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We first discuss the existence and uniqueness of weak solution for the obstacle problem of the nonhomogeneous A-harmonic
equation with variable exponent, and then we obtain the existence of the solutions of the equation d* A(x, dw) = B(x, dw) in the

weighted variable exponent Sobolev space W <@, Al H).

1. Introduction

In [1-5], the nonhomogeneous A-harmonic equation
d*A(x,dw) = B(x,dw) for differential forms has received
much investigation. In [6], the obstacle problem of the A-
harmonic equation for differential forms has been discussed.
However, most of these results are developed in the L (Q, Ah
space or WP (0, A') space. Meanwhile, in the past few years
the subject of variable exponent space has undergone a vast
development; see [7-11]. For example, [8-10] discuss the
weighted L) and W*P*) spaces and the weak solution for
obstacle problem with variable growth has been studied in
[10, 11].

In this paper, we are interested in the following obstacle
problem:

L (A du) - d(v-u)+Bx,du)- (v -w)dx=0 (1)
for v belonging to
Kyo={rew!(Qn p):v2y,
ae x€0,v-0eW™ (0 u)}, N
where y(x) = Y y;(x)dx; € AUR™, v(x) = ¥ v,(x)dx; €

AZ(IR”), vy Q - [-oo,+00l; v = Y, ae.x € Q
means that, for any I, we have v; > y;, ae. x € Q; 0 €

Wf(x)(Q, A, ), 1=0,1,...,n—1, and the variable exponent
p(x) € P(Q) satisfies

l<p <p(x)<p <oo forae xeQ. (3)

The operators A(x, &) Q x AR — AYR) and
B(x,&) : QO x AZ(R") — A (R) satisty the following growth
conditions on a bounded domain :

(H1) A(x,&) and B(x,&) are measurable for all £ with
respect to x and continuous for a.e. x € Q with
respect to &,

(H2) |A(x, £)] < Crw(x)|E[PD,
(H3) A(x,8) - & = Cw(x)[E[PY,
(H4) |B(x, )| < Cw(x)[EPX,
(H5) B(x, d&) - & > C,w(x)|E[PY,

(H6) (A(x,d&)—A(x, dn))-(dE~dn)+(B(x, d&)—B(x, dn))-
E-n) =0foré+n,

where C,, C,, C;, and C, are nonnegative constants. w(x) €
LY(Q) nonnegative and w(x)l/(p(x)_l) e L'(Q). We will
discuss the existence and uniqueness of the solutionu € & 4
for the abovementioned obstacle problem.

Now, we introduce the existing results and related defini-
tions.

Throughout this paper, we assume that Q is a bounded
domain in R". Let A' = A'(R") be the set of all I-forms in


http://dx.doi.org/10.1155/2014/280214

R". A differential I-form u(x) is generated by {dx; A dx; A
s Ndxgh, 1= 1,2,..00,m that s, u(x) = Y, u(x)dx; =
> g i (X)dx; Adxjy A - Ny, where uy(x) is differential
function, I = (i}, ip...,4),and 1 < 4 < i, < -+ <
i, < n. Let D'(Q,A") be the space of all differential I-
forms on Q. For a(x) = Zaj(x)dx; € Al and Blx) =
3B,(x)dx; € Al then the inner product is obtained by
a-B = x(an*p) = Y o(x)B(x). We write [u] = (u -
u)l/ 2= o IuI(x)IZ)l/ 2. We denote the exterior derivative
by du = Y, ¥,00u;(x)/ox;)dx; A dx; : D'(Q,A) —
D'(Q,Al“) for/ =0,1,...,n— L. Its formal adjoint operator
d*: D'(Q,A"Y) - D'(Q,A)isgivenbyd* = (1) xdx,
I =0,1,2,...,n — 1; here » is the well-known Hodge star
operator. Denote the class of infinitely differential /-forms on
Q by C*(Q, A). A differential I-form u € D'(Q, A') is called
a closed form if du = 0 in Q.

Next we will introduce some basic properties of weighted
variable exponent Lebesgue spaces LP™ (2, u) and weighted
variable exponent Sobolev spaces W?™(Q, @), and we
define 2(Q)) to be the set of all n-dimensioned Lebesgue
measurable functions p : Q — [1,00]. Functions p €
P(Q) are called variable exponents on Q. We define p~ :=
ess inf, o p(x), p° = ess sup,.op(x). If p* < oo, then
we call p a bounded variable exponent. If p € 2(Q), then
we define p' € P(Q) by (1/p(x)) + (l/p'(x)) = 1, where
1/00 := 0. The function p' is called the dual variable exponent
of p. We denote w as a weight if w € L} (R") andw > 0
a.e; also in general dy = wdx. From [7, 10], we know that
it p € P(Q) satisfies (3), the weighted variable exponent
Lebesgue spaces LP™(Q,u) = {f : JQ IAf()PPdu <
00, A > 0} with the norm IIfIIU,(x)(Q)H) = inf{A > 0 :
Jo 1f@)/AP¥dy < 1} and the weighted variable exponent
Sobolev spaces W™ (Q,u) = {f € LF(Qu) : Vf €
P9 (Q, @)} with the norm ||f||W1,p(x><Q,M) = ||f||Lp(x)(Q)H> +
VA 1P () Are Banach space and reflexive and uniformly
convex. On the set of all differential forms on Q), we define the
weighted variable exponent Lebesgue spaces of differential
I-forms LF™)(Q, A', 4) and the weighted variable exponent

Sobolev spaces of differential forms W; @@, A, H).

Definition 1. We denote the weighted variable exponent
Lebesgue spaces of differential I-forms by LP™(Q, A, u) =
{u=Y,u,(x)dx; € A : uy(x) e LPX(Qu)} 1=0,1,2,...,n
and we endow LP™(Q, A!, ) with the following norm:

u P(x)

”u"LP(X)(Q,Al,[J) = lnf {A >0: JQ |X

dp < 1}. (4)

And the spaces W;(X)(Q, A p) = fue PO AL ) - du e
LPO(Q, A, w)} with the norm

"u”W;M(Q)Al,#) = ”u"LP(")(Q,Al,H) + ||d”||LP<’°>(Q,A“1,M) (5)

are the weighted variable exponent Sobolev spaces of differ-
ential [-forms; I = 0,1,2,...,n — 1. W(f;(x)(Q,Al,y) is the
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completion of CSO(Q,AI, @) in W;(x)(Q,Al,y). We need the
following Holder inequalities; see [7, 10].

Proposition 2. Let p, g € P(Q) be such that 1 = (1/p(x)) +
(1/q(x)) for u-almost every x € Q. Then

L et )
J Mol due= [ Sslatdus | slal™an o

1\" (1Y
Joutans((2) + () ) hmsmalolhooian
@)

forall f € LP*)(Q, u) and g € LT(Q, p).

Lemma 3 (see [7]). Let (D,Y,pn) be a o-finite, complete
measure space; if f € LPO(D,u), g € L°(D,p), and 0 <
lgl < |fl p-almost everywhere, then g € LPY(D, @) and
"g”bv(x)(p,ﬂ) < "f”LP(")(D,y)'

By the inequality (Y/,(a))"* < Yl a4 <
1/11/2(Z?=1(ai)2)1/2 for any a; > 0, using Lemma 3, we
can easily have the following lemma.

Lemma 4. If u = Zu(x)dx; € D'(Q,A) and |[u| =
(X, lug )2, then u € LPX(Q, A, p) and |u| € LF(Q, )
are equivalent, and ”u"Lp(x)(Q’AI’M) = |||u|||Lp<x)(Q’#).

2. Main Results

In this section, we will obtain the existence and uniqueness of
weak solution for obstacle problem of the nonhomogeneous

A-harmonic equation in space W; @, Al H).

Theorem 5. Suppose K4 is not empty, under conditions
(H1)-(H6), and there exists a unique solution u to the obstacle
problem (1)-(2). That is, there is a differential form u in ﬁwﬂ
such that

J- (A(x,du)-d(v—u) + B(x,du)-(v—u))dx >0, (8)
Q
whenever v € & 4.

We deduce Theorem 5 from a proposition of Kinderlehrer
and Stampacchia.

Proposition 6 (see [12]). Let K be a nonempty closed convex
subset of X and let A : K — X' be monotone, coercive, and
weakly continuous on K. Then there exists an element u in K
such that (Nu,v — u) > 0 whenever v € K.

Nowlet X = Wf(x)(Q, A u) and (-, -) be the usual pairing
between X and X', (f,g) = ij - gdu, where g is in X and

finX' = W;l(x)(Q, A, 1), We will take K9 as K. We define
amapping A : K,y — X' by

Av,u) = L (A(x,dv)-du+ B(x,dv)-u)ydx  (9)

foru e W;(x)(ﬂ, A, H).
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Lemma 7. If p(x) satisfies (3), then spaces L¥ @, AL, u) and
w? “q, A, @) are complete and convex.

Proof. From [7], we know that if p satisfies (3) and
w(x) /P ¢ [1(Q), then let LP*)(Q, ) be Banach space
and uniformly convex. If w, and w, are two [-forms: w; =
Y aidx; and w, = Y, bjdx, we can easily have w, + w, =
Yila; + b)dx; and d(w, + w,) = dw, + dw,, so we can
immediately obtain the convexity of spaces LF*)(Q, A, )
and W;(x) Q, A H).

Let u; = Y uydx; € LPX(Q, A, 4) be a Cauchy
sequence in W{f @, A, (). Then for any I, u;;(x) converges
in LP™)(Q, u). Suppose that ujp(x) — ux) in LPX(Q, ).
Now letu = Y ; u;dx; € L (Q, AL (), we have

1/2
== (Dol ) < Bloa -l 0
I 1

using Lemmas 3 and 4, and we know the sequence u;

converges to u in LPOQ, A, W).

For the sequence {du;}, we suppose du; — v in
LPX(Q, A", u), and then v € LPY(Q, A", ). So (uj,du;)
converges to (u,v) in the normed space Lp(x)(Q,Al,‘u) X
LPX(Q, A", y). From du; —du = ¥ (du;; - dup) A dxp,
we have

" Ou.r — ou
" Idxl-/\dxl

I

I i=1

|duj - du| =

(11)

In view of [10], for any I, we know that u; — u;
in LP®(Q, 4) and Vu; — v in LP(Q, u), and then
Vu, = v; € LP*(Q,p). Using Lemmas 3 and 4, we get
the sequence du; that converges to du in L? @, A, w); it
follows that v = du € LP*(Q, A", ). So, we prove
W{f(x)(ﬂ, A, u) is a closed subspace of LPOQ, AL, W X
LPX)(Q, A™, ). This ends the proof of Lemma 7. O

Using Lemma 7, we can immediately obtain the following
lemma.

Lemma 8. K, g is a closed convex set.

!
Lemma 9. Foreachv e K 4, Av € [W;(x)(Q, Al,;,t)] .

v.0

Proof. Using Holder inequality (7) with 1 = (1/p(x)) +

(1/p'(x)) and (H2), we get

UQ A(x,v(x)) - u(x) dxl

<C, L v (OIPP Ju ()] w (x) dx

1 1 _
<C/ [ —+—)Ive P« ull; o
1(p p,)||| P o Wil @t

()-1
< 2C, v ()15 (o) lull oo a0

(12)

Similarly, for the operator B(x, &), we have

” B(x,v(x))-u(x)dx
? (13)

(x)-1
< 2C3”V(x)||ipii)(ﬂ)1\l’”) "u“L}’(")(Q,Al,y)'

Using (12) and (13) we can easily prove

(v, u)|

= H (A(x,dv)-du+ B(x,dv)-u)dx
Q

x)—1

(
<2C, ||dv||f},(x) (A1) el o pto1 0

plx)-1
+ 2C3 "dV"Lp(x)(Q’AlH)H) "u“LP(X)(Q,Al,[J)

(x)-1
< ColldvIf,is g ooy (Il ooy + Bl o)

(x)-1
< Cellv (0)|F u :
5” ( )"W;(X)(Q)AI’M)" ||V\/:§’(")(Q’AIJ4)

(14)

!
So we get Av € [Wf(x)(Q,Al,‘u)] , whenever v € K 4, u €

Wlf(x)(Q,Al,‘u), and C, and Cj; are constants fixed to (H2)
and (H4). O

Lemma 10. 2 is monotone and coercive on &, 4.



Proof. It follows from (H6) that 2 is monotone. To show that
2 is coercive on ], 4, fix ¢ € & 5 and using the conditions
(H2)-(H5), (12), (13), and (6), then

(Au - Ap, u - @)
_ L ((A (x, du) - A (x, dp)) - (du — dop)
B(x,dg)) - (u-¢))dx

= J (A (x,du) - du) dx + J (A(x,dg) - do) dx
o o

+ (B (x,du) —

- J (A (x,du) - do) dx — J (A(x,dg) - du)dx
o o
+ L (B(x,du) - u)dx + J;) (B(x,do) - ¢)dx
- JQ (B (x,du) - @) dx — JQ (B(x,dg) - u)dx
>C, (J ldulPPw (x) dx + J |d(p|P(x)w (x) dx)
o o
¢, J 1l || w (x) dx - 2C, | dg]P® " dul
o

J ulP¥w( x)dx+J |(p|P(x)
Q Q

( w (x) dx)
e J |dul” 7 |o| w (x) dx — 2C5 | de [P |1ul
Q

eldulPPdy

1
CJ dulP®d —CJ
2 Q|u| u IQP,(X:)

1 1 (x) p(x)

-C dul”™d
3,[0 pl(x)sl u| AM

R 1P| [P j' (x)
-G, J P du+Cy | [uP™d

—2max (Cy, Cs) |de|"™" (ldull + lul)

+C(p,p (%), G5, Cy),
(15)

Where ” : ” is the LP(X)(Q)AI)[J) norm; taking & =
C,(p')"/2(C, + C;), we have

(Au - A, u — @)
> G J |du|PP dy + C4J ul?dyu
2 Ja Q

— Cy|ldo|P (ldull + llul) + Cs
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C, x x
> I(Idu de|"™ + |dg|™ ) du

#Cy [ (ju gl +1o") du
Q
= G5l ((ldu - do] + |dg]
+u=g] + o) + Co
> G (] lau—agl s | gl au)

= Cslldo]"™™" (ldu — dgp| + |u - ] + Cs.
(16)

Let pp(,)(t) = JQ |t|p(x)d[/l; from [7, pages 24, 73], we know
that if the variable exponent p € (Q) satisfied p* < oo,
then

min {(Qp(.) (f))l/pi’ (QP(A) (f))l/f}

<o < max (250 (N)" (00 ()}
(17)

holds. Whenever llu”“’fm(fl,/\’,#) 00, we have

ldu - d(P”LP(X)(Q)AIH’M) > 1 or |lu- 90”1,0(7:)(9,/\1,”) > 1,
and using (17) we have

J |du — do|"d + J ju - gl dy
Q Q
> max {“du - d(p"P_, [|du - d(pnf} (18)
+max {Ju - gl Ju—of” |

Substituting (18) in (16) we obtain

(Au - Ap,u - )
> G ([ Ju-doldu+ | Ju- g™ au)
Q Q

~ Cs|de|P™" (|ldu - de|) + Ju - ¢])) + Cs

- . (19)
> Cy (max {du - do|” , |du - dg|” |
max {Ju-o|” Ju-o|” })
= Cslldo]"™™" (du — g + |u - ¢]) + Cs.
Then it is easy to obtain
Au — A, u —
( pu-9) (0

"” - §Dl|w;("’(0,/s1,m

as |lu — (P”Wp(x) QAL — 00 It follows that 2I is coercive on
# WAL )
K,9- This completes the proof of Lemma 10. O
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Lemma 11. 2 is weakly continuous on &,

Proof. Let u; € K, be a sequence that converges to an
elementu € K 4 in W; “@, A, ). Pick a subsequence
u;; such that w;; — wu ae in Q. Since the mapping
& > A(x,&) and &€ — B(x, &) are continuous for a.e. x in
Q, we have A(x,u,-j(x))w’l/p(x) - Al u(x)w /P
a.e. in Q. Under the conditions (H2) and (H4), we
know that A(x, duij)w_l/p(x) and  B(x,du;)w” 1/p()

are uniformly bounded in L?™(Q, A""), and we have
A(x,du,-j)w_l/f’(") N Alx, du)yw™ P weakly in
LPX(Q, A", u) and B(x, duij)w’l/f’(") — B(x, duij)wfl/p(x)

weakly in LP¥)(Q, AL, ).
Since the weak limit is independent of the choice of the
subsequence, it follows that

A (x,du)) w P — A (x, du) w P,
(21)
B(x,du;) wP® _, B (x, du) w /P

forallu € Lp(x)(Q,Al,y), duw'/P® e PP (Q, A,
Then we have

(A, v)

1/P x) del/P(X)) dx

+ J B (x, du;) w/P™) . vwl/P(x))dx
o

!

A(x du) w /P del/p(x))d

+J B (x, du) w/P® vwl/P(x))dx = (Au,v).
Q
(22)

Hence 2 is weakly continuous on &, 9. This ends the proof
of Lemma 11. O

Proof of Theorem 5. We can apply Proposition 6 and the
above lemmas to obtain the existence. If there are two weak
solutions u;, u, € Rwﬂ to obstacle problem (1)-(2), then we
have

L (A (x,du) - d (ty ) + B (e, duty) - (uy — 11,)) dx 3 0,

J;) (A(x,duy) - d (u; —uy) + B(x,duy) - (u; —u,))dx >0,
(23)

J, (A Gedu) = A (o)) - (= )

+(B(x,du,) - B(x,duy)) - (uy —uy))dx < 0.

(24)

5
In view of (H6), we can further infer that
J, (CAGrrc) = 4 e n)) - (1, =)
+ (B (x,du,) - B (x,du;)) (25)

-ty — 1)) dx = 0

which means that u; = u, a.e. on (), and now we complete
the proof. O

a.e. on (,

Corollary 12. Let Q be a bounded domain and 0 €
Wf(x)(Q,Al_l,‘u). Under the conditions (H1)-(H6), there is
a differential form u € Wf(x)(Q,Al_l,‘u) with u — 0 ¢
W{f(x)(Q, A7, w) such that

d”A(x,du) = B(x,du), weakly in Q; (26)

that is, |, (A(x,du) - dg + B(x, du) - p)dx = 0, whenever ¢ €
W(ﬁl(X)(Q’Alil#),l =1,2,...,n

Proof. Choose y; = —co and let u be the solution to the obsta-
cle problem (1)-(2) in @W,e. For any ¢ ¢ Wg’d(x)(ﬂ, AH,‘M),
since u + ¢ and u — ¢ both belong to ], 5, we have
- (J (A (x,du) - do + B (x, du) -<p)dx) >0,
! 27)
L (A (x,du) - do + B (x,du) - ¢)dx > 0.

Thus
J (A (x,du) -de + B(x,du) - ¢)dx = 0, (28)
Q
as desired. O

Remark 13. 1f p(x) = p, then |lull oo ar,y = lullrn, =
luall .00, = (JQ lul?dp)'’? and the Luxemburg norm reduces

to the L norm. So (26) is the extension of the equation in
[2-5].
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