Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 278907, 4 pages
http://dx.doi.org/10.1155/2014/278907

Research Article

A New Difference Sequence Set of Order « and

Its Geometrical Properties

Mikail Et' and Vatan Karakaya®

I Department of Mathematics, Firat University, 23119, Elazg, Turkey
? Department of Mathematical Engineering, Yildiz Technical University, Davutpasa Campus, Esenler, 34750 Istanbul, Turkey

Correspondence should be addressed to Vatan Karakaya; vkkaya@yildiz.edu.tr

Received 15 June 2014; Accepted 19 August 2014; Published 11 September 2014

Academic Editor: Cristina Pignotti

Copyright © 2014 M. Et and V. Karakaya. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly

cited.

We introduce a new class of sequences named as m, (A", ¢, p) and, for this space, we study some inclusion relations, topological
properties, and geometrical properties such as order continuous, the Fatou property, and the Banach-Saks property of type p.

1. Introduction, Definitions, and Preliminaries

By w we denote the space of all complex (or real) sequences. If
x € w, then we simply write x = (x;) instead of x = (x;)2,-
We will write €., ¢, and ¢, for the sequence spaces of all
bounded, convergent, and null sequences, respectively. Also
by ¢, and £, we denote the spaces of all absolutely summable
and p-absolutely summable series, respectively.

The notion of difference sequence spaces was generalized
by Et and Colak [1] such as X(A") = {x = (x;) : A"x € X}, for
X = £, ¢, and ¢,. They showed that these sequence spaces
are BK-spaces with the norm

T
Iy = Y bl + A7) M
i=1

where 7 € N, A’x = x, Ax = (x; — x3,,), A'x = (A'x) =
(A=A x, ), and ATy = Y7 (=1)" (1) Xy, Recently
difference sequences and related concepts have been studied
in ([2-13]) and by many others.

Let E be a sequence space. Then E is called

(i) solid (or normal) if (e x;) € E for all sequences («;) of
scalars with |a | < 1 forall k € N, whenever (x;) € E,

(ii) symmetric if (x;) € E implies (x,()) € E, where 7 is
a permutation of N,

(iii) monotone provided E contains the canaonical preim-
ages of all its step spaces,

(iv) sequence algebra if x - y € E, whenever x, y € E.

It is well known that if E is normal then E is monotone.

Throughout this paper ¢, denotes the class of all subsets
of N; those do not contain more than s elements. Let (¢,,)
be a nondecreasing sequence of positive numbers such that
ne,. ., < (n+1)¢, foralln € N. The class of all sequences (¢,,)
is denoted by ®. The sequence space m(¢$) was introduced
by Sargent [14] and he studied some of its properties and
obtained some relations with the space ¢,. Later on it was
investigated by Tripathy and Sen [15] and Tripathy and
Mahanta [16].

Let us recall that a sequence {v(i)};"] in a Banach space X
is called Schauder basis of X (or basis for short) if for each
x € X there exists a unique sequence {A(i)};°, of scalars such
that x = Y2, A(i)v(i); that is, lim,,_, o, Y-, A(i)v(i) = x.

A sequence space X with a linear topology is called a K-
space if each of the projection maps P, : X — C defined
by P(x) = x(i) for x = (x(i));°, € X is continuous for each
natural i. A Fréchet space is a complete metric linear space
and the metric is generated by an F-norm and a Fréchet space
which is a K-space is called an FK-space; that is, a K-space X
is called an FK-space if X is a complete linear metric space.
In other words, X is an FK-space if X is a Fréchet space with
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continuous coordinate projections. All the sequence spaces
mentioned above are FK spaces except the space ¢.

An FK-space X which contains the space ¢y, is said to
have the property AK if for every sequence {x(i)} € X, x =
Y2 x(i)e(i) where e(i) = (0,0, ..., 1(ith-place), 0,0, ..).

A Banach space X is said to be a Kothe sequence space (see
[17,18]) if X is a subspace of w such that

(i) if x € w,y € X and |x()| <
x € Xand [lx| < [yl

|y(@@)| for all i € N, then

(ii) there exists an element x € X such that x(i) > 0 for
alli e N.

We say that x € X is order continuous if for any sequence
(x,)in X such that x, (i) < |x(i)| foreachi € Nand x,(i) — 0
(n — 00) we have that [|x,|| — 0 holds.

A Kothe sequence space X is said to be order continuous
ifall sequences in X are order continuous. It is easy to see that
x € X is order continuous if and only if [|(0,0,...,0,x(n +
1),x(n+2),...)] — 0asn — oo.

A Kothe sequence space X is said to have the
Fatou property if, for any real sequence x and any {x,} in
X such that x,, T x coordinatewisely and sup,,[|x, || < oo, we
have that x € X and |x, | — [x].

A Banach space X is said to have the Banach-
Saks property if every bounded sequence {x,} in X
admits a subsequence {z,} such that the sequence {t;(z)} is
convergent in X with respect to the norm, where

tk(z)=%(z1+z2+-~-+zk), vk e N. (2)

Some of recent works on geometric properties of

sequence space can be found in the following list ([19-21]).

2. Inclusion and Topological Properties of
the Space m (A",¢,p)

In this section we introduce a new class of sequences and
establish some inclusion relations. Also we show that this
space is not perfect and normal.

Let r be a fixed positive integer, & € (0, 1] any real number,
and p a positive real number such that 1 < p < co. Now we
define the sequence space m (A", ¢, p) as

my (A", ¢, p) = {x €w: sup %Z|Arxn|1) < oo} . (3)

521,0€¢; ¢s neo

In the case p = 1, we will write m (A", ¢$) instead of
my(A", ¢, p) and in the special case m = 0 and p = 1 we
will write m, (¢) instead of m (A", §, p).

The proof of each of the following results is straightfor-
ward, so we choose to state these results without proof.

Theorem 1. Let ¢ € ®, a € (0,1], and let p be a positive
real number such that 1 < p < oco. Then the sequence space
my (A", §, p) is a BK-space normed by

llxll = Z|x|+ sup —<Z|Ax|p> . (4)

sz1 ‘TG‘Ps neo
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Theorem 2. Let ¢ € ®, a € (0,1], and let p be a positive real
number such that 1 < p < co; then m, (A", ¢) € m, (A", ¢, p).

Theorem 3. Let o and f3 be fixed real numbers such that 0 <
o < B < 1and p a positive real number such that 1 < p < oo;
then m, (A", ¢, p) € my(A”, ¢, p).

Theorem 4. Let o and f3 be fixed real numbers such that 0 <
a < B < 1and p a positive real number such that 1 < p <
00. For any two sequences (¢,) and (y,) of real numbers such

that ¢,y € ®. Then m, (A", ¢, p) < mg(A, y, p) if and only if
P (6/y) < 0o,

Proof. Let x € my(A", ¢, p) and sup,., (¢%/yF) < co. Then

1 r
sup TZlA xn|p < 00 (5)

s21,0€¢; (/)s neo

and there exists a positive number K such that ¢ < K l/ff and
so that 1/y# < K/¢* for all 5. Therefore for all s we have

P~ p
ﬁZIAxI g 2 ©)
Ys neo s neo
Now taking supremum over s > 1 and o € ¢, we get

ZIA @

UE‘Ps s neo

sup —Z|A X |p sup
$21,0€¢; ws neo

and so x € mﬁ(Ar, v, p).
Conversely let m, (A", ¢, p) ¢ mg(A,y, p) and suppose
that sup., (¢5 /l//f ) = co. Then there exists an increasing
sequence (s;) of naturals numbers such that limi((p: /1//5 ) =
co. Let B € R*, where R is the set of positive real numbers;
then there exists iy € N such that ¢¢ /wf > Bforalls; > i,.

Hence ¢ > Bl//f_ and so 1/y* > B/¢;. Then we can write

7 N A 0 Y I (8)

5 neo s; N€Eo

for all s; > iy. Now taking supremum over s; > i and o € ¢
we get

ZIA N

Si 2’0"76% s neo

sup Z|A x |P sup

$i 20,0 €Q; 1//5 neo
Since (9) holds for all B € R" (we may take the number B

sufficiently large), we have

p
sup Z|A x | =00 (10)
;21,0 €9, 1/15 neo
when x € m (A", ¢, p) with
1
0< sup —aZ|Arxn|P < 0. (1)
s21.0e, 95 s

Hence x ¢ mg(A",y, p). This contradicts to m, (A", ¢, p) <
mg(A", v, p). Hence sup,, (6% /yP) < oo. O
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The following results are derivable easily from Theorem
4.

Corollary 5. Let o and [ be fixed real numbers such that 0 <
a < < 1and p a positive real number such that 1 < p < oo.
For any two sequences (¢,) and (y,) of real numbers such that
¢,y € . Then one has

(i) m (A", b, p) = my(A",y, p) if and only if 0 <
inf1 (95/95) < supes, (9/97) < oo,

(i) m (A", ¢, p) = my (A, y,p) if and only if 0 <
infy, ) (65 /) < supe, (65/y¢) < oo,

(ili) my (A", ¢, p) = mﬁ(Ar, ¢, p) if and only if 0 <
inf ., (¢5/9) < sup, (¢5/9F) < co.

Theorem 6. Consider m (A", ¢, p) ¢ m (A", ¢, p) and the
inclusion is strict.

Proof. It follows from Minkowski’s inequality. To show the
inclusion is strict, let ¢, = 1 foralln e N, = 1, p = 1,
and x = (K"'); then x € m (A", ¢, p) \ m (A", ¢, p). O

Theorem 7. The sequence space mg(¢p) is solid and hence
monotone, but the sequence space m, (A", ¢, p) is neither solid
nor symmetric and sequence algebra form > 1.

Proof. Let x € m,(¢) and y = (y,) be sequences such that
|x,| < |y, for each n € N. Then we get

sup aZ|x | < sup aZIyn (12)
s21,0€9, ¥s neo 521,0€9, ¥s neo

Hence m,(¢) is solid and hence monotone. To show the
space m, (A", ¢, p) is normal, let ¢, = 1, for alln € N,
«=1p=1andx = (K"), then x € m, (A", , p); but
(oxy) ¢ my (A, ¢, p) when oy, = (=1)* for all k € N. Hence
my (A", ¢, p) is not solid. The other cases can be proved on
considering similar examples. O

Theorem 8. Consider

€, (A7) cmy (A7, ¢, p) € €, (A7) (13)
Proof. It is omitted. O
Theorem 9. If0 < p < g, then m (A", §, p) C my (A", d, q).
Proof. Proof follows from the following inequality:

n 1/q9 " 1/q
(zw) <(z|xk|q) C0<p<q). &
k=1

k=1

O

3. Geometrical Properties of
the Space m (A",$,p)

In this section, we study some geometrical properties of the
space my (A", @, p). Some of these geometrical properties are

the order continuous, the Fatou property, and the Banach-
Saks property of type p. Let us start with the following
theorem.

Theorem 10. The space m, (A", ¢, p) is order continuous.

Proof. To prove this theorem, we have to show that m (A",
¢, p) is an AK-space. It is easy to see that m, (A", ¢, p)
contains ¢y, which is the space of real sequences which
have only a finite number of nonzero coordinates. By using
definition of AK-properties, we have that x = {x(i)} €
my (A", ¢, p) has a unique representation x = Y.} x(i)e(i);
that is, x—=x7,, wsn = 10,0,..,x(),x(j + 1),

..)”ma(Ar’qs’p) — 0asj — oo, which means that m (A", ¢,
p) has AK. Hence, since BK-space m, (A", ¢, p) containing
Coo has AK-property, the space m (A", ¢, p) is order continu-
ous. O

Theorem 11. The space my (A", §, p) has the Fatou property.

Proof. Let x be any real sequence from (w), and {x,}
any nondecreasing sequence of nonnegative elements from
my (A", ¢, p) such that x,(i) — x(i) asn — oo coordinate-
wisely and supnllxnllma(N’(b)P) < 00.

Letusdenotet = supn||xn||ma( Abp) Then, since the sup-
remum is homogeneous, we have

|
St s (gor)”)
/P
(3 )
x, (1)

M (A7.,p)

1
+ Sup _OL Z
s21,0€¢; ¢ neo

1

X, (z) Ax, (i)

T

r

i=1

r

2|

i=1

(15)

A'x, (i)

p>1/P

||x I, (AT $,p)

"xn"ma(A’,([),p) =L

”xn”m‘x(A’,qS,p)

Moreover, by the assumptions that {x,} is nondecreasing
and convergent to x coordinatewisely and by the Beppo-Levi
theorem, we have

1/p
_nlgxgo<2|x )]+ sup —<Z|Ax (l)|P> )

(04
521 UE‘PS(/) i€o

. 1/p
B i x(l) sup 1 Z A"x (i) [P
i=1 5>1 Ue‘l’s ¢“ i€o T
o <1,
s llmg (a7, p0)

(16)



whence

€l .0 < T = SUP[% | 9,0
17)
= [ | o) < 00
Therefore, x € my(A", ¢, p)). On the other hand, since
0 < x, < x for any natural number n and the
sequence {x,,} is nondecreasing, we obtain that the sequence
{"xﬂ"ma(A',sb,p))} is bounded from above by "x”ma(A'x/%p))'
As a result, hmn—>oo”xn”ma(A’,¢,p)) < ”x"m,x(A’,fﬁ,P))’ which
together with the opposite inequality proved already yields

that ”x”m‘x(A',(p,p)) = limnllxnllmuw)(p’},)). O

Theorem 12. The space my (A", $, p)) has the Banach-Saks
property of the type p.

Proof. It can be proved with standard technic. O
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