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We introduce two kinds of generalized s-convex functions on real linear fractal sets R* (0 < « < 1). And similar to the class
situation, we also study the properties of these two kinds of generalized s-convex functions and discuss the relationship between

them. Furthermore, some applications are given.

1. Introduction

Let f: I € R — R.Foranyu,v € I andt € [0,1], if the
following inequality,

fu+Q-t)v)<tfw)+ 1A -1) f(v), 1)

holds, then f is called a convex function on I.

The convexity of functions plays a significant role in many
fields, such as in biological system, economy, and optimiza-
tion [1, 2]. In [3], Hudzik and Maligranda generalized the
definition of convex function and considered, among others,
two kinds of functions which are s-convex.

Let0 < s < 1and R, = [0, 00), and then the two kinds of
s-convex functions are defined, respectively, in the following
way.

Definition 1. A function, f: R, — R, is said to be s-convex
in the first sense if

flaw+pv)sa’f W)+ f ), 2)

forallu,v € R, andall «, > 0 with &’ + 8° = 1. One denotes
this by f € K!.

Definition 2. A function, f: R, — R, is said to be s-convex
in the second sense if

flaw+pv)<a’f @)+ f ), 3)

forallu,v € R, and all «, 8 > 0 with « + 3 = 1. One denotes
this by f € KZ.

It is obvious that the s-convexity means just the convexity
when s = 1, no matter whether it is in the first sense or in the
second sense. In [3], some properties of s-convex functions
in both senses are considered and various examples and
counterexamples are given. There are many research results
related to the s-convex functions; see [4-6] and so on.

In recent years, the fractal has received significantly
remarkable attention from scientists and engineers. In the
sense of Mandelbrot, a fractal set is the one whose Hausdorft
dimension strictly exceeds the topological dimension [7-12].

The calculus on fractal set can lead to better compre-
hension for the various real world models from science
and engineering [8]. Researchers have constructed many
kinds of fractional calculus on fractal sets by using different
approaches. Particularly, in [13], Yang stated the analysis
of local fractional functions on fractal space systematically,
which includes local fractional calculus. In [14], the authors
introduced the generalized convex function on fractal sets
and established the generalized Jensen inequality and gener-
alized Hermite-Hadamard inequality related to generalized
convex function. And, in [15], Wei et al. established a local
fractional integral inequality on fractal space analogous to
Anderson’s inequality for generalized convex functions. The
generalized convex function on fractal sets R* (0 < a < 1)
can be stated as follows.

Let f: I cR — R* Foranyu,v € andt € [0, 1], if the
following inequality,

fu+(A-Dv)<t"fw+1A-)"f (), (4)

holds, then f is called a generalized convex on I.
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Inspired by these investigations, we will introduce the
generalized s-convex function in the first or second sense on
fractal sets and study the properties of generalized s-convex
functions.

The paper is organized as follows. In Section 2, we state
the operations with real line number fractal sets and give
the definitions of the local fractional calculus. In Section 3,
we introduce the definitions of two kinds of generalized s-
convex functions and study the properties of these functions.
In Section 4, we give some applications for the two kinds of
generalized s-convex functions on fractal sets.

2. Preliminaries

Let us recall the operations with real line number on fractal
space and use Gao-Yang-Kang’s idea to describe the defini-
tions of the local fractional derivative and local fractional
integral [13,16-19].

If %, b”, and c” belong to the set R* (0 < a < 1) of real
line numbers, then one has the following:

(1) a® + b™ and a“b” belong to the set R%;

Q) a*+b*=b*+a*"=(a+b)*=b+a)

3) a* + (b* + %) = (@ + b*) + %

(4) a®b™ = b“a® = (ab)* = (ba)™;

(5) a*(b%c®) = (a"b%)c%;

(6) a*(b™ + %) = a®b* + a*c%;

(7) a®*+0*=0%*+a” =a“and a® - 1* = 1% - g% = a*.

Let us now state some definitions about the local frac-
tional calculus on R*.

Definition 3 (see [13]). A nondifferentiable function f: R —
R* x — f(x) is called to be local fractional continuous at
X, if, for any € > 0, there exists § > 0, such that

|f () = f (x0)] < € ®)

holds for |x — x| < §, where ¢,8 € R.If f is local fractional
continuous on the interval (a, b), one denotes f € C,(a, ).

Definition 4 (see [13]). The local fractional derivative of
function f of order « at x = x;, is defined by

« d*
1 ) = T

2 (f )~ f ()

= lim
X=X (X - xO)lx

(6)

where A*(f(x) = f(x)) = T(1 + a)(f(x) — f(x,)) and the

Gamma function is defined by T'(t) = Iowo x e dx.

k+1 times
If there exists f (et De) () =D$---D} f(x) for any x €
I € R, then one denoted f € D, ), (I), wherek =0,1,2,....
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Definition 5 (see [13]). Let f € C,[a,b]. Then the local
fractional integral of the function f of order « is defined by

b
1Of j £ (@d)°

a

“T(+a)
(7)

1 & «
im0 ()
with At; =, —t;, At = max{At;, Aty, At,..., Aty — 1}, and
[tj,tj+ 1],j=0,...,N—-1,wherety=a <t <--- <t <
.-+ <ty = bis a partition of the interval [a, b].

Lemma 6 (see [13]). Suppose that f,g € C,la,b]l and f,g €
Dy(a,b). If lim,_,, f(x) = 0% lim,_,, g(x) = 0% and
g("‘)(x) # 0% Suppose that limx_)xo(f(“)(x)/g(“)(x)) = A%,
and then

lim & = A%, (8)
X — X g (x)
Lemma 7 (see [13]). Suppose that f(x) € C,la,b]; then
d* (19 f)
_Nax 77 _ 9)
I f(x), a<x<b.

3. Generalized s-Convexity Functions

The convexity of functions plays a significant role in many
fields. In this section, let us introduce two kinds of generalized
s-convex functions on fractal sets. And then, we study the
properties of the two kinds of generalized s-convex functions.

Definition 8. Let R, = [0, +00). A function f: R, — R%is
said to be generalized s-convex (0 < s < 1) in the first sense,
if

FAu+A,w) <A f (W) + A f (v), (10)

forall u,v € R, andall A ;,A, > 0 with A] + A5 = 1. One
denotes this by f € GK_.

Definition 9. A function f : R, — R” is said to be gener-
alized s-convex (0 < s < 1) in the second sense, if

FAu+A,w) AT f (W) + A f (v), (11)

forallu,v € R, andall A;,A, > 0 with A; + A, = 1. One
denotes this by f € GK_.

Note that, when s = 1, the generalized s-convex functions
in both senses are the generalized convex functions; see [14].

Theorem 10. Let 0 < s < 1.
(a) If f € GK., then f is nondecreasing on (0, +00) and

f(07)= uli_{r(;f(u) < f(0). 12)

(b) If f € GK?, then f is nonnegative on [0, +00).
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Proof. (a) Since f € GKSI, we have, foru > 0and A € [0, 1],

FIAY +-0")u]
<A F )+ (1= (W) = f(u).

(13)

The function
h(A) =AY+ (1= (14)
is continuous on [0, 1], decreasing on [0, 1/2], and increasing
on [1/2,1] and h([0,1]) = [A(1/2),h(1)] = [2}7/,1]. This
yields that
Ftw) < f W), 15)

foru > 0andt € [27Y5,1]. If t € [2237Y9) 1], then t'/? €
[2'71/5,1]. Therefore, by the fact that (15) holds, we get

faw=f(E7 () < f(£Pu) < fw),  6)
for all u > 0. So we can obtain that

ftu) < fw),

So, taking 0 < u < v, we get

Yu >0, te€(0,1]. 17)

fu=£((%)r)<rm. 8)

which means that f is nondecreasing on (0, +00).
As for the second part, for u > 0 and 1,1, > 0 with
Al + A5 =1, we have

FAu) = fF(Mu+1,0) <A f )+ A f(0).  (19)
And takingu — 07, we get
uling+f (u) = uling+f (Mu) < Ai“Ji_}n&f (1) + A5 £ (0).
(20)
So,

ulijgj (u) < £(0). (21)
(b) For f € GK?, we can get that, foru € R,,

fw=r(5+5) = B2 B2 =2y @

So, ('~ 1)* f(u) = 0% This means that f(u) > 0% since
0<s<l1. [

Remark 11. The above results do not hold, in general, in the
case of generalized convex functions, that is, when s = 1,
because a generalized convex function, f: R, — R need
not be either nondecreasing or nonnegative.

Remark 12. If 0 < s < 1, then the function f € GK! is
nondecreasing on (0, +00) but not necessarily on [0, +00).

Function F : R* — R%is called to be generalized convex
in each variable, if

F(Aju+ Av, Ay + A,t) < ATF (u,r) + ASF (v,1) . (23)

For all (u, 1), (v,t) € R? and A A, €[0,1]withAy, +A4, =1,

Theorem 13. Let0 < s < L.Iff,g: R — Rand f,g € K!
andif F: R* — R® is ageneralized convex and nondecreasing

function in each variable, then the function h : R, — R®
defined by

h(w) =F(f @),g W) (249)
is in GK.. In particular, if f,g € K., then f* + g%
max{ %, g} € GK!.

Proof. Ifu,v € R,, thenforall A;,A, > 0with A] + A =1,

h(Ayu+Ayv)
=F(f (Au+2A,v), g (Au+A,v))
SFLf @)+ A5f (0),Ag W) + 259 (v)  (25)
<AYF(f (), g W) + ASF (f (v), g (v))
= X% () + ASh (v).

Thus, h € GK_.

Moreover, since F(u, v) = u® +v*, F(u,v) = max{u®, v*}
are nondecreasing generalized convex functions on R?, so
they yield particular cases of our theorem. O

Let us pay attention to the situation when the condition
A+A5 =1 (A, +A, = 1) in the definition ofGKS1 (GKSZ) canbe
equivalently replaced by the condition A} + 15 <1 (A, +1, <
1).

Theorem 14. (a) Let f € GK_. Then inequality (10) holds for
allu,v € R, and all A, A, > 0 with A + A5 < 1 if and only if
f(0) < 0%

(b) Let f € GKSZ. Then inequality (11) holds for allu, v € R,
and all Ay, A, > 0 with A, + A, < 1 if and only if (0) = 0%.

Proof. (a) Necessity is obvious by takingu = v = 0 and A, =

A, = 0. Let us show the sufficiency.
Assume that u,v € R, and A;,A, > Owith0 < A; =

A+ A5 < LPuta = A A5 and b = A,A;"°. Then a® + b =
AJ/A;+2A5/A; =1and

f(Au+A,v)
= f(aru+ b2y v)

<a® f (A °u) + 6 f (13/v)



=a* f [Au+ (1-2,)"0]
+b° f [ Ay + (1-2,) 0]

<a* [A5f )+ (1-13)° £ (0)]
+ b [ASF () + (1= 43)7f (0)]

=aASf () + A5 f (v) + (1= A3)7 £ (0)

AT S (W) + A f (v).
(26)

(b) Necessity. Takingu = v = A; = A, = 0, we obtain
f(0) < 0% And using Theorem 10(b), we get f(0) > 0%
Therefore f(0) = 0*.

Sufficiency. Let u,v € R, and 1,4, > 0 with0 < A5 =
Ai+A, <1.Puta=A,/A;andb = A,/A;,and thena+b = 1.

So,

f A +2yv)
= f(adu+bAyv)
<a™ f (Azu) + 6™ f (A3v)
=a™ f[Au+(1-25)0]

+b f [Asv+ (1 - 15)0]

<a™ A5 f )+ (1-45)" f (0)] )
+U AT )+ (1-25)7 F(0)]
= @A f () + bAL S (v)
+(1-2)"1 (0
=AM f@W+ATf ).
O

Theorem 15. (a) Let 0 < s < L. If f € GK? and f(0) = 0%,
then f € GK.

(b)Let0 <s, <s, <1.Iff € GKSZ2 and f(0) = 0%, then
feGK:.

(c)Let0 < s; <s,
f eGK,.

IN

LIffe GKSI2 and f(0) < 0% then

Proof. (a) Assumethat f € GKS2 and f(0) = 0. LetA;,A, >0
with A] + A5 = 1,and we have A, + A, < A] + A} = 1. From
Theorem 14(b), we can get

FAu+A,w) <A f (W) + A f (v), (28)

foru,v € R,, and then f € GK!.
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(b) Assume that f € GKSZZ, u,veR,,and A;, A, > 0 with
Ay + A, = 1. Then we have
Fu+A,w) <A f () + A2 f (v)

< Asllaf (u) + /\szlaf ).

(29)

So f € GK?.

(c) Assume that f € GKSIZ, u,v € R,,and 1,1, > 0 with

A%+ 23 =1.Then A7 + A7 < A} + A} = 1. Thus, according
to Theorem 14(a), we have

Fu+A,w) <A f (u) + A2 f (v)
< /\sf“f (u) + /\Szl‘xf v).

So, f € GK . O

(30)

Theorem 16. Let 0 < s < 1and p : R, — R be a nonde-
creasing function. Then the function f defined foru € R, by

f )= u"p () (31)
belongs to GK_.

Proof. Letv > u > 0and A, A, > 0 with A] + A5 = 1. We
consider two cases.

Case I. It is easy to see that f is a nondecreasing function. Let
Au+ A,v < u, and then

FMu+Aw) < fu)=AT+ A1) f (u)
< /\sl‘xf (u) + /\szaf v).

Case II. Let Aju + A,v > u, and then A,v > (1 — A;)u. So,
A, >0and A, < A}. Thus,

A=A <A =S, (33)
that is,
A1 < Asl :(1_Asz)’
(1-24)  (1-19) AS
(34)
MAy 1-s
<A = A,
(1-a) 72 72

Thus, we can get that

Mu+dy< (A +A)v< (A +A)v=w,

A Ay
A G5)

< (A=) v+ A =2"v

AMu+A,v <

Then,

(Ayu+ A,v)7 07 < 3009, (36)
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We obtain
FOu+A,v) = (Au+ A,0) P (L u+ A,v)
< A0 () (37)
=AW <A (W) + A f (v).
O

Theorem 17. (a) Let f € GKSI1 and g € Kslz, where 0 < sy,

s, < L. If f is a nondecreasing function and g is a nonnegative
function such that f(0) < 0% and g(0) = 0, then the
composition f o g of f with g belongs to GK!, where s = s;s,.
(b) Let f € GKSI1 and g € GKSIZ, where 0 < s, s, < 1.
Assume that 0 < s, s, < 1. If f and g are nonnegative
functions such that either f(0) = 0% and g(0%) = g(0), or
g(0) = 0% and f(07) = f(0), then the product fg of f and g
belongs to GKSI, where s = min{s,, s,}.
Proof. (a) Letu,v € R, A, A, > 0 with A} + A = 1, where
s = s;5,. Since A + A7 < A3 + A2 = 1 fori = 1,2, then
according to Theorem 3(a) in [3] and Theorem 14(a) in the
paper, we have

foghu+Aw)
= f(g(Mu+2yv))
<f(ATgw+2A3g ™) (38)
<A (g @) + A3 f (g )
=AY fegw)+AS fog

which means that f o g € GK_.

(b) According to Theorem 10(a), f, g are nondecreasing
on (0, +00).

So,

(fw-f®)(g»)-gw)=<0% (39)

or, equivalently,

J@WgM+fWgw<sfwgw+frg), (40)

forallv>u>0.

If v > u = 0, then the inequality is still true because f, g
are nonnegative and either f(0) = 0% and g(0") = g(0) or
9(0) = 0% and f(0") = £(0).

Now letu,v € R, and A,,A, > 0 with ] + A5 = 1, where
s = min{s;, s,}. Then A5 + A5 < A5 + Ay = 1fori=1,2. And
by Theorem 14(a), we have

f(Aqu+A,v) g(Au+A,w)
<A f @+ A f ()
x (AT g () +A3%g (v))

= A5 F () g () + AAZ f (u) g ()
AN () g W) + A5 f (v) g (v)
<A () g (w)
+ A (f W) g ) + f (v) g(w)
+ 15 f (1) g (v)
<ATS () g (w)
+ A (fw g+ f () g )
+ 15 f () g (v)

=AM fWgw) + AT f (Mg,
(41)

which means that fg € GK!. O

Remark 18. From the above proof, we can get that if f is a
nondecreasing function in GK 52 and g is a nonnegative convex
function on [0, +00), then the composition f o g of f with g
belongs to GK_.

Remark 19. Generalized convex functions on [0, +00) need
not be monotonic. However, if f and g are nonnegative,
generalized convex and either both are nondecreasing or both
are nonincreasing on [0, +00), then the product fg is also a
generalized convex function.

Let f : R, — R, be a continuous function. Then f is
said to be a ¢-function if f(0) = 0 and f is nondecreasing
on R, . Similarly, we can define the ¢-type function on fractal
sets as follows. A function f: R, — R issaid to be a p-type
function if f(0) = 0" and f € C,(R,) is nondecreasing.

Corollary 20. If® is a generalized convex ¢-type function and
g € K! is a g-function, then the composition ® o g belongs to
GK_. Iln particular, the @-type function h(u) = ®(u°) belongs
to GK .

Corollary 21. If ® is a convex ¢-function and f € GK. is a
@-type function, then the composition f o ® belongs to GK.
In particular, the -type function h(u) = [©(u)]** belongs to
GKZ.

Theorem 22. If0 < s < 1 and f € GK! is a p-type function,

then there exists a generalized convex @-type function @ such
that

F2u) <o)< fw), (42)

forallu > 0.

Proof. By the generalized s-convexity of the function f and
by f(0) = 0%, we obtain f(A;u) < A" f(u) forallu > 0 and
all A, €[0,1].
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Assume now that v > u > 0. Then
f(ul/s) < f<<%)l/sv1/s> < (j—:)f(vl/s); (43)
that is,
f(“l/s) - f(Vl/s)‘ (44)
u® e

Inequality (44) means that the function f W) Ju® is a

nondecreasing function on (0, +00). And, since f is a ¢-type
function, thus f is local fractional continuous [0, +00).
Define

0%, u=0,

)= r(1+a)01<“><—f(tl/s)>, uso. P

tOC

From Lemmas 6 and 7, it is easy to see that @ is a
generalized convex @-type function and

o

@ () = T(1 + &)y I ( =

S (46)
(@)
hS T u = f (u) .
Moreover,
1/s
( S) > F(l + (X)(us/z)I(a) (%)
(47)
(f((u3/2)1/5) 2ocu—stx)us¢x iy
> S = f(2 Y u).
Therefore,
fu)y <o)< fw, (48)
forallu > 0. O
4. Applications

Based on the properties of the two kinds of generalized s-
convex functions in the above section, some applications are
given.

Example 1. Let0 < s < 1, and a*,b%,c* € R* Foru € R,,
define

o u=0

IR A (19)

, u>0.

We have the following conclusions.

(i) If b* > 0% and ¢* < a*, then f € GKSI.
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(ii) If b = 0" and ¢* < a”, then f is nondecreasing on
(0, +00) but not on [0, +00).
(iii) If b* > 0% and 0% < ¢* < a%, then f € GK_.
(iv) If b > 0% and ¢* < 0%, then f ¢ GKSZ.

Proof. (i) Let A, A, > 0 with A] + A5, = 1. Then, there are two
nontrivial cases.

CaseI. Let u,v > 0. Then A,u + A,v > 0.
Thus,

fAu+Aw) =b*(Au+A,w) " +¢

< btx (A,SOC S /\szocvsa) + CDC
= B (A A 4 (AT AT) (50)
= (U + ) 4 AT (B 4 )

=AW+ A f (v).

Case II. Let v > u = 0. We need only to consider A, > 0.
Thus, we have

FA0+2,0) = f(A,0)
— bOL S(X SOC + C
zbOL S(X SO(+C (A5a+ASﬁ)
Pl (R N C
= AT+ AT ()
<ATa" + A f ()
= AV 0)+ AT f (v).
So, f € GK!.
(ii) From Theorem 10, we can see that property (ii) is true.
(iii) Let A;, A, > Owith A, +A, = 1. Similar to the estimate
of (i), there are also two cases.

Letv,v > 0. Then Ayu + A,v > 0,
Thus,

FAu+ )
=" (Mu+A,w) " + ¢
< (AT U+ ATY) + (A +A3)
< (AU + ATV + ¢ (A + AT
S (B 4 ) + A (B 4 %)
<A S W)+ AT f (v).

(52)

Let v > u = 0. We need only to consider A, > 0.
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Thus, we have

f A0+ A,v) = f(Ayv)
= ATV + (AT +A3)
<AV + ¢ (AT +AY)
(53)
= A5 (VY + ) + A
<A (O + ) +a" A

=AY () + A7 f(0).

So, f € GK2.

(iv) Assume that f € GKZ, and then f is nonnegative
on (0,00). On the other hand, we can take 4, > 0,¢ < 0
such that f(u;) = b + ¢f < 0% which contradict the
assumption. O

Example 2. Let0 < s < 1and k > 1. For u € R, define

us/a=s)a 0<uc<l,

f )= {kau(s/(l—s))a’ (54)

u>1.

The function f is nonnegative, not local fractional continu-
ous at u = 1 and belongs to GK! but not to GK?.

Proof. From Theorem 16, we have that f € GK!. In the

following, let us show that f is not in GK?.

Take an arbitrary a > 1 and put u = 1. Consider all v > 1
such that A u + A,v = A, + A,v = a, where 1;,A, > 0 and
Ap+A, =1

If f € GKZ, it must be

koca(s/(lfS))vc

>

s/(1-s))x 55)
o w[(@a=1,) (s/(1-5)) (
SAI +k(1—A1) [m

1

foralla > landall0 <A, < 1.
Define the function

(a _ /‘1) :|(S/(15))Ot

fa, (@) =27 + K% (1 - M)S“[m
1

(56)
— k&gl =sDa

Then the function is local fractional continuous on the
(A, 00) and

g(A) = fo,() = AT+ K5 (1= 1)) - k. (57)

It is easy to see that g is local fractional continuous on
[0,1] and g(1) = 1" — k¥ < 0%. So there is a number Ay,» 0 <
/\10 < 1, such that g(/\lo) = f,\lo(l) < 0% The local fractional
continuity of f, vyields that f; (a) < 0% fora certaina > 1,
that is, inequalit;or (55) does not Ohold, which means that f ¢
GK:. O

5. Conclusion

In the paper, we introduce the definitions of two kinds of
generalized s-convex function on fractal sets and study the
properties of these generalized s-convex functions. When o =
1, these results are the classical situation.
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