(y,x)=y. )

Following this initial paper [1], in 2006, Bhaskar and Lak-
shmikantham [2] obtained some coupled fixed point theo-
rems for mapping F : X x X — X (where X is a par-
tially ordered metric space) by defining the notion of mixed
monotone mapping.

F(x,y)=x,

Definition 2 (see [2]). Let (X, <) be a partially ordered set.
A mapping F : X x X — X.F is said to have the mixed

monotone property if F(x, y) is monotone nondecreasing in x
and is monotone nonincreasing in y; that is, forany x, y € X,

x,% € X, x 2x, = F(x,) <F(x,9),

Yy €X, ¥ 2y, = F(x ) <F(xy).

After that, Lakshmikantham and Ciri¢ [3] proved coupled
fixed/coincidence point theorems for mappings F : X x X —
X and g : X — X by introducing the concept of the mixed
g-monotone property. Inspired by these papers [2, 3], Berinde
and Borcut defined tripled fixed points and established some
tripled fixed point theorems.

Definition 3 (Berinde and Borcut [4]). Let F : X? 5 Xbea
given mapping. We say that (x, y,x) € X is a tripled fixed
point of Fif

F(z,y,x) = z.
€)

F(x,y.z)=x  F(y.xy)=

Definition 4 (see [4]). Let (X, <) be a partially ordered set and
F: X’ — X.We say that F has the mixed monotone property
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if F(x, y,z) is monotone nondecreasing in x and z and it is
monotone nonincreasing in y; that is, for any x, y,z € X
xpx, € X, x;2x,= F(x,y,2) <F(x,5,2),
Y2 €X N2y =F(uy,z) > F(x,2), )
2,2, € X, 7,22, = F(x,9,2)) <F(x,5.2,).
As a natural extension, Karapinar [5] studied the quadru-
ple case (see also [6, 7]).

Definition 5 (see [5]). An element (x, y,z,w) € X*is called a
quadruple fixed point of F : X* — X if

F(y,z,w,x) =y,
F(w,x,y,2) =w.

F(x,y,z,w) = x, %)

F(z,w,x,y) =z,
Definition 6 (see [5]). Let (X, <) be a partially ordered set
and F : X* — X. We say that F has the mixed monotone
property if F(x, y, z, w) is monotone nondecreasing in x and
z and it is monotone nonincreasing in y and wj that is, for any
xyzweX

X%, €X, x; 2x,= F(x},y,z,w) <F(xyzw),

Yy €X, ¥ 2y, =F(x,y,zw)=F(x,y,zw)),

z,2,€X, z,2z,= F(x,y,z,w) < F(x,y,25,w),

w, 2w, = F(x,y,z,w;) = F(x, y,2,w,).
(6)

When a mapping g : X — X is involved, we have the
notion of coincidence point. We will only recall the corre-
sponding definitions in the quadruple case since they are
similar in other dimensions.

w,w, €X,

Definition 7 (see [6]). An element (x, y,z,w) € X* is called
a quadrupled coincident point of the mappings F : X* — X
andg: X — Xif

gx=F(x,y,zw), gy=F(y.zwx),
)

gZ:F(z,w,x,y), ngF(LU,X,}’>Z)-

Definition 8 (see [6]). Let (X, <) be a partially ordered set and
let F: X* - Xandg: X — X be two mappings. We
say F has the mixed g-monotone property if F(x, y, z, w) is g-
nondecreasing in x and z and is g-nonincreasing in y and wj
that is, for any x, y,z,w € X,

X, X, € X, gx; 2 gx,
= F(x;,7,2,w) < F(x,, 3, 2,w),
Yy €Xs gn=gn
= F(x,y;,z,w) = F(x, y,,2,w),
z1,25 € X, 9z1 2 gz, ®
= F(x,y,z,,w) 2 F(x, y,2,,w),
wy,w, € X, gw, X gw,

= F(x,y,2,w) = F(x, y,z,w,).
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It is very natural to extend the definition of 2-dimensional
fixed point (coupled fixed point), 3-dimensional fixed point
(tripled fixed point), and so on to multidimensional fixed
point (n-tuple fixed point) (see, e.g., [8-19]). In this paper, we
give some remarks on the notion of n-tuple fixed point given
in several papers, such as Imdad et al. [9], Dalal et al. [8],
and Ertiirk and Karakaya [20, 21]. Notice that this paper can
be considered as a continuation of Karapmar and Roldan
[10, 22]. We note also that authors preferred to say “n-tuplet
fixed point” [20, 21] or “n-tuplet fixed point” 8, 9] instead of
“n-tuple fixed point™

Definition 9 (see [8, 9, 20]). An element (xl, 20, x") €
X" is called an n-tuple fixed point of the mapping F : X" —
X if

1 3
x =F(x,x,x, ,x),
2 1
X :F(x)x) '>x)x))
3 3 no 1 2
x =F(x,...,x,x,x"), 9)

x" = F(x",xl,xz,...,xnfl).

Definition 10 (see [8, 9, 20]). Let (X, <) be a partially ordered
setandlet F : X" — X beamapping. We say F has the mixed
monotone property if F(x', x>, x°, ..., x") is nondecreasing in
odd arguments and is nonincreasing in its even arguments;

that is, for any x', x, x°, ..., x" € X,
yzeX, y =2z
2 .3 n
:>F(y1,x s X s X )

2 3
ﬁF(zl,x X ,...,x"),
Y2y €X, Yy, 22,

1 3
,x")zF(x 2y Xy

1 3 n
=>F(x,y2,x,... ,x),

V2, € X,

ynﬁzn
1.2 .3
:»F(x,x,x,...,yn)
1.2 .3 e
ﬁF(x,x,x,...,zn),1fnlsodd,
yﬂ’ZHEX’ ynﬁzn
1.2 .3
:>P(x,x,x,...,yn)

1 2 3 . .
zF(x , X0, x ,...,zn), if n is even.

(10)
Definition 11 (see [8,9,20]). An element (xl, X2, x") €

X" is called an n-tuple coincidence point of the mappings F :
X" > Xandg: X - Xif

n
» X >

n 1
S'x )x bl

1 1 .2 .3
gx =F(x,x,x,...

gx2 = F(xz,x3,...
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3 3 no1 .2
gx  =F(x",...,x,x,x"),

n _ n 1 2 n-1
gx =F(x,x,x",...,x .

(11)

Definition 12 (see [8, 9, 20]). Let (X, <) be a partially ordered
setandlet F : X" — Xandg : X — X be two map-
pings. We say F has the mixed g-monotone property if
F(x',x* x%,...,x") is g-nondecreasing in odd arguments
and is g-nonincreasing in its even arguments; that is, for any

1 .23
xL,x5x, . ,x" e X,

bz €X, gy 29z

2 3 n 2 3 n
=>F(y1,x s X e X )ﬁF(zl,x y X s X ),
V2 € X, gy, 297,
1 3 n 1 3 n
:)F(x s V2 X s X )zF(x 322X 5005 X ),

Y2y € X, gV, 2 92,

1 2 3 -1
=>F(x b XX, X ,yn)

1.2 3 -1 o
5F(x,x,x,...,x" ,z,,), if n is odd,

Yw2n €Xs  gYVy 2 972,

1.2 3 n-1
:>F(x,x,x,...,x ,yn)
1.2 3 -1
zF(x,x,x,...,x" ,zn),

if n is even.
(12)

Using these preliminaries, the following result was an-
nounced in [9]. Notice that in that paper, the authors used
the notation [],_, X' to refer to the product space X".

Theorem 13 (Imdad et al. [9], Theorem 13). Let (X, <) be a
partially ordered set equipped with a metric d such that (X, d)
is a complete metric space. Assume that there is a function ¢ :
[0,+00) — [0,+00) with ¢(t) < t and lim, _, () < t for
allt > 0. Further, suppose that F: X" — Xandg: X — X
are two maps such that F has the mixed g-monotone property
satisfying the following conditions:

(i) F(X") € g(X),
(ii) g is continuous and monotonically increasing,
(iii) (g, F) is a commutating pair,
(iv)
d (F (xl,xz, ...

)

,xr),F(yl,yz,...

. (13)
<¢ < ~2d (g% gyi)>

i=1

forall x',x%,...,x", ¥y, y% ...,y € X with gx' <
gy 9%’ = gy’ gx’ < gy, gx" = gy

Also, suppose that either

(a) F is continuous or

(b) X has the following properties:

(b.1) ifa nondecreasing sequence {x,} — x, thenx, <
x for alln > 0;

(b.2) if a nonincreasing sequence {x,,} — x, then x,, >
x for alln > 0.

If there exist X}, X¢, Xy, . . ., X, € X such that

r
’xo >

2 2 .3 o1
gx, ZF(xO,xO,...,xO,xO),

1 1 .2 3
gxy X F (xo,xo,xo, .-

3 3 12
gx, 2 F (xo, e ,xg,xo,xo), (14)

T T 1 2 r—1
gx, = F(xo,xo,xo,...,x0 ),

then F and g have a r-tupled coincidence point; that is, there
exists x', x>, x°, ..., x" € X such that

1_ 1.2 .3 r
gx =F(x,x",x",...,x ),

1 2
..,xr,x,x), (15)

Based on this theorem, Dalal et al. [8] extended the
previous result to compatible mappings in the following
sense.

Definition 14 (Dalal et al. [8]). Let (X,d) be a metric space
provided with a partial order < and let F : X" — X and
g : X — X be two mappings. We will say that (F, g) is a
compatible pair if

. 1.2 3 r
nangOd (gF (xn,xn,xn, .. ,xn),

F (gxi,gxi,gxi, .. .,gx:,)) =0,

lim d (gF (xi, xfl, .

r 1)
11— 00 )xn)xn b

F(gx5, g%, .,gx;,gxi)) =0,



Jlim d (gF (xi, e X x:l,xi) ,
F (gxi, e ,gx;,gx;,gxi)) =0,

lim d (gF (x:l, xi,xfl, . ,xril) ,

n— 00

Flax ax'. ax 1)) o
X Xy GX 5 - -5 Xy -

(16)
whenever {x:l}, {xfl}, {xfl}, ..., {x}} are sequences in X such
that

. 1.2 .3 r\ _ 1 r_ 1
Jim F (xn,xn, X, ...,xn) = lim gx, = x,
i F(23 r1)_1. 2 2
Jm F(x, X005 X, X, ) = lim g, = x7,
roo1 2\ 7 3.3

Jlim F (xn, c X X xn) = lim gx, = x7, (17)

2

. 1 —1 .
hmF(xr,x,x,...,xr ): lim gx, = x",
11— 00 n'n’'n n e ood M

1.2
for some x!, x%, x3,...,x" € X.

Theorem 15 (Dalal et al. [8], Theorem 3.2). Let (X, <) be a
partially ordered set equipped with a metric d such that (X, d)
is a complete metric space. Assume that there is a function @ :
[0,00) — [0,00) with @(t) < t and lim, _, ,+¢(t) < t for all
t > 0. Further, let F: X™ — Xand g: X — X be two maps
such that F has the mixed g-monotone property satisfying the
following conditions:
(i) F(X") € g(X),
(ii) g is continuous and monotonically increasing,
(iii) the pair (g, F) is compatible,

(iv)
d(F(xl,xz,...,x’),F(yl,yz,...,yr))
1« (18)
<o (; Yd (gxi,gy,-)>
i=1
forall x*,x%,...,x", vy, y% ...,y € X with gx' <
9y gx* = gy%, gx° < gy’ gx" = gy
Also, suppose that either

(a) F is continuous or

(b) X has the following properties:

(b.1) if a nondecreasing sequence {x,} — x, thenx,, <
x for alln > 0;

(b.2) if a nonincreasing sequence {x,} — x, then x,, >
x for alln > 0.
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If there exists x}, Xg, Xy, - - -, Xy € X such that

r
7x0 >

r 1
7x0)x0 bl

1 1 2 3
gxy X F (xo,xo,xo, ..
2 2 .3
gxy = F(xo,xo,...

3 3 12
gx, < F (xo, ... ,xg,xo,xo), (19)

r ro 1 2 r—1
gxy = F(xo,xo,xo,...,x0 ),

then F and g have a r-tupled coincidence point; that is, there
exists x', x>, x°, ..., x" € X such that

gxl = F(xl,xz,x3,...,xr),
gx =F(x2,x3, ,x,xl),
gx :F(x3, ..,xr,xl,xz), (20)

2. Some Remarks

Firstly we notice that, in the case n = 3, Definitions 9 and 11,
gxl =F (xl,xz,x3) >
ng =F (xz,xs,xl) ) (21)
gx3 =F (x3,x1,x2)

do not extend the notion of tripled coincidence point in the
sense of Berinde and Borcut [4]. Therefore, their results are
not extensions of well-known results in the tripled case. This
fact shows that the odd case is not well-posed by Definitions
9 and 11 or, more precisely, the mixed monotone property is
not useful to ensure the existence of coincidence points. In
this sense, we have the following result.

Theorem 16. Theorem 13 in [9] is not valid if n is odd.

Proof. 1t is sufficient to examine the case n = 3 to indicate the
mentioned invalidity. It is evident that the illustrative proof
for the case n = 3 can be analogously extended to the case in
which nis odd. We follow the lines of the proof of Theorem 3.1
in [8]. Let x(l), xﬁ, xg € X be the initial points. We construct
three recursive sequences {x}(}, {x,i}, and {x,i} in the following
way:

2 2 3 1
gx,=F (xk—l’xk—l’xk—1)> (22)

gx,3c = F(xi_l,x}c_l,xi_l) VkeN, k> 1.
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Due to the assumption, we derive that
1 1.2 .3 1
gxy < F (xo’xo’xo) = 9%
2 2 .3 .1 2
gxo > F (XO’ x0> xo) = gxla (23)
3.1 .2

3 _ .3
gxy 2= F (xo,xo,xo) = gx].

Then, the authors concluded that these sequences verify, for
allk > 1,

1 1
X1 2 9%
X = 9% (29)
3 3
X1 2 X
Now, we will show that it is impossible to prove that
gx: = gx; because the mixed g-monotone property leads
to contrary inequalities. Indeed, we derive the following
inequalities:
2 2 2 .3 1 2 .3 1 2
gx; 2 gx, = F(xl,xo,xo) < F(xo,xo,xo) =gxi. (25)
Furthermore,
3 3 2 3 1 2 3 1
gx, = gx; =>F(x1,x0,x0) zF(xl,xl,xO). (26)
By combining the inequalities above, we conclude that
2 3 1 2 3 1 2 3 1 2
F (xl,xl,xo) < F(xl,xo,xo) < F(xo,xo,xo) =gx;. (27)

Notice that in the third component the inequality is on the
contrary

gx(l) < gx} = F(xf,xi,xé) < F(xf,x?,xi) = gx%. (28)
Then, we find that

2 3 .1 2 2 .3 .1 2
F(xl,xl,xo) < gxi, F (xl,xl,xo) < gx5. (29)
Consequently, we cannot get the inequality gx® > gx3, since
other possibilities yield to another cases in which points are
not comparable. O

By using the same argument above, we also conclude that
Corollaries 14 and 15 in [9] are not valid. Similarly, we may
prove the following result.

Corollary 17. Theorem 3.1in [8] is not valid if n is odd.

In Theorem 16, we investigate the case in which # is odd.
But we must emphasize that, when # is even, the main results
of Dalal et al. [8] are also very weak. To prove it, we show the
following example inspired by [23].

Example 18. Let X = R be the set of all real numbers
provided with its usual order < and the Euclidean metric

dx,y) = |x—ylforall x,y € X.Let F : X* 5 Xand
g: X — X be the mappings given by

x—-6yt+z-w

F(x,y,z,w) = 0 Vx, y,z,w € X;
(30)
10x
=— VxeX
9x = x

It is easy to check that the contractivity condition of
Theorem 16 is not satisfied. Indeed, consider x = a, y < b,
z = ¢, and w = t. Then, we have that

d(F(x, y,z,w),F(a,b,c,t))

_|x-6y+z-w a-6b+c—t| 6|y-b|

>

11 11 11
(31)
d(ga, gx) +d(gy, gb) +d (gz, gc) + d (gw, gt)
4
10|y -
T4

Thus, it is impossible to find ¢ (as it was defined in [8]) such
that

d(F (x, y,z,w),F(a,b,c,d))

<y ( d(ga, gx) +d (gy, gb) + d (g9z, gc) + d (gw, gd) ) _

4
(32)

However, it is clear that (0, 0, 0, 0) is the only common n-tuple
fixed point of F and g.

3. Corrected Versions of the
Mentioned Theorems

For the sake of completeness and to conclude this paper,
in this section, we state a corrected version of Theorem 3.1
in [8], which immediately leads to a corrected version of
Theorem 13 in [9]. For this purpose, we recollect here some
notations, definitions, and results from the literature (that can
also be found in [10, 14-16]).

First at all, instead of Definitions 9 and 11, we recall
here the concept of multidimensional fixed/coincidence point
introduced by Roldén et al. in [13] (see also [14-16]), which is
an extension of Berzig and Samet’s notion given in [12].

Throughout this section, fix n € N such thatn > 2 and
let F: X" - Xandg : X — X be two mappings. Fix
a nontrivial partition {A,B} of A, = {1,2,...,n}; that is, A
and B are nonempty subsets of A, such that AUB=A,
and A N B = 0. We will denote

Qup={0:A, — A,:0(A) < A0 (B)<B},
(33)

!

QA,B:{U‘An—>An¢U(A)QB,0(B)§A},

Henceforth, let 0,,0,,...,0, : A, — A, be n mappings
from A, into itself and let Y be the n-tuple (0,,05,...,0,).



Definition 19 (Rolddn et al. [13, 16] ). A point (x,x,,...,
x,) € X" is called a Y-coincidence point of the mappings
F: X" - Xandg:X — Xif

F(Xgi(l),xai(z),...,xo.i(n)) = gxi Vi € {1, 2,...,7’1}. (34)

If g is the identity mapping on X, then (x,, x,,...,x,) € X"

is called a Y-fixed point of the mapping F.

It is clear that the previous definition extends the notions
of coupled, tripled, and quadruple fixed/coincidence points.
In fact, if we represent a mapping o : A, — A, throughout
its ordered image, that is, 0 = (0(1),d(2), ..., 0(n)), then

(i) Gnana-Bhaskar and Lakshmikantham’s coupled fixed
points occur whenn = 2, 0, = (1,2), and 0, = (2, 1);

(ii) Berinde and Borcut’s tripled fixed points are associ-
ated withn = 3,0, =(1,2,3), 0, = (2,1,2),and 05 =
(3,2,1);

(iii) Karapimnars quadruple fixed points are considered
whenn = 4,0, = (1,2,3,4), 0, = (2,3,4,1), 05 =
(3,4,1,2),and 0, = (4,1, 2,3);

(iv) Berzig and Samet’s multidimensional fixed points

are given when A ={1,2,...,m} and B = {m + 1,
m+2,...,n}.

For more details see [13].

A partial order < on X can be extended to a partial order
C on X" in the following way. If (X, <) is a partially ordered
space, x, y € X andi € A, we will use the following notation:

ifi € A,
if i € B.

X2y

< 35
x<1y<=>{x2y, (35)

Consider on the product space X" the following partial order:
for X = (x1, %55, %,), Y = (V1> Vo oo o> V) € X7,

XCY & x;%;y;, Vi (36)

We say that two points X and Y are comparable if X C 'Y
or X3Y.

Using this partial order, the mixed g-monotone property
is as follows.

Definition 20 (see [13]). Let (X, <) be a partially ordered
space. We say that F has the mixed (g, X)-monotone property
(with respect to {A,B}) if F is g-monotone nondecreasing
in arguments of A and g-monotone nonincreasing in argu-
ments of B; that is, for all x,, x,,...,x,, ¥,z € X and all 4,

gy 2 gz
F (X1 ee s X Yo Xy 15> X,)
SF(Xp ooy X1y 2 Xy o0 X)) if 0 €A, (37)
F(Xpsee s Xy Vs Xipgo e - 05 X))
> F(Xp,. s X152, Xjp15-->X,), ifi€B.

Remark 21 (see [10]). In order to ensure the existence of
Y-coincidence/fixed points, it is very important to assume
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that the mixed g-monotone property is compatible with the
permutation of the variables; that is, the mappings of Y =
(01,05, ...,0,) should verify

0,€Qp ificA  0,€Q,, ifieB. (38)

Remark 22 (see [10]). Notice that, in fact, when # is even,
Definitions 11 and 12 can be seen as particular cases of the
previous definitions when A is the set of all odd numbers
and B is the family of all even numbers in {1,2,...,n} and
the mappings o0, 0,,...,0, are appropriate permutations of
the variables.

The following definitions are usual in the field of fixed
point theory.

Definition 23. An ordered metric space (X,d, <) is a metric
space (X, d) provided with a partial order <.

Definition 24 (see [2]). An ordered metric space (X,d, <)
is said to be nondecreasing-regular (resp., nonincreasing-
regular) if we have that x,, < x (resp., x,,, > x) forallm e N
when {x,,} € X is any sequence verifying {x,,} — x and
Xy X Xy (resp., x,, = x,,.,) forallm € N. And (X, d, %)
is said to be regular if it is both nondecreasing-regular and
nonincreasing-regular.

Definition 25. Let (X, <) be a partially ordered set and let
T,g : X — X be two mappings. We will say that T is
monotone (g, <)-nondecreasing if Tx < Ty forall x,y € X
such that gx < gy.

Remark 26. If T is (g, <)-nondecreasing and gx = gy, then
Tx = Ty. It follows from

- gx = 9)’}
= —1
gx=9y {gy < gx

Tx<Ty
Ty <Tx

(39)
} = Tx=Ty.

Lemma 27 (see [16]). Let (X, d) be a metric space and define

A, : X"xX" - [0,00), forall A = (ay,a,,...,a,),B =
(b,b,,....b,) € X", by
1 n
A A;B = - d ',b' .
» (A B) nZl (a:b) (40)

Then A, is metric on X". And d is complete if, and only if, A,
is complete.

Lemma 28 (see [16]). Let (X, d, <) be an ordered metric space
and let F : X" — Xandg : X — X be two map-
pings. Let Y = (0,,0,...,0,) be an n-tuple of mappings
Sfrom {1,2,...,n} into itself verifying 0; € Qpp if i€ A and
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0, € Qg ifi € B. Define Fy,G: X" — X", forall x;,%,...,
x, € X, by

FY (xlr-xZa e Xn) = (F (xal(l), xUI(Z)’ e xgl(n)) s
F (xgz(l)) xgz(2)> ey xaz(n)) yeees (41)
F (6,0 Xo,00+ > %0,n))

G(x]) xZ’ ces ,le) = (gxl, gxz, e ,gxn) .

(1) If F has the mixed (g, <)-monotone property, then Fy
is monotone (G, E)-nondecreasing.

(2) If F is A ,-continuous, then Fy is also A ,-continuous.

(3) If g is d-continuous, then G is A ,-continuous.

(4) A point (x;,x,,...,x,) € X" is a Y-fixed point of F if,
and only if, (x;, x5, ..., x,) is a fixed point of Fy.

(5) A point (x,,xy,...,x,) € X" is a Y-coincidence
point of F and g if, and only if, (x;,%,,...,%,) is a
coincidence point of Fy and G.

(6) If (X, d, <) is regular, then (X", A", C) is also regular.

The commutativity and compatibility of the mappings are
defined as follows.

Definition 29. We will say that two mappings T,g : X — X
are commuting if gTx = Tgx for all x € X. We will say that
F:X" - Xandg: X — X are commuting if gF(x,,
X5 .. X,) = F(gx,, gx,,...,gx,) forall x,,...,x, € X.

The following notion was introduced in order to avoid the
necessity of commutativity.

Definition 30 (see [24-26]). Let (X,d,<) be an ordered
metric space. Two mappings T,g : X — X are said to be
O-compatible if

Jim d (gTx,, Tgx,,) = 0 (42)

provided that {x,,} is a sequence in X such that {gx,,} is <-
monotone and

mlgllmem = mli_r)noogxm € X. (43)

The natural extension to an arbitrary number of variables
is the following one.

Definition 31. Let (X, d, <) be an ordered metric space and let
F:X" - Xandg: X — X betwo mappings. Let Y =
(01,05, ...,0,) be an n-tuple of mappings from {1,2,...,n}
into itself verifying o; € Q,p if i € Aand o0; € Q;\’B iti e B.
We will say that (F, g) is a (O, Y)-compatible pair it

m m

i 0;(1) , 0;(2) ,0:(3) 0;(n)
mlgnood(gF(xm S X XX ),

o;(1)

F (gxm ’9’62(’1))) =0 (44

Vie{l,2,...,n}

0;(2) 0;(3)
gxX, T, gx,s

7
whenever {x,ln}, {xfn}, ..., {x,} are sequences in X such that
1 2
{gx,,}, {gx;,}, ..., {gx],} are <-monotone and
: (1) 0y(2) | 0:(3) (MY _ 1 i
rr}gan(xfn XD O = Jim gx,, € X
Vie{l,2,...,n}.
(45)

Notice that the previous definition is different from Def-
inition 14 because we impose that the sequences {gx. },

{gxf,,}, ..., {gx}, } are <-monotone.

Lemma 32. If F and g are (O, Y)-compatible, then Fy and G
are O-compatible.

Inspired by Boyd and Wong’s theorem [27], Mukherjea
[28] introduced the following kind of control functions:

¥ = {q): [0,00) — [0,00) : @ () < t,
(46)
lim ¢ (r) < t for each t > 0}.
r—tt

The following property is well-known.

Lemma 33. Let ¢ € V¥ and let {a,,} C [0, 00) be a sequence. If
a1 < @(a,,) and a,, # 0 for all m, then {a,,} — O.

Using this kind of control functions, we present the fol-
lowing theorem.

Theorem 34. Let (X, d, <) be an ordered metric space and let
T,g: X — X betwo mappings such that the following prop-
erties are fulfilled;
1) T(X) < g(X);
(ii) T is monotone (g, <)-nondecreasing;
(iii) there exists x, € X such that gx, < Tx;

(iv) there exists ¢ € VY verifying

d(Tx,Ty) <¢(d(gx.gy)) Vx,yeX

(47)
such that gx < gy.

Also assume that, at least, one of the following conditions holds:

(a) (X, d) is complete, T and g are continuous, and the pair
(T, g) is O-compatible;

(b) (X,d) is complete and T and g are continuous and
commuting;

(c) (9(X),d) is complete and (X,d, <) is nondecreasing-
regular;

(d) (X,d) is complete, g(X) is closed, and (X,d, <) is
nondecreasing-regular;

(e) (X,d) is complete, g is continuous and monotone <
-nondecreasing, the pair (T, g) is O-compatible, and
(X, d, <) is nondecreasing-regular.

Then T and g have, at least, a coincidence point.



Proof. We divide the proof into four steps.

Step 1. We claim that there exists a sequence {x,,} < X such
that {gx,,} is <-nondecreasing and gx,, ., = Tx,, forallm > 0.
Starting from x, € X given in (iii) and taking into account
that Tx, € T(X) € g(X), there exists x;, € X such that Tx, =
gx,. Then gx, < Tx, = gx;. Since T is (g, <)-nondecreasing,
Txy = Tx;. Now Tx; € T(X) € g(X), so there exists x, € X
such that Tx, = gx,. Then gx; = Tx, < Tx, = gx,.Since T is
(g, X)-nondecreasing, Tx; < Tx,. Repeating this argument,
there exists a sequence {x,,},,,5¢ such that

{gx,,} is < -nondecreasing,
(48)

9Xm+1 = Txm < Txm+1 = 9Xm+2 Vm > 0.

Now, let us define a,, = d(gx,,,,> gX,,.,) for allm > 0.

Step 2. We claim that a,,,, < ¢(a,,) for all m > 0. Since
GX i1 2 GXpnyo forallm > 0, it follows from (iv) that

Apy1 = d (gxm+2’ ym+3) = d (Txm+1’ Txm+2)
< (/5 (d (gxm+1’gxm+2)) = (/5 (am) .

(49)

Step 3. We claim that {d(gx,,, gx,,.1)} — 0. We consider two
possibilities.

(i) Suppose that there is m, € N such thata,, = 0. Then

A(gx 41> 9%my+2) = @, = 0. Remark 26 guaran-
tees that a,, .1 = d(gX, .2 GXpm+3) = A(Txp 415
Tx,,,+>) = 0. By induction, the same reasoning proves
that if there is m, € N such thata, =0, thena,, =
0 for all m > my, and, in this case, it is clear that

{a,} — 0. -

(ii) Suppose that a,, # 0 for all m. In this case, {a,,} — 0
by Lemma 33.

Step 4. We claim that {gx,,} is a Cauchy sequence. Let us show
that {gx,,} is Cauchy reasoning by contradiction. Suppose
that {gx,,} is not Cauchy. Then there exist g, > 0 and partial
subsequences {gx,} and {gx,,} verifying k < n(k) <
m(k) < n(k + 1), d(gx,x)» 9XmE)) > €» and d(gx,x)»
IXm(ky-1) < & for all k > 1 (m(k) is the least integer number,
greater that n(k), such that d(gx,u), 9x,,4) > &) Since
n(k) < m(k) -1 < m(k), we have gx,, ) < 9X,00-1 X 9Xm(k)-
By (e),

& <d (gxn(k)’gxm(k))
< d (g%t FXm-1) + A (9% mii)-15 9% mi)) (50)
< &+ d (9% m@-1> FXm@) »

and using Step 3,

lim d (gxn(k)>gxm(k)) =&

& < d (%> 9%mp) V.
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Using the contractivity condition (iv),

d (gxn(k)ﬂ’ gxm(k)+1)
=d (Txn(k)’ Tx,1) < ¢ (d (9% GXmi))) V.

(52)
Moreover
d (9% > IXmiiy)
< d (9%u(r> IXniie1) + A (9% (i1 FXimik))
< d (9% > F%niie1) + A (9% 11> FXmiio 1) (53)

+d (gxm(k)’ gxm(k)ﬂ)
< d (g% gxn(k)+1) +¢(d (gxn(k)’ gxm(k)))
+d (gxm(k)’ gxm(k)+1) .

Taking limit as k. — oo in (53) and using ¢ € ¥, Step 3, and
(51), we get the contradiction

& = klinéo A (9% 9% mir))

< kli_)n;() (d (9% n(rys 9% ny+1) + D (A (X FXmry))
(54)
+d (gxm(k)> gxm(k)+1))

=0+ lim ¢ (t) + 0 < &,

+
t— g

This contradiction proves that, in any case, {gx,,} is a Cauchy
sequence. Now, we prove that T and g have a coincidence
point distinguishing between cases (a)-(e).

Case (a). (X, d) is complete, T and g are continuous, and the
pair (T, g) is O-compatible. As (X, d) is complete, there exists
z € X such that {gx,,} — z.Since Tx,, = gx,,,, for all m,
we also have that {Tx,,} — z. As T and g are continuous,
then {Tgx,,} — Tz and {ggx,,} — gz. Taking into ac-
count that the pair (T, g) is O-compatible, we deduce that
lim d(gTx,,, Tgx,,) = 0.Insuch a case, we conclude that

m— 00

d(9z.Tz) = lim d(ggx,.1>Tgx,,) =0
(55)
= lim d(gTx,,Tgx,,) = 0;

that is, z is a coincidence point of T and g.

Case (b). (X, d) is complete and T and g are continuous and
commuting. It is obvious because (b) implies (a).

Case (c). (g(X), d) is complete and (X, d, <) is nondecreasing-
regular. As {gx,,} is a Cauchy sequence in the complete space
(g9(X),d), thereis y € g(X) such that {gx,,} — y.Letze X
be any point such that y = gz. In this case, {gx,,} — gz. We
are also going to show that {gx,,} — Tz, so we will conclude
that gz = Tz (and z is a coincidence point of T and g).
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Indeed, as (X, d, <) is regular and {gx,,} is <-nonde-
creasing and converging to gz, we deduce that gx,, < gz for
all m > 0. Applying the contractivity condition (iv),

d(gXpmi1 Tz) = d(Tx,,, Tz) < ¢ (d (9x,» 92))

(56)
Vm > 0.
We are going to show that
d(gx,u.1,T2) <d(gx,,,92) Vm=>1. (57)
(i) If d(gx,,, gz) #0, then d(gx,,,.,;,Tz) < ¢(d(gx,,,

gz)) < d(gx,,, gz) because ¢ € V.

(ii) Suppose that there is some 11, € N such that d(gx,, ,
gz) = 0. Remark 26 guarantees that d(Tx,, ,Tz) = 0.
This proves that if there is some m, € N such that
d(gxmo,gz) = 0, then d(Tme,Tz) = 0, so (57) also
holds.

In any case, (57) holds and this implies that {gx,,}
converges to Tz. This completes this case.

Case (d). (X,d) is complete, g(X) is closed, and (X, d, <) is
nondecreasing-regular. It follows from the fact that a closed
subset of a complete metric space is also complete. Then,
(9(X),d) is complete and Case (c) is applicable.

Case (e). (X, d) is complete, g is continuous and monotone <-
nondecreasing, the pair (T, g) is O-compatible, and (X, d, <) is
nondecreasing-regular. As (X, d) is complete, there exists z €
X such that {gx,,} — z.AsTx,, = gx,,,, for all m, we also
have that {Tx,,} — z. As g is continuous, {ggx,,} — g=z.
Furthermore, as the pair (T, g) is O-compatible, then

Nim d(g9%,,,1,T9x,,) = lim d (gTx,,, Tgx,,) = 0. (58)

As {ggx,} — gz, the previous property means that
{Tgx,,} — gz.Weare goingto show that {Tgx,,} — Tzand
this finishes the proof.

Indeed, since {gx,,} is <-nondecreasing, converges to z,
and (X, d, <) is nondecreasing-regular, we have that gx,, < z
for all m > 0. Moreover, as g is monotone <-nondecreasing,
we deduce that ggx,, < gz for all m > 0. Applying the
contractivity condition (iv),

d(Tgx,,Tz) < ¢(d(ggx,,gz)) ¥Ym=0. (59)
We claim that
d(Tgx,,Tz) <d(ggx,,gz) Ym=1.  (60)

(i) If d(ggx,,, gz) #0, then d(Tgx,,,Tz) < ¢(d(ggx,,
gz)) < d(ggx,,, gz) because ¢ € V.

(ii) Suppose that there is some m, € Nsuch thatd(ggx,, ,
gz) = 0. Remark 26 guarantees that d(Tgx,, , Tz) =
0. This proves that if there is some m, € N such that
d(ggxmo,gz) =0, then d(Tgxmo,Tz) = 0,0 (60)also
holds.

In any case, (60) holds and this implies that {T'gx,,} con-
verges to Tz. This completes the proof. O

Inspired by Berinde’s approach [23], we deduce the fol-
lowing result which removes the weakness of Theorem 3.1 in

(8].

Corollary 35. Let (X,d,<) be an ordered metric space, let
F:X" - Xandg: X — X betwo mappings, and let Y =
(01,05,...,0,) be an n-tuple of mappings from {1,2,...,n}
into itself verifying o, € Qup if i € A and o; € Q;IA,B ifi eB.
Suppose that the following properties are fulfilled:
(i) F(X") € g(X);
(ii) F has the mixed g-monotone property;
(iii) there exists xy, X, . .., xj € X such that gxoﬁ,-F(xg"(l),

ng@’,...,ng‘"))for alli€{1,2,...,n}

(iv) there exists ¢ € Y verifying

1 n
;Z;d (F (%o Xor00 -2 %oym )
P

F (}’ai(1)’ Vo, - - 7)/0,.(”))) (61)

1 n
< <P<; Yd (gx,-»gy,-)>
i=1

forall x,,%,5, ..., %, V15 Vas - - -» ¥y € X such that gx;<,gy; for
alli € {1,2,...,n}.
Also assume that at least one of the following conditions

holds;
(a) (X, d) is complete, F and g are continuous, and the pair
(F, g) is (O, Y)-compatible;

(b) (X,d) is complete and F and g are continuous and
commuting;

(c) (g(X),d) is complete and (X, d, X) is regular;

(d) (X,d) is complete, g(X) is closed, and (X,d, <) is
regular;

(e) (X, d) is complete, g is continuous and monotone <-
nondecreasing, the pair (F, g) is (O, Y)-compatible, and
(X, d, <) is regular.

Then F and g have, at least, a Y-coincidence point.
Proof. Notice that the contractivity condition (61) means that
A, (B X FY) <9 (A, (XY)) (62)
forall X = (x1,%5,...,%,),Y = ()1, V5>--+> ¥,) € X" such
that GX C GY. Therefore, it is only necessary to apply

Theorem 34 to the mappings Fy,G : X" — X" defined in
Lemma 28. O

We now reconsider Example 18.
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Example 36. Let X = R be the set of all real numbers pro-
vided with its usual order < and the Euclidean metric d(x,
y) = |x—y|forallx,y € X.LetF: X* - Xandg: X — X
be given by

x—6y+z-w

F(x,y,z,w) = T Vx, y,z,w € X;
0 (63)
10x
=— VxeX
9x = x

It is easy to check that the contractivity condition of
Corollary 35 is satisfied successfully. Indeed, we have that

4
= :iZd (F (%00 %0, X013 Xor(0)) »

=1
F(Yo,00 Yoy You) > Yortay)
179 9
<—|Z|x-al +=|y-b
4[11|x a|+11|y |
9 9
t11 |z—c|+ﬁ|w—d|] (64)
—2(|x—a|+| —bl+lz—c|+|w-d])
44 % ’

d(ga, gx) +d(gy, gb) +d (gz, gc) + d (gw, gt)
4

:g(lx—al+|y—b|+|z—c|+|w—d|).

Thus, it is sufficient to take ¢(t) = 19/20 (as it was defined
in [8]) such that the contractive condition in Corollary 35 is
satisfied.

Notice that (0,0,0,0) is the only common n-tuple fixed
point of F and g and

(65)

d(a,x)+d(y,b) +d(z.0) +d(w1t) |y-b|
4 o4

Thus, it is impossible to find ¢ (as it was defined in [8]) such
that

d(F(x,y,z,w),F(a,b,c,d))

<(P(d(a,x)+d(y,b)+d(z,c)+d(w,d)> (66)
< ; .

However, it is clear that (0, 0, 0, 0) is the only common n-tuple
fixed point of F and g.

4. Consequences

In this section, we can list some of the consequences of our
main result (Theorem 34).

Corollary 37 (Ran and Reurings [29]). Let (X,<) be an
ordered set endowed with a metricd and T : X — X bea
given mapping. Suppose that the following conditions hold:
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(a) (X, d) is complete,

(b) T is nondecreasing (with respect to <),
(c) T is continuous,

(d) there exists x, € X such that x, < Tx,,

(e) there exists a constant k € (0, 1) such that d(Tx, Ty) <
kd(x, y) forall x, y € X with x > y.

Then T has a fixed point. Moreover, if for all (x, y) € X*
there exists z € X such that x < z and y < z, one obtains
uniqueness of the fixed point.

Nieto and Rodriguez-Lopez [30] slightly modified the
hypothesis of the previous result obtaining the following
theorem.

Corollary 38 (Nieto and Rodriguez-Lopez [30]). Let (X, <)
be an ordered set endowed with a metricd and T : X — X be
a given mapping. Suppose that the following conditions hold:

(a) (X, d) is complete,
(b) T is nondecreasing (with respect to <),

(¢) if a nondecreasing sequence {x,,} in X converges to
some point x € X, then x,, < x for all m,

(d) there exists x, € X such that x, < Tx,,

(e) there exists a constant k € (0, 1) such that d(Tx, Ty) <
kd(x, y) forall x, y € X with x = y.

Then T has a fixed point. Moreover, if for all (x, y) € X*
there exists z € X such that x < z and y < z, one obtains
uniqueness of the fixed point.

Corollary 39 (Bhaskar and Lakshmikantham [2]). Let (X, <)
be a partially ordered set endowed with a metricd. Let F : X x
X — X be a given mapping. Suppose that the following
conditions hold:

(i) (X, d) is complete;
(ii) F has the mixed monotone property;

(iii) F is continuous or X has the following properties:

(X,) if a nondecreasing sequence {x,} in X converges
to some point x € X, then x,, < x for all n,

(X,) if a decreasing sequence {y,} in X converges to
some point y € X, then y, * y for all n;

(iv) there exists x,, v, € X such that x, < F(x,, y,) and
Yo = F(yo, Xo);

(v) there exists a constant k € (0, 1) such that for all (x, y),
(u,v) e X x X withx xuand y < v,

d(F(xy),F ) < ’f denw+d(nv)].  (67)

Then F has a coupled fixed point (x*,y") € X x X.
Moreover, if for all (x, y), (u,v) € X x X there exists (z,,z,) €
X x X such that (x, y)<,(z,,2,) and (u,v)<,(z,, 2,), one has
uniqueness of the coupled fixed point and x* = y*.
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In [31] a version of the following result using a mapping
g can be found.

Corollary 40 (Berinde and Borcut [32]). Let (X,<) be a
partially ordered set and suppose there is a metric d on X such
that (X, d) is a complete metric space. Let F : Xx X xX — X
be a mapping having the mixed g-monotone property. Assume
that there exist constants j,k,€ € [0,1) with j+k+¢€ < 1 such
that

d(F(x,y,2),F (u,v,w)) < jd (x,u) + kd (y,v) + €d (z,w)
(68)

forall x,y,z,u,v,w € X withx <u, y * v, z < w. Suppose
either F is continuous or (X, d, X) has the following properties:

(a) if a nondecreasing sequence {x,,} — x, then x,, < x
for all m;

(b) if a nondecreasing sequence {y,,} — y, then y,, <y
for all m.

If there exists x,, ¥y, 2o € X such that

xo < F (X0, ¥, 20) » Yo = F (¥, %0, %) »

(69)
zo < F (2, Y0, %0) »
then there exists x, y,z € X such that
x=F(x,y.2), y=F(phxy), z=F(zyx).
(70)

A quadruple version was obtained by Karapmnar and
Luong in [33].

Corollary 41 (Karapinar and Luong [33]). Let (X,<) be a
partially ordered set and (X, d) be a complete metric space. Let
F:XxXxXxX — X beamapping having the mixed
monotone property. Assume that there exist constants k € [0, 1)
such that

d(F(x,y,z,w),F (u,v,1,t))

k (71)
< 1 [d(x,u)+d(y,v)+d(z,r) +d (w,1)]

forallx, y,z,u,v,w € Xwithx > u, y<v,z > randw < t.
Suppose that there exists x,, ¥y, 29> Wy € X such that

Yo = F (¥, 29> Wy, Xo) »
(72)
wy = F (wy, Xg, Yo, Z) -

xo < F (x> ¥, 20 W) »
2Zy < F (29, Wy, X0 ¥0) »

Suppose that either F is continuous or (X,d,<) has the
following properties:

(a) if a nondecreasing sequence {x,,} — x, then x,, < x
for all m;

(b) if a nondecreasing sequence {y,,} — y, then y,, <y
for all m.

1

Then there exists x, y,z,w € X such that

F(-xayaz;w) =X, F(y,Z,w,x) = y,

(73)

F(z,w,x,y) =z, F(w,x,y,2) =w.

Later, Berzig and Samet extended the previous result to
the multidimensional case in the following way.

Corollary 42 (Berzig and Samet [34]). Let (X,<) be a par-
tially ordered set and suppose there is a metric d on X such that
(X, d) is a complete metric space. For N, m positive integers,
N=>21<m<N,letF: XY — X bea continuous
mapping having the m-mixed monotone property. Assume that
there exist the constants §; € [0, 1) with Zf\:]l 8; < 1 for which

N
d(F(U),F (V) < Y &d(x;, ) (74)
i=1
forallU = (x1,...,x5),V = (F1s...» yn) € X" such that
X1 X Ve X X Vs

(75)

X+l = Ym+1> > XN = YN-

If there exists U = (x(lo), R x;(})) e XN such that

7 < F (< [y (1:m)], 5 [y (m + 1: N)]),

xO<F (x(o) (@, (1:m)],x [y, m+1: N)]) ,

xi(’gll > F (x(O) [Prsr (12 m)], % [0y (m+ 1 N)]) ’

X9 > F(x(o) [on (1:m)], @ [y (m+ 1 N)])’

(76)
where @y, ..., @, : {l,...,m} — {1,...,m}, v ,..., ¥, : {m
+1L,...,N} - {m+1,..,NL @, p»...on : {L,...,m} —

{m+1,...,N} —
,xy) € XN satisfying

{m+ 1,...,N}, and ¥,.1>...,¥n
{1,...,m}, then there exists (x,,%,, ...

x;=F(x[p,(1:m)],x[y; (m+1:N)]),

X, = F(x[p, 1 :m)],x[y,(m+1:N)]),
(77)

Xme1 = F(x [¢m+1 (1: m)] » X [V/mﬂ (m+1: N)]) >

xy =F(x[pn(1:m)],x[yy(m+1:N)]).

Corollary 43 (Choudhury and Kundu [24], Theorem 3.1).
Let (X, X) be a partially ordered set and let there be a metric
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d on X such that (X,d) is a complete metric space. Let ¢ :
[0,00) — [0,00) be such that ¢(t) < t and lim, _, ,+¢(r) < t
foreacht > 0.Let F : X" — Xandg: X — X betwo
mappings such that F has the mixed g-monotone property and
satisfies

d (gx, gu) +d (gy, gv) ) 8)

d(F(x)y),F(u,V))SQD( 2

forall x, y,u,v € X, with gx < gu and gy > gv. Let F(X x
X) < g(X), g be continuous and monotone increasing and F
and g be compatible mappings. Also suppose

(a) F is continuous, or

(b) X has the following properties:

(b.1) if a nondecreasing sequence {x,} — x, then x,, <
x for alln > 0;

(b.2) if a nonincreasing sequence {y,} — y, then y, >
yforalln > 0.

If there exists x,, ¥, € X such that
g%y < F (x0, ) » 9o = F (0 %) (79)

then there exists x, y € X such that

gy =F(y.x); (80)

that is, F and g have a coincidence point.

gx=F(xy),

In the multidimensional case, we have the following re-
sult.

Corollary 44 (Wang [35], Theorem 3.4). Let (X,<) be a
partially ordered set and suppose there is a metric d on X such
that (X, d) is a complete metric space. Let G : X" — X" and
T : X" — X" be a G-isotone mapping for which there exists
¢ € Y such that forallY € X", V e X" with G(Y) 2 G(V),

P (T(Y), T(V)<¢(p, (G(Y),G(V)),  (81)

where p,, is defined for allY = (y,, y,,...
v,) € X" by

)yn)’Vz (Vl,Vz,...,

1
p. (Y, V) = n [d(yv) +d (ypvy) +-+d (¥ v,)]
(82)

Suppose T(X"™) € G(X") and also suppose either

(a) T is continuous, G is continuous and commutes with T,
or

(b) (X,d, <) is regular and G(X") is closed.

If there exists Y, € X" such that G(Y,) and T(Y,) are C-
comparable, then T and G have a coincidence point.

We, finally, note that most of multidimensional fixed
point theorems can be reduced to one-dimensional fixed
point results. This observation and hence the initial results

Abstract and Applied Analysis

in this direction were given in [16, 36]. In particular, in [36],
the authors proved that the first coupled fixed point result
(Theorem 2.1 1n [2]) is a consequence of Theorem 2.11in [37].
On the other hand, in [16], the authors proved that the initial
multidimensional fixed point result (Theorem 9 in [13]) can
be derived from Theorem 2.1 in [37] either.
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