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Using the concepts of G-metric, partial metric, and b-metric spaces, we define a new concept of generalized partial b-metric space.
Topological and structural properties of the new space are investigated and certain fixed point theorems for contractive mappings
in such spaces are obtained. Some examples are provided here to illustrate the usability of the obtained results.

1. Introduction and Mathematical
Preliminaries

The concept of a b-metric space was introduced by Czerwik in
[1,2]. After that, several interesting results about the existence
of fixed point for single-valued and multivalued operators in
(ordered) b-metric spaces have been obtained (see, e.g., [3-
13]).

Definition I (see [1]). Let X be a (nonempty) setands > 1a
given real number. A functiond : X x X — R isa b-metric
on X if, for all x, y, z € X, the following conditions hold:

(b)) d(x,y) =0ifand onlyif x = y,

(b) d(x, y) = d(y, x),

(by) d(x,2) < s[d(x, y) +d(y, 2)].

In this case, the pair (X, d) is called a b-metric space.

The concept of a generalized metric space, or a G-metric
space, was introduced by Mustafa and Sims [14].

Definition 2 (see [14]). Let X be a nonempty set and G : X x
X x X — R" afunction satisfying the following properties:
(G1) G(x, y,2) =0ifx = y = 2;
(G2) 0 < G(x, x, y), for all x, y € X with x # y;
(G3) G(x,x,y) <G(x, y,2), forall x, y,z € X with z # y;

(G4) G(x, y,z) = G(p{x, y,z}), where pisany permutation
of x, ¥, z (symmetry in all the three variables);

(G5) G(x, y,z) < G(x,a,a)+G(a, y,z),forall x, y,z,a € X
(rectangle inequality).

Then, the function G is called a G-metric on X and the
pair (X, G) is called a G-metric space.

Aghajani et al. in [15] introduced the class of generalized
b-metric spaces (G,-metric spaces) and then they presented
some basic properties of G,-metric spaces.

The following is their definition of G, -metric spaces.

Definition 3 (see [15]). Let X be a nonempty setands > 1 a
given real number. Suppose that a mapping G : X x X x X —
R* satisfies

(G,1) G(x, y,2) =0ifx =y =2,

(Gp2) 0 < G(x, x, y) forall x, y € X with x # y,

(Gy3) G(x, x, ) <G(x, y,z) forall x, y,z € X with y #z,

(Gy4) G(x, y,2) = G(pix, y,z}), where p is a permutation

of x, y, z (symmetry),

(G,5) G(x, y,2) < s[G(x,a,a)+G(a, y,z)] forall x, y,z,a €
X (rectangle inequality).

Then G is called a generalized b-metric and the pair (X, G)
is called a generalized b-metric space or a G,-metric space.
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On the other hand, Matthews [16] has introduced the
notion of a partial metric space as a part of the study
of denotational semantics of dataflow networks. In partial
metric spaces, self-distance of an arbitrary point need not to
be equal to zero.

Definition 4 (see [16]). A partial metric on a nonempty set X
is a mapping p : X x X — R" such that, forall x, y,z € X:

(p1) x = yifand only if p(x, x) = p(x, y) = p(y, y)s
(p,) p(x,x) < px, y),

(p3) p(x, y) = p(y, %),

(Ps) P(x,y) < p(x,2) + p(2, y) - p(z, 2).

In this case, (X, p) is called a partial metric space.

For a survey of fixed point theory, its applications, and
comparison of different contractive conditions and related
results in both partial metric spaces and G-metric spaces
we refer the reader to, for example, [17-27] and references
mentioned therein.

Recently, Zand and Nezhad [28] have introduced a new
generalized metric space (G,-metric spaces) as a generaliza-
tion of both partial metric spaces and G-metric spaces.

We will use the following definition of a G ,-metric space.

Definition 5 (see [29]). Let X be a nonempty set. Suppose that
amapping G, : X x X x X — R satisfies

G)x=y=z2 ipr(x, .2) = Gy(z,2,2) = Gy, 3, y) =
G, (x, %, x);

(GPZ) Gp(x, X, X) < Gp(x, x,y) < Gp(x, y,z) forallx, y,z €
X with z # y;

(Gp3) Gp(x, ¥,2) = Gp(p{x, ¥,z}), where p is any per-
mutation of x, y, andz (symmetry in all the three
variables);

(GP4) Gp(x, 9,2) < Gp(x, a,a) +Gp(a, V,2) — Gp(a, a,a) for
all x, y,z,a € X (rectangle inequality).

Then Gp is called a Gp—metric and (X, Gp) is called a G,-
metric space.

As a generalization and unification of partial metric and
b-metric spaces, Shukla [30] presented the concept of a partial
b-metric space as follows.

Definition 6 (see [30]). A partial b-metric on a nonempty set
X isamapping p, : XxX — R such that, forallx, y,z € X:
(pp1) x = yifand only if p,(x, x) = p,(x, ¥) = p,(y, ¥),
(Pr2) Pu(x, %) < py(x, y),
(Pe3) Pu(%,¥) = pp(y, %),
(Pos) Po(% ¥) < s[pp(x,2) + py(2, Y)] = (2, 2).
A partial b-metric space is a pair (X, p;) such that X is a

nonempty set and p, is a partial b-metric on X. The number
s > 1 is called the coefficient of (X, py,).
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In a partial b-metric space (X, p,), if x,y € X and
Pp(x, ¥) = 0, then x = y, but the converse may not be true. It
is clear that every partial metric space is a partial b-metric
space with coefficient s = 1 and every b-metric space is a
partial b-metric space with the same coefficient and zero self-

distance. However, the converse of these facts needs not to be
hold.

Example 7 (see [30]). Let X = R*, g > 1 a constant, and
Py X x X — R defined by

po () = [max )]+ = 5! VayeX. ()

Then (X, p,) is a partial b-metric space with the coefficient
s = 2771 > 1, but it is neither a b-metric nor a partial metric
space.

Note that in a partial b-metric space the limit of a
convergent sequence may not be unique (see [30, Example
2]).

In [31], Mustafa et al. introduced a modified version of
ordered partial b-metric spaces in order to obtain that each
partial b-metric p, generates a b-metric d,, .

Definition 8 (see [31]). Let X be a (nonempty) setands > 1a
given real number. A function p, : X x X — R is a partial
b-metric if, for all x, y,z € X, the following conditions are
satisfied:

(Pp1) x =y © pp(x,x) = pp(x, ¥) = pp(y, ¥)s
(Pr2) Pu(x, %) < py(x, ¥),

(pb3) Pb(x’ )’) = Pb(y; x))

(Poar) Po(xy) < s(py(x,2) + pu(z, ¥) = pyp(z,2)) + ((1 -
$)/2)(py(x, x) + pp (¥ ¥)).

The pair (X, p,) is called a partial b-metric space.
Since s > 1, from (p,,), we have

Py (%, 9) <s(py (x,2) + py (2, y) — pp (2, 2))
<s(py (,2) + P, (2,9)) = Py (2,2) .

Hence, a partial b-metric in the sense of Definition 8 is also a
partial b-metric in the sense of Definition 6.

The following example shows that a partial b-metric on X
(in the sense of Definition 8) is neither a partial metric nor a
b-metric on X.

Example 9 (see [31]). Let (X,d) be a metric space and
pp(x,¥) = d(x,y)? + a, where ¢ > 1 and a > 0 are real
numbers. Then p, is a partial b-metric with s = 297",

Proposition 10 (see [31]). Every partial b-metric p, defines a
b-metric d,, , where

dp, (x,7) =20, (%, 3) =P () =P, (1) (3)
forallx,y e X.
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Hence, the importance of our definition of partial b-
metric is that by using it we can define a dependent b-metric
which we call the b-metric associated with p,.

Now, we present some definitions and propositions in a
partial b-metric space.

Definition 11 (see [31]). Let (X, p,) be a partial b-metric space.
Then, for an x € X and an € > 0, the p,-ball with center x
and radius € > 0 is

B, (x,€)={y e X | p, (%, y) < pp(x,x) +€}.  (4)

Lemma 12 (see [31]). Let (X, p,) be a partial b-metric space.
Then,

(A) if py(x, y) = 0, then x = y;
(B) if x # y, then p,(x,y) > 0.

Proposition 13 (see [31]). Let (X, p,) be a partial b-metric
space, x € X, ande > 0. If y € B, (x,€) then there exists
aé > 0 such that pr(y, d) ¢ B, (x,¢€).

Thus, from the above proposition the family of all open
pb—balls
A={B

pb(x,r)IxEX,r>0} (5)

isabase ofa Tj-topology 7, on X which we call the p,-metric
topology.
The topological space (X, p,) is T, but need not be T;.
The following lemma shows the relationship between
the concepts of p,-convergence, p,-Cauchyness, and p,-
completeness in two spaces (X, p,) and (X, d,, ).

Lemma 14 (see [31]). (1) A sequence {x,} is a p,-Cauchy
sequence in a partial b-metric space (X, p,) if and only if it is a
b-Cauchy sequence in the b-metric space (X, d,, ).

(2) A partial b-metric space (X, py) is p,-complete if and
only if the b-metric space (X,d,,) is b-complete. Moreover,
lim, _, ood,, (x, x,) = 0 if and onl; if

Jim py, (x,x,) = Tim py (%, %) = Py (6,%) . (6)

Now, we introduce the concept of generalized partial b-
metric space, a G, -metric space, as a generalization of both
partial b-metric space and G-metric space.

Definition 15. Let X be a nonempty set. Suppose that the
mapping G, @ X x X x X — R satisfies the following
conditions:

(prl)x = y = zifGPh(x,y,z) = G
Gy, (0,9, ¥) = Gy, (%, X, x);

(GPhZ) pr(x, x,x) < Gph(x, x,y) < Gph(x, y,2) for all
x,y,z € Xwithz # y;

0, (52:2) =

(G,,3) G, (x, 3, 2) = G,, (pix, y,2}), where p is any permu-
tation of x, y, or z (symmetry in all three variables);

(Gp4) Gy, (%, 3,2) < slGy (x,a,0) + G (a,y,2) -
pr(a, a,a)] + ((1 _S)/3)[pr(x’ X, X) + pr(y, ¥V, ¥)+
pr(z, z,z)] for all x, y,z,a € X (rectangle inequal-
ity).

Then G,, is called a G, -metric and (X, pr) is called a
G, -metric space.

Sinces > 1,so from G, 4 we have the following inequality:
b

G, (x,,2) < [pr (x,a,a) + G, (a,9,2) -G, (a,a, a)] :
@)

The G, -metric space G, is called symmetric if

pr (x, X,y) = pr (x: Vs )’) (8)

holds for all x, y € X. Otherwise, G,
metric.
Now we present some examples of G, -metric space.
b

is an asymmetric G, -

Example 16. Let X = [0,+co) and let G, : X - R*
be given by pr(x, y,z) = [max{x, y,z}]¥, where p > 1.
Obviously, (X,G,,) is a symmetric G, -metric space which
is not a G-metric space. Indeed, if x = y = z > 0, then
G, (%, ,2) = xP > 0. It is easy to see that G, 1-G,,3 are
satisfied. Now we show that G, 4 holds. For each x, y,z,a €
X, we have

xP+ yP 4+ 2P
3

< [max {x, y,2}]?, 9)

SO

-1
[max {x, y,2}]" + ST (x? + yP + 2P) + sa

p

< [max {x, y,2}]7 + (s - 1) [max {x, y,2}]? + sa (10)

P p

= s[max {x, y,z}]" + sa

< s[max {x, a}]? + s[max {a, y,z}]’.

Thus,
[max {x, y,2}]"

< s (Imax {x,a})” + [max{a, y.2})" =a*)

+?(xp+yp+zp)
which implies the required inequality

G,, (x,1.2)
<s [pr (x,a,a) + G, (a,y,2) -G, (a,a, a)]
1-s
t [pr (x,x,x)+ G, (1,5,9) +G,, (2,2, z)] .
(12)



Example 17. Let X = {0, 1,2, 3}. Let
A ={(1,0,0),(0,1,0),(0,0,1),(2,0,0),(0,2,0),
(0,0,2),(3,0,0),(0,3,0),(0,0,3),(1,2,2),
(2,1,2),(2,2,1),(2,3,3),(3,2,3),(3,3,2)},

B=1{(0,1,1),(1,0,1),(1,1,0),(0,2,2),(2,0,2), )
(2,2,0),(0,3,3),(3,0,3),(3,3,0),(2,1,1),
(1,2,1),(1,1,2),(3,2,2),(2,3,2),(2,2,3)} .

Define G,,, : X’ — R" by
’g, ifx=y=2z#2,
0, ifx=y=2z=2,
G, (% 3,2) = 1 25, if (x,5,2) €A, (14)
> if (x,y,2) €B,
|3, otherwise.

It is easy to see that (X,G,,) is an asymmetric G, -metric
space with coefficient s > 6/5.

Proposition 18. Every G, -metric space (X, G,,) defines a b-
metric space (X, dez, ), where

dg, (x,7) =Gy, (x,3,¥) + Gy, (3, %, x)
(15)
=G, (%,%,%) =G, (1,9, 9)

forallx,y € X.
Proof. Let x, y,z € X. Then we have
dcpb (x,7)
=G, (%9, ¥) + G, (1,%,x) = G, (%, %, x)

Gy, (5, 3:)
<s (pr (x,2,2) +G,, (2,9, 9) - G,, (2.2, z))

+ ( 1- S) (Gph (x, %, x) + 2G,, (y,y,y))

3
G,, (z,z, z))

+ (?) (2pr (x,%,x) +G,, (y, y, y))

=Gy, (6%,%) =Gy, (3,3, 7)

+5(G,, (352,2) + G, (2, %,%) -

=s [pr (x,2,2) + G,, (z,x,x) — G, (%, x, x)
-G, (2,2,2) +G, (2,7, ¥)
+G,, (1,2,2) -G, (2,2,2) -G, (, y,y)]

=s [deb (x,2) + dGPb (z, y)] .
(16)
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With straightforward calculations, we have the following
proposition.

Proposition 19. Let X be a G, -metric space. Then for each
X, y,z,a € X it follows that

(1) pr(x, ¥,z2) < stb(x, a,a) + szGPb(y, a,a) +
sszb(z, a,a) —(s+ sz)pr(a, a,a);

(2) G, (x,3,2) < slG, (6xy) + G (xx2) -
pr(x, x x)] +((1 —5)/3)[pr(x, X, X) +Gph(y, v, ¥)+
G, (2,2,2)];

()G (x 9, 9) < ZSGP (txy) + (1 -
45)/3)G (x,x x) +(2/3)(1 - s)G (y,y, ¥);

(4) pr(x y,z) < slG,(x,a,2) + pr(a,y,z) -
G, (a a,a)] +((1 —s)/3§)G b(x,x x)+G b(y,y,y)+
G (z,z z)],a+z.

Lemma 20. Let (X, Gph) bea G, -metric space. Then,

(A) if G, (x,y,2) = 0, thenx = y = z;
(B) if x# y, then G,, (x, y, ) > 0.

Proof. If G, (x,y,2) = 0, then from G,2 we have
G, (x,x x) pr(y,y,y) G, (z,z,2z) = 0, s0 fromG 1
we ‘obtain (A). To prove (B), on the contrary, if G, (x ¥, y)

0, then from (A) we have x = y, a contradlctlon O

Definition 21. Let (X, pr) bea pr—metric space. Then for an
x € X and an € > 0, the pr—ball with center x and radius
€>0is

Bpr (x,€) = {y €X |G, (xxy) <G, (x,x,x) +e}.
(17)

By motivation of Proposition 4 in [31], we provide the
following proposition.

Proposition 22. Let (X,G,,) be a G, -metric space, x € X,
ande > 0.Ify € BG (x,¢€), then there exists a8 > 0 such that

Bg, (,9) < Bg, (x,).

Proof. Let y € Bg, (x,€); if y = x, then we choose
b

0 = e. Suppose that y+#x; then, by Lemma 20, we have

G,, (x, x, ¥) # 0. Now, we consider two cases.

Casel. IfGPb(x, x,y) = G,, (x, x, x), then for s = 1 we choose
d = €. If s > 1, then we consider the set

A= {n eN | pr (x, x, x)} . (18)

€
n+1 _ <
2™ (s — 1)

By Archmedean property, A is a nonempty set; then by
the well ordering principle, A has a least element m. Since
m—1 ¢ A, wehave G, (x,x,x) < (e/(2s™(s — 1))) and we
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choose § = €/2s™"!. Let z € Bg, (y,6); by property G, 4 we
b
have

s(G,, (,%,9) + G, (3.3.2) - G,, (3, ¥))

<s (pr (%, x, x) + 8)

G,, (x,x,2) <

€ €
oy (6 ,X) + — + —
2¢8m 2™

€

=G, (x, %, x) + o
<Gy, (x, x,x) + €.

(19)

Hence, Bpr (y,9) ¢ Bpr (x,€).

Case 2. If pr (x,x,y)# pr(x, X,x), then, from property
Gp,2, we have pr(x, X, x) < pr(x, x, y), and. for s = 1, we
consider the set

B= {n eN| — <G, (x,x,y) -G, (x,x, x)} . (20)

2n+3

Similarly, by the well ordering principle there exists an
element 1 such that pr(x, X, ¥) - pr(x, x,x) < €/2™2, and
we choose 8 = €/2™"*. One can easily obtain that BG% (y,6) <
BGPb (x,€).

For s > 1, we consider the set

C={reN| 255 <Gy (620) - 16, mxm] @D

2s n+2

and by the well ordering principle there exists an element m
such that pr(x, x,y) — (1/5)pr(x, x,x) < /28" and we
choose § = €/25™". Let z € BGPb (y,6). By property G, 4 we
have

G,, (x,x,2) <'s (pr (6. %, 9)+G,, (9, 9.2) =G, (1,3, y))

(22)
Hence, Bpr (y,6) BGm, (x,€). O

Thus, from the above proposition the family of all open
G, -balls

F= {Bpr (x,€) | x € X, e > 0} (23)

is a base of a T,-topology TG, on X which we call the G, -

metric topology.
The topological space (X, G,,) is Ty, but need not be T;.

Definition 23. Let (X, pr) bea pr—metric space. Let {x,} be
a sequence in X.

(1) A point x € X issaid to be alimit of the sequence {x,,},
denoted by x,, — x, if lim G, (%, X, X)) =
pr(x, X, X).

7, — 00

(2) {x,} is said to be a pr—Cauchy sequence, if
lim,,,,, 0 Gp, (X5 X,p,5 X,,) €xists (and is finite).

3) (X, pr) is said to be pr-complete if every G,,-
Cauchy sequence in X is G, -convergent to an x € X.

Using the above definitions, one can easily prove the
following proposition.

Proposition 24. Let (X, G,, ) be a G, -metric space. Then, for
any sequence {x,} in X and a point x € X, the following
statements are equivalent:

D) {x,} is G,,

(2) pr(xn,xn,x) — pr(x, X,X), ds 1 — 00.

-convergent to X.

3) pr(xn,x, x) — pr(x, X,X), ds 1 — 00.

Based on Lemma 2.2 of [27], we prove the following
essential lemma.

Lemma 25. (1) A sequence {x,} is a pr—Cauchy sequence in
a G, -metric space (X,G,,) if and only if it is a b-Cauchy
sequence in the b-metric space (X dG )

2) A G, -metric space (X, G, ) is G, -complete if and
only if the b metric space (X, deb) is b-complete. Moreover,

lim dG (x,x,) = 0 if and only if

Jim G, (x,x,,x,) = lim G, (x,, X, x)

n—>oo

= lim G, (x,, X, x,,

n,m— 0o

) =G, (x,%,%).
(24)

Proof. First, we show that every G, -Cauchy sequence in
(X,G,,) is a b-Cauchy sequence in (X, de ). Let {x,} be a
b

pr—Cauchy sequence in (X, pr). Then, there exists &« € R
such that, for arbitrary ¢ > 0, there is n, € N with

|pr (x'l’ Xm>

for all n, m > n,. Hence,

|dGPb (x"’xm)|

&
x,) —af < (25)

= Gy, (% X X)) + G, (X5 X X,,)
=Gy, (% X, %) = Gy (X0 X0 X1)
= |pr (%> X > X)) — X + X — G,, (%> %> X,,)
+Gp, (X X X,,) =+ A= Gy (X0 X,y xm)|
< |pr (%0 X > X,1) —oc| + by (X X0 X,
+ |pr (% Xy X,) — oc' + |oc =G, (X X, xm)'
<e

(26)



for all n,m > n,. Hence, we conclude that {x,} is a b-Cauchy
sequence in (X, de )-
Next, we prove that b-completeness of (X, de ) implies
b

pr—completeness of (X,pr). Indeed, if {x,} is a G,,-

Cauchy sequence in (X,G, ), then it is also a b-Cauchy
sequence in (X, deb)' Since the b-metric space (X, deb) is
b-complete we deduce that there exists y € X such that
lim, | OOdeb (y,x,) = 0. Hence,

Jim [Gp, (% 3 3) = Gy, (3230 9) + Gy, (3%, %,) (27)
7

-G, (xn,xn,xn)] =0,

therefore; lim,, _, [G,, (x,., ¥, ¥) = G, (3, ¥, ¥)] = 0.
On the other hand,

n,rllil—l:looGPb (xn’ Xm> y)
< lim G, (x,,7,9)+ lim sG, (%, 7,)
=5G,, (9, 9,7)

Iim G

nm—oo Pb

(%> %, X,) (28)

+ lim_ G, (X Xpo X,)

+G,, (7.7.7)

=Gy, (13 y).

Also, from (prz)’

Gy, ysy) < lim Gy (%, X, ). (29)

n,m—

Hence, we obtain that {x,} is a G, -convergent sequence in
(X,Gp,)-

Now, we prove that every b-Cauchy sequence {x,} in
(X, deb) isa pr—Cauchy sequence in (X, pr). Lete = 1/2.
Then, there exists 1, € N such that de (x> x,,) < 1/2 for all

b
n,m > n,. Since

GPb (X > x"o’ x"lo) - GPb (xno’ x"o’xno) s deb (x”’xno) < %’
(30)
then
Gp, (X %, x,) < dg, (xn,xno) +G, (xn,xno,xno)
(31)

1
< z + GPh ('xno’x”o’x”o) :
Consequently, the sequence {G, (x,, X, x,,)} is bounded in
R and so there exists a € R such that a subsequence

{G,, (x> X, > X, )} is convergent to a; that is,

klingoGPb (x"k’ x"k’ x"k) =a. (32)
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Now, we prove that {G, (x,, x,, x,)} is a Cauchy sequence in
R. Since {x,} is a b-Cauchy sequence in (X, de ), for given
b

€ > 0, there exists n, € N such that de (x,, x,,) < & for all
b
n,m > n,. Thus, for all n,m > n,,

pr (xn’ X xn) - pr (xm’ Xm> xm)

< pr (xn’ xm’xm) - pr (xm’ xm’xm) (33)

<dg, (%, %) < &

Therefore, lim,, _, oopr(xn’ X, X,,) = 4.
On the other hand,

'pr (%> X > X ) — a|

- 'pr (X X %) = Gy, (%2 %1 )
(34)
+Gp, (% X, X,,) = a'

< dGPb (xm’xn) + |pr (xn’xn’ xn) - Cl' >

for alln,m > n,. Hence, lim,,,, , oG, (X, X, X,,,) = @, and
consequently {x,} isa pr-Cauchy sequence in (X, G, ).
Conversely, let {x,} be a b-Cauchy sequence in (X, de ).
b
Then, {x,} is a pr-Cauchy sequence in (X, pr) and so it is

G,,-convergent to a point x € X with

lim G

Jim G, (x,x,,x,) = lim G, (x,, %, x)

= lim G, (x,x,,x,) =G, (x,x,x).

n,m —
(35)
Then, for given & > 0, there exists n, € N such that
€
Gy, (%%, x,) = G, (%, %, x) < "
. (36)
G, (X %,%) = G, (5,2, %) < "
Therefore,
ld, ()|
= |pr (xn’ X X) - pr (xn’ Xy xn)
+Gp, (%, X, X) = G, (%, %, x)'
(37)

< |pr (xn: X, x) - pr (x, X, x)|
" |pr (o, x, ) = GPb (xn’xn’ xn)|
+ |pr (xn) xn) x) - pr (x, X, x)| <&,

whenever n > n,. Therefore, (X, de ) is b-complete.
b
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Finally, let lim,, _, OOdeh (x,,x) = 0.So

Jim [pr (% %,%) = G, (%, xn,xn)]
+ lim [pr (%, X, X) — G, (x,x, x)] =0,
nleréo [pr (%, %, x) — G,, (%, x, x)]

+ nleréo [pr (‘xn’ Xn> x) - GP;, (xn’ X x”)] =0.
On the other hand,

m G, (X Xy Xp) = G, (%, X, X)

<s [nangopr (%, %, %) + mlgtlmpr (%, X > X)

1-5s

- Gph (x, x, x)] +

X [nIeréopr (X X, x,) + 2 1im G, (xm,xm,xm)]

-G, (x,x,x) =0.
(39)
O

Definition 26. Let (X, pr) and (X ',G;b) be two generalized
. . ! !
partial b-metric spaces and let f : (X, pr) - (X ,pr)
be a mapping. Then f is said to be G, -continuous at a
point a € X if, for a given ¢ > 0, there exists § > 0
such that x € X and pr(a, a,x) < 6+ pr(a, a,a) imply

that G, (f(a), f(a), f(x)) < e+ G, (f(a), f(a), f(a)). The
mapping f is G, -continuous on X if it is G, -continuous at
all a € X. For simplicity, we say that f is continuous.

From the above definition, with straightforward calcula-
tions, we have the following proposition.

Proposition 27. Let (X, pr) and (X', G;,h) be two generalized
partial b-metric spaces. Then a mapping f: X — X' is G-
contz:nuous at a point x € X ifand only‘zfit is G, sequentially
continuous at x; that is, whenever {x,} is G, -convergent to x,

{f(x,)}is G;h-convergent to f(x).

Definition 28. A triple (X, %,G,,) is called an ordered gener-
alized partial b-metric space if (X, <) is a partially ordered set
and G, is a generalized partial b-metric on X.

We will need the following simple lemma of the G, -
convergent sequences in the proof of our main results.

Lemma 29. Let (X,G,,) be a G, -metric space and suppose
that {x,}, {y,} and {z,} are G, -convergent to x, , and z,
respectively. Then we have

1

1
5—3pr (x,y,2) - 5_2pr (x, x, X)

1
_ ;pr (v, y,y) - G,, (z,2,2)

7
<liminfG,, (%> Y 2) < lianSiP Gp, (X Y 24)
<s°G,, (x,9,2) +5G,, (x,%,x) +5°G,, (3,3, y)
+ s3pr (z,2,2).
(40)

In particular, if {y,} = {z,} = a are constant, then
1
;pr (x,a,a) — G, (x, x, x)
<liminf G, (x,,a,a) <limsupG, (x,,a,a) (41
n—00 n— oo

<sG,, (x,a,a) + G, (X, %, ).

Proof. Using the rectangle inequality, we obtain

Gp, (%, 7,2) < 5Gp, (%, %, %) + 5°Gpp (95 Yoo )

+ S3Gph (Z, Z,, Zn) + 53Gph (xn’ yn’Zn) 4

Gy, (%> Y Zn) < 5G,, (%%, %) +5°G, (30 5 ¥)

+ 53pr (z,p2,2) + 53pr (x,,2).
(42)

Taking the lower limit as # — oo in the first inequality and
the upper limitasn — oo in the second inequality we obtain
the desired result.

If {y,} = {z,} = a, then

G,, (x,a,a) < sG, (x,x,,x,) + G, (x,,a,a), )
G,, (xpa,a) < G, (x,, %, %) + 3G, (x,a,a).

O

Let © denote the class of all real functions f3 : [0, +00) —
[0, 1) satisfying the condition

B(t,) — limplies t, — 0, asn — co. (44)

In order to generalize the Banach contraction principle,
Geraghty proved the following result.

Theorem 30 (see [32]). Let (X,d) be a complete metric space
andlet f : X — X be a self-map. Suppose that there exists
B € © such that

d(fx, fy) < B(d(x,y))d (x, y) (45)

holds for all x, y € X. Then f has a unique fixed point z € X
and for each x € X the Picard sequence { f"x} converges to z.

In [33], some fixed point theorems for mappings sat-
istying Geraghty-type contractive conditions are proved in
various generalized metric spaces.

Asin [33], we will consider the class of functions %, where
peFif:[0,00) — [0,1/s) and has the property

1
B(t,) — — implies t, — 0, asn — co. (46)
s



Theorem 31 (see [33]). Lets > 1and let (X, D, s) be a complete
metric type space. Suppose that a mapping f : X — X satisfies
the condition

D(fx, fy) < B(D(x.y)) D (x. ) (47)

forall x,y € X and some B € . Then f has a unique
fixed point z € X and for each x € X{f"x} converges to z
in (X, D,s).

The aim of this paper is to present certain new fixed
point theorems for hybrid rational Geraghty-type and y-
contractive mappings in partially ordered G, -metric spaces.
Our results improve and generalize many comparable results
in literature. Some examples are established to prove the
generality of our results.

2. Main Results

Recall that & denotes the class of all functions 3 : [0,00) —
[0, 1/s) satistying the following condition:

1
B(t,) — N implies t, — 0, asn — oo. (48)

Theorem 32. Let (X, <X) be a partially ordered set and suppose
that there exists a generalized partial b-metric G, on X such
that (X,G,,) is a G, -complete G, -metric space and let f :
X — X be an increasing mapping with respect to < with x, <
f(x,) for some x, € X. Suppose that

Gy, (S [ 2) < B(Gp, (5, 7:2)) M (5, 7,2)  (49)
for all comparable elements x, y,z € X, where

M(x, y,2)

= max <|pr (%, 9,2),

Gy, (5 )Gy, (1, 9) Gy, (22 f2) } |
1+ [sGPh (fx, fy, fz)]2
(50)

If f is continuous, then f has a fixed point.

Proof. Put x,, = f"(x,). Since x, = f(x,) and f is an
increasing function we obtain by induction that

xOﬁf(xo)ﬁfz(xo)ﬁ"'5fn(x0)§fn+l(x0)5... .
(51)
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Step 1. We will show that lim, _, G, (%> X415 Xi2) = 0.
Since x,, < x,,,, for each n € N, then by (49) we have

Spr (xn, Xpi1> xn+2)
= 5Gp, (fXuo1> [ fX 1)
<p (pr (%15 xn,xn+1)) M (X, 15 Xy Xpy1) (52)
< %pr (Xpe1> X X1
< Gy, (Xop X Xp41) »

because
M (%,,_1> X X41)
= max {pr (%15 %> X41) »
(pr (%15 X1 [X1) Gp, (%> X, f)
x G, (Xneranr]’fanrl))

X (1 + [SGph(fxn—hfxn’ fxn+l)]2)71}
(53)
= max {pr (xn—l’ Xy xn+1) >

(pr (xn—l’ Xn-1> xn) pr (xn’ Xn> xn+1)
X pr (xn+1’ Xp+1> xn+2))
% (14 15Gp, (% X1 %)) |
= Gy (510 ).
Therefore, {G,, (x> X141, X,42)} is decreasing. Then there

exists 7 > 0 such that lim Gy, (%> X415 X15) = 1. Letting
n — oo in (52) we have

n— 00

sr<r. (54)
Since s > 1, we deduce that » = 0; that is,
nli_{%opr (xw xn+1’xn+2) =0. (55)

Step 2. Now, we prove that the sequence {x,} is a G, -Cauchy
sequence. By rectangular inequality and (49), we have

Gy, (% X> X,1)
< sG, (%5 X5 Xpy1) + 52pr (% 1> X 1> X1 )
+ sszb (X ps15 X> Xpm)
< $Gp, (% X1 Xp1) + 5P (pr (%0 X5 xm))

x M (xn’xm’ xm) + Sszb (merl’ Xm> xm) .
(56)
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Letting m,n — oo in the above inequality and applying
(55) we have

Iim G

mn—o0  Po (xn’xm’xm)

S Sn,rlligooﬁ (pr (x”’ xm’ xm)) n,r}llr—r»looM (xn’ xma xm) .
(57)
Here,
pr (xn’ Xm> xm)

S M (xn’ xm’ xm)

= max {pr (xn, xm,xm) >

G, (%o X £ (50)) [y, G X £ ()] }
1+ [sGPb (fx,, fxm,fxm)]2

= max {pr (xn, xm,xm) >

2
pr ('xn’ Xn> xn+1) [pr (xm’ Xm> xm+1)] }

2
1+ [Spr (xn+1>xm+1’xm+l)]
(58)

Letting m,n — o0 in the above inequality we get

leLnOOM (xrv Xm> xm) = m}ligoopr (xn’ Xm> xm) . (59)

Hence, from (57) and (59), we obtain

m}}LnOOpr (xn’ Xm> xm)

<s lim B (pr (%, Xyp0> xm)) im G, (Xpp> X > X 1)

—

(60)
and so we get
1 .
S ,lim_ B (Gph (% X s xm)) . (61)
Since 8 € F we deduce that
im Gy (X X, X,,) = 0. (62)

Consequently, {x,} is a G, -Cauchy sequence in X. Thus,
from Lemma 25, {x,} is a b-Cauchy sequence in the b-
metric space (X, deh ). Since (X, pr) is pr—complete, then,
from Lemma 25, (X, de ) is a b-complete b-metric space.
b
Therefore, the sequence {x,} b-converges to some u € X; that
is, lim,, _, OOdGP (x,,u) = 0. Again, from Lemma 25 and (62),
b

lim G, (u,x,,x,) = Jim G, (%> X > X)
(63)
=G, (,u,u) = 0.

Step 3. Now, we show that u is a fixed point of f. Suppose to

the contrary; that is, fu# u; then, from Lemma 20, we have
pr(u, u, fu) > 0.
Using the rectangular inequality, we get

Gy, (wu, fu) < sG, (fu, fx,, fx,) +sG,, (fx, uu).
(64)

Lettingn — oo and using the continuity of f and (63), we
get

Gy, (wu, fu) <s lim G, (fu, fx,» fx,)

+s lim G, (fx,,uu) = sGp, (fu, fu, fu).
(65)

Note that, from (49), we have
sG,, (fu, fu, fu) < B(G,, (,u,u)) M (w,u,1),  (66)
where by (65)

M (u, u, u)

= max {pr (u,u,u),

G,, (wu, fu) G, (uu, fu)G,, (uu, fu) }
1+ [sGPb (fu, fu, fu)]2

<G, (wu, fu).

(67)
Hence, as S(t) < 1 for all t € [0,00), we have
sGPb(fu, fu, fu) < pr(u, u, fu). Thus, by (65) we obtfiin
that sG,, (fu, fu, fu) = G, (u,u, fu). But then, using
(66), we get that pr(u,u,fﬁ) = sG, (fu, fu, fu) <
ﬂ(pr(u, u, u))M(u, u,u) < pr(u, u, fu), which is a contra-
diction. Hence, we have fu = u. Thus, u is a fixed point of

1. O

Now we replace the continuity of f in Theorem 32 by the
regularity of the space to get the required conclusion.

Theorem 33. Under the same hypotheses of Theorem 32,
instead of the continuity assumption of f, assume that, when-
ever{x,} is a nondecreasing sequence in X such thatx, — u,
one has x,, < u for alln € N. Then f has a fixed point.

Proof. Repeating the proof of Theorem 32, we construct an
increasing sequence {x,} in X such that x, — u € X. Using
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the assumption on X we have x, < u. Now, we show that

u = fu. By Lemma 29 and (63)
1
s [;pr (u, fu, fu) - G, (u,u, u)]

< slimsup G, (%11, fu, fu)

(68)
< lim sup (/3 (Gph (x,o 1, u)) M (x,,u, u))

< Llim supM (x,,, u, u),

S n—oo
where

Jim M (x,,, u, u)

= lim max <|Gph (x,uyu),

(Gy, (0%, £,), G (w10, fu)]” }
1+ [Spr (fx,, fu, fu)]2

n— 00

= lim max<|G (%, Xy 1) 5

(G, (X % X1 )+ G, (1114, f1)]] }
+ [5G, (Kpurs fut fur)]”

= max {pr (u,u,u), 0} =0 (see(55)and (63)).
(69)

Therefore, we deduce that pr(u, fu, fu) < sGPb(u, u,u) = 0.
Hence, we have u = fu. O

If in the above theorems we assume (t) = r, where 0 <
r < 1/s, we obtain the following corollary.

Corollary 34. Let (X, <) be a partially ordered set and suppose
that there exists a G, -metric on X such that (X, G, ) isa

GP -complete pr “metric space, and let f : X — X be an

increasing mapping with x, < f(x,) for some x, € X. Suppose
that

sGp, (fx, fy, fz) <M (. y,2) (70)

for all comparable elements x, y,z € X, where 0 <+ < 1/s and

M (x, y,2)

= max <|pr (x,,2),

Gy, (5 [2) Gy, (1, 9) Gy, (2.2 f2) } |

1+ [Spr (fx, v, fz)]2
(71)
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If f is continuous or for any nondecreasing sequence {x,} in X
such that x,, — u € X one has x,, < u foralln € N, then f
has a fixed point.

Corollary 35. Let (X, <) be a partially ordered set and suppose
that there exists a G, -metric space G, on X such that (X, pr)
is a G, -complete G, -metric space, and let f : X — X be an
increasing mapping with respect to < such that there exists an
element x, € X with x;, < f(x,). Suppose that

sGp, (fx. [y, f2)
< aG,, (% y,2)
(72)
,Sn (x,x, fx) G, (9,3, fy) G, (2.2, f2)
2
1+ [Spr (fx fy, fz)]
for all comparable elements x, y,z € X, where a,b > 0 and

a+b<l/s.

If f is continuous or for any nondecreasing sequence {x,,}
in X such that x, — u € X one has x,, < u for alln € N, then
f has a fixed point.

Proof. Since

(x,x, fx) G, (9,3, fy) G, (2.2, f2)

aG,, (x,y,z) +b S
1+ [Spr (fx fy, fz)]

<(a+b)

X max {pr (%, ,2),

G,, (x.x, fx)G,, (30 3. ) Gy, (2.2, f2) }

1+ [stb (fx, fy, fz)]2
(73)

taking r = a + b, all the conditions of Corollary 34 hold and
hence f has a fixed point. O

Let ¥ be the family of all continuous and nondecreasing
functions y : [0,00) — [0, 00) such that

Jim " () = 0 (74)

for all ¢ > 0. It is known that, if ¢ € V, then y(0) = 0 and
y(t) < tforallt > 0.

Theorem 36. Let (X, <) be a partially ordered set and suppose
that there exists a generalized partial b-metric G, on X such
that (X,G,,) is a G, -complete G, -metric space, and let f :
X — X be an increasing mapping with x, < f(x,) for some

X, € X. Suppose that

sGy, (fx fy, fz) <y (M (x, . 2)), (75)
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where

M (x,y,2)

=max 1G, (x,1,2),

G,, (%% £x) Gy, (130 ) Gy, (2,2 f2)
+[sG,, (fx fy f2)]

(76)

forall comparable elements x, y,z € X. If f is continuous, then
f has a fixed point.

Proof. Since x, < f(x,) and f is an increasing function we
obtain by induction that

xo =% fx0) 2 fP () 2 =< M (x0) < " (3g) 2+ .
(77)

Putting x,, = f"(x,), we have
W X Xy S (78)

If there exists 1, € N such that x,, = x, ,; thenx, = fx,

0 0 0 0
and so we have nothing to prove. Hence, for all n € N, we
assume that x, # x

nl:
Step 1. We will prove that
im G, (%, X,1115 X,12) = 0. (79)
Using condition (75), we obtain
Gy, (%> Xne1> Xpi2) < SGp, (X X1 X112

= SGph (fxn—l’ fxw fxn+1) (80)

< ‘/’ (M ('xn—l’ Xn> xn+1)) .
Here,

M (X115 %> X1
= max {pr (Xpo1> X Xp41) »
X (Gph (%15 Xpops fX1) Gy, (%5 Xp> fX,,)
XGp,, (xn+1’ xn+1’fxn+l))
x (14 [Gpy (Ft1s S f0)]) |

= pr (xn—l’ Xn> xn+1) :
(81)

Hence,

Gph (xn’ Xn+1> xn+2) < Spr (xn’ Xn+1> xn+2)
(82)

<y (GPh (xn—l’ xn’xn+1)) .

1

By induction, we get that
pr ('xn+2’ Xnt1> xn) < 14 (pr ('xn+l’ X xn—l))
< 1//2 (pr (xn’ xn—l’xn—Z)) < (83)
<y" (pr (%3, x15 xo)) :
Asy € ¥, we conclude that
nli_p(l)oGph (xn’ xn+1’xn+2) =0. (84)

Step 2. We will prove that {x,} is a G, -Cauchy sequence.

Suppose to the contrary that {x,} is not a G, -Cauchy
sequence. Then there exists ¢ > 0 for which we can find
two subsequences {xmi} and {xni} of {x,} such that n; is the
smallest index for which

n>m; >i, G, (xmi,x,,i,xnx_) > e (85)
This means that
Gy, (xm,»’xni—1>xni—1) <e. (86)

From (85) and using the rectangle inequality, we get

S GPb (xmi’ Xnp> x"i) < SGPh (xmi’xmi"'l’ xmi+1)

(87)
+5G,, (xm,-+1’ xn,_,xni) .
Taking the upper limit asi — ©0, we get
€ .
. <limsup G, (xmiﬂ, Xy xni) . (88)
1— 00

From the definition of M(x, y) we have

M (X, % 1%, 1)
= max {pr (X X 15 %1 ) »
(G, (> X )
% [Gy, (%1 %010 f2 1))
(1[G, (P S i)'}
= max Gy, (X X %y)
(Gpy (%m> X X
% (G (5rr g )]

-1
X (1 + [SGPb (xmi"'l’x”i’x"i)]Z) }

(89)
and ifi — oo, by (84) and (86), we have

lim sup M (xmi, Xy 1> xni_l) <e. (90)

i— 00
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Now, from (75) we have
SGPb (xmi+1’ x”i’ x”i) = SGPb (fxmi’ fxni_l’ fx”i_l)

sy (M (xm,-’ Xn=1> X, )) ’

Again, ifi — oo by (88) we obtain

e=s <f> < <slim sup G, (xmiﬂ,xni,xni))
$ (92)

<y(e) <s

which is a contradiction. Consequently, {x,} is a G-

Cauchy sequence in X. Thus, from Lemma 25 we have

proved that {x,} is a b-Cauchy sequence in the b-metric

space (X, deb)' Since (X,G,) is G, -complete, then, from

Lemma 25, (X, de ) is a b-complete b-metric space. There-
b

fore, the sequence {x,} b-converges to some u € X; that is,

lim, _, oodeb (x,, u) = 0. Again, from Lemma 25 and (62),

Jlim G, (u, x,, x,,) = olim G, (%> X > X)) )
93

=G, (w,u,u) =0.

Step 3. Now we show that u is a fixed point of f. Suppose
to the contrary, that fu # u; then, from Lemma 20, we have
G, (u,u, fu) > 0.

Using the rectangle inequality, we get

G,, (uu, fu) < sG, (fu, fx,, fx,) + G, (fx,uu).

(94)
Lettingn — o0 and using the continuity of f, we get
G,, (uu, fu) < sG, (fu, fu, fu). (95)
Note that, from (75), we have
sG,, (fu, fu, fu) <y (M (u,u,u)), (96)
where
M (u,u, u)

= max {pr (u,u,u),

G,, (wu, fu) G, (wu, fu) G, (uu, fu) }
1+ [Spr (fu, fu, fu)]2
<Gy, (wu, fu).
97)

Hence, as y is nondecreasing, we have sG,, (fu, fu, fu) <
G,, (1, u, fu). Thus, by (95) we obtain that

G,, (uu, fu) = sG, (fu, fu, fu). (98)

Equation (96) yields that G,, (u,u, fu) < y(M(u,u,u)) <
¥(G,, (u, u, fu)). This is impossible, according to our assump-
tions on y. Hence, we have fu = u. Thus, u is a fixed point of

1. O
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Theorem 37. Under the hypotheses of Theorem 36, instead of
the continuity assumption of f, assume that, whenever {x,} is
a nondecreasing sequence in X such that x, — u € X, one
has x,, X u for alln € N. Then f has a fixed point.

Proof. Following the proof of Theorem 36, we construct an
increasing sequence {x,} in X such that x, — u € X. Using
the given assumption on X we have x, < u. Now, we show
that u = fu. By (75) we have

sGp, (fus fu,x,) = Gy, (fu, fu, fx,1)

<y (M (uux,.)),
where

M (w1 x,,,)

= max <|pr (1, x,1),

(G, (114, )| G, (s %15 Fn) }
1+ [sGPh (fu, fu, fxn_l)]2

(100)
Lettingn — oo in the above, from (93), we get
Jim M (u,u,x,_1) = 0. (101)

Again, taking the upper limit as# — oo in (99) and using
Lemma 29 and (101) we get

1
s ;pr (u, fu, fu) = G, (u,u,u)

< slimsup G, (x,,, fu, fu) (102)
n— 00
<limsupy (M (u,u,x,_,)) = 0.
So we get G, (u, fu, fu) = 0. Thatis, fu = u. O

Corollary 38. Let (X, X) be a partially ordered set and suppose
that there exists a generalized partial b-metric G, on X such
that (X,G,,) is a G, -complete G, -metric space, and let f :
X — X be an increasing mapping with x, < f(x,) for some

x, € X. Suppose that
sG,, (fx, fy, fz) <kM(x, y,2),

where0 < k < 1/s and

(103)

M (x,y,2)

= max {pr (%, y,2),

G, (x.% fx)G,, (y. 3. %) G,, (2.2 f2) }

1+ [Ssz, (fx, fr, fz)]2
(104)
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for all comparable elements x, y,z € X. If f is continuous or,
for any nondecreasing sequence {x,} in X such that x, — u €
X, we have x,, < u for alln € N, then f has a fixed point.

We conclude this section by presenting some examples
that illustrate our results.

Example 39. Let X = [0,1] be equipped with the usual
order and G, -metric function G,, given by G, (x, y,2z) =
[max{x, y, z})? = max{xz,yz,zz} with s = 2. Consider the
mapping f : X — X defined by f(x) = (1/4)x(e_xz)1/2
and the function 8 € & given by (t) = (1/2)e”", t > 0, and
B(0) € [0, 1/2). Itis easy to see that f isan increasing function
on X and 0 < f(0) = 0. We show that f is G, -continuous
on X. By Proposition 27 it is sufficient to show that f is
G,,sequentially continuous on X. Let {x,} be a sequence in
X such that lim pr(xn, X, X) = pr(x, X, X), s0 we have
limnﬁoomax{xfl,xz} = x2 equally max{limnﬁooxﬁ, X} =
x*, and hence lim,,_, ,,x> = a < x*. On the other hand we
have

n— 00

lim G, (fx,, fx, fx)

Tim max {( )2 ()}

: 1 x? 1 2 —x?
lim max{—xne ", —x"e }
n— 00 6 16

1 2 1 2
max { — lim x?e ™, —6x2e x } (105)

1 -« 1 2 —xz} 1 2 —x?
=maxy—ae ,—Xe = —Xe

16 16 16

1 2 —x* 1 2 —x* 1 2 —xz}
=maxy —xe ,—Xe ,—Xe

16 16 " 16
=G, (fx fx, fx).

So f is G, sequentially continuous on X.

For all comparable elements x, y,z € X and the fact that
2
g(x) = x*¢™™ is an increasing function on X we have

_ I 52 1 5 1 ~2*
stb(fx,fy,fz)—Zmax{l—6xe ,1—6ye Bze }

1 R R - B
gmax{xex,yey,zez}

l e max{x?,y*,z°}

8

2 2 2
maxix~, y,z

16_ max{x?, y2 z°}

2
= B(Gy, (%,:2)) G, (x. 3, 2)

<P (pr (x, v, z)) M (x,y,2).

IN

ax{xz,yz,zz}

(106)

Hence, f satisfies all the assumptions of Theorem 32 and thus
it has a fixed point (which is u = 0).

13

Example 40. Let X = [0,1] be equipped with the usual

order and G, -metric function G,, given by G, (x, y,2z) =
[max{x, y, Z})* = max{xz,yz,zz} with s = 2. Consider the
mapping f : X — X defined by f(x) = (1/4)VIn(x? + 1)
and the function y € V¥ given by w(t) = (1/8)t,t > 0. It is
easy to see that f is increasing function and 0 < f(0) = 0.
Now we show that f is G, -continuous function on X.

Let {x,}] be a sequence in X such that
limnﬂoopr(xn, X, X) = pr(x, X,X), SO we have
lim,, _, o, max{x’,x’} = x°, equally max{lim,_, x>, x°} =
x%, and hence lim x2 = a < x*. On the other hand we

have
nleréopr (fx"’fx’ fx)
= nango max {(fxn)2> (fx)z}

n— 00

= Jim max [ 1n (<2 +1), I (¢ +1)}
iéln(x2 + 1)}

(1) = (1)

(x4 1))

_ 1 .2

= max{1—61n<nlgroloxn + 1),
1 1

=max{—ln((x+ 1), —1In
16 16

=max{%ln(x2+1),i6ln(x2+l),

=G, (fx, fx, fx).
(107)

So f is G, -sequentially continuous on X.
For all comparable elements x, y,z € X, we have

sG,, (fx, fy, f2)
= 2 max {(}lwln (22 + 1))2, (zll In(y? + 1))2,
(i In (2% + 1))2}

=2max{%ln(x2+1),%ln(y2+l),

(1)

%max {ln (x2 + 1),ln (y2 + 1),1n (z2 + 1)}
% max {xz,yz,zz} =y (pr (%, z))

(%.3,2)) -

IN

<y(M
(108)

Hence, f satisfies all the assumptions of Theorem 36 and thus
it has a fixed point (which is u = 0).
Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.



14

Acknowledgments

This paper was funded by the Deanship of Scientific Research
(DSR), King Abdulaziz University, Jeddah. Therefore, the first
and fourth authors acknowledge with thanks DSR, KAU, for
financial support.

References

[1] S. Czerwik, “Contraction mappings in b-metric spaces,” Acta
Mathematica et Informatica Universitatis Ostraviensis, vol. 1, pp.
5-11, 1993.

[2] S. Czerwik, “Nonlinear set-valued contraction mappings in
b-metric spaces;,” Atti del Seminario Matematico e Fisico
dell’Universita di Modena, vol. 46, no. 2, pp. 263-276, 1998.

[3] A. Aghajani, M. Abbas, and J. R. Roshan, “Common fixed point
of generalized weak contractive mappings in partially ordered
b-metric spaces,” Mathematica Slovaca. In press.

[4] H. Aydi, M.-E Bota, E. Karapinar, and S. Moradi, “A common
fixed point for weak @-contractions on b-metric spaces,” Fixed
Point Theory, vol. 13, no. 2, pp. 337-346, 2012.

[5] H. Aydi, M. E Bota, E. Karapinar, and S. Mitrovic, “A fixed point
theorem for set-valued quasicontractions in b-metric spaces,”
Fixed Point Theory and Applications, vol. 2012, article 88, 2012.

[6] M. Boriceanu, “Fixed point theory for multivalued generalized
contraction on a set with two b-metrics,” Studia Universitatis
Babes-Bolyai Mathematica, vol. 54, no. 3, pp. 3-14, 2009.

[7] M. Boriceanu, “Strict fixed point theorems for multivalued
operators in b-metric spaces,” International Journal of Modern
Mathematics, vol. 4, no. 3, pp. 285-301, 2009.

[8] N.Hussain, D. Dori¢, Z. Kadelburg, and S. Radenovi¢, “Suzuki-
type fixed point results in metric type spaces,” Fixed Point
Theory and Applications, vol. 2012, article 126, 2012.

[9] N. Hussain and M. H. Shah, “KKM mappings in cone b-metric
spaces,” Computers & Mathematics with Applications, vol. 62, no.
4, pp. 1677-1684, 2011.

[10] M. A. Khamsi and N. Hussain, “KKM mappings in metric type
spaces,” Nonlinear Analysis: Theory, Methods & Applications, vol.
73, no. 9, pp. 3123-3129, 2010.

[11] M. A. Khamsi, “Remarks on cone metric spaces and fixed point
theorems of contractive mappings,” Fixed Point Theory and
Applications, vol. 2010, Article ID 315398, 7 pages, 2010.

[12] M. Pacurar, “Sequences of almost contractions and fixed points
in b-metric spaces,” Analele Universitatii de Vest din Timisoara,
vol. 48, no. 3, pp. 125-137, 2010.

[13] J.R.Roshan, N. Shobkolaei, S. Sedghi, and M. Abbas, “Common
fixed point of four maps in b-metric spaces,” Hacettepe Journal
of Mathematics and Statistics. In press.

[14] Z. Mustafa and B. Sims, “A new approach to generalized metric
spaces,” Journal of Nonlinear and Convex Analysis, vol. 7, no. 2,
pp. 289-297, 2006.

(15] A. Aghajani, M. Abbas, and J. R. Roshan, “Common fixed point
of generalized weak contractive mappings in partially ordered
G,-metric spaces,” Filomat. In press.

[16] S. G. Matthews, “Partial metric topology,” Annals of the New
York Academy of Sciences, vol. 728, Proceedings of the 8th
Summer Conference, Queens College, 1992, General Topology
and its Applications, pp. 183-197,1994.

[17] H. Aydi, “Common fixed point results for mappings satisfying
(v, p)-weak contractions in ordered partial metric space,

Abstract and Applied Analysis

International Journal of Mathematics and Statistics, vol. 12, no.
2, pp. 53-64, 2012.

[18] Z. Kadelburg, H. K. Nashine, and S. Radenovi¢, “Fixed point
results under various contractive conditions in partial metric
spaces,” Revista de la Real Academia de Ciencias Exactas, Fisicas
y Naturales A, vol. 107, no. 2, pp. 241-256.

[19] H. K. Nashine, Z. Kadelburg, and S. Radenovi¢, “Common
fixed point theorems for weakly isotone increasing mappings
in ordered partial metric spaces;,” Mathematical and Computer
Modelling, vol. 57, no. 9-10, pp. 2355-2365, 2013.

[20] N. Shobkolaei, S. Sedghi, J. R. Roshan, and I. Altun, “Common
fixed point of mappings satisfying almost generalized (S, T)-
contractive condition in partially ordered partial metric spaces,”
Applied Mathematics and Computation, vol. 219, no. 2, pp. 443-
452, 2012.

[21] M. Abbas, T. Nazir, and S. Radenovi¢, “Some periodic point
results in generalized metric spaces,” Applied Mathematics and
Computation, vol. 217, no. 8, pp. 4094-4099, 2010.

[22] H. Alaeidizaji and V. Parvaneh, “Coupled fixed point results
in complete partial metric spaces,” International Journal of
Mathematics and Mathematical Sciences, vol. 2012, Article ID
670410, 12 pages, 2012.

[23] I. Altun, E Sola, and H. Simsek, “Generalized contractions on
partial metric spaces,” Topology and Its Applications, vol. 157, no.
18, pp. 2778-2785, 2010.

[24] L. Ciri¢, B. Samet, H. Aydji, and C. Vetro, “Common fixed points
of generalized contractions on partial metric spaces and an
application,” Applied Mathematics and Computation, vol. 218,
no. 6, pp. 2398-2406, 2011.

[25] M. Khandagji, S. Al-Sharif, and M. Al-Khaleel, “Property P and
some fixed point results on (v, ¢)-weakly contractive G-metric
spaces,” International Journal of Mathematics and Mathematical
Sciences, vol. 2012, Article ID 675094, 11 pages, 2012.

[26] Z. Mustafa and B. Sims, “Fixed point theorems for contractive
mappings in complete G-metric spaces,” Fixed Point Theory and
Applications, vol. 2009, Article ID 917175, 10 pages, 2009.

[27] S. Oltra and O. Valero, “Banach’s fixed point theorem for
partial metric spaces,” Rendiconti dellIstituto di Matematica
dell’Universita di Trieste of Mathematics, vol. 36, no. 1-2, pp. 17-
26, 2004.

[28] M. R. A. Zand and A. D. Nezhad, “A generalization of partial
metric spaces,” Journal of Contemporary Applied Mathematics,
vol. 24, pp. 86-93, 2011.

[29] V. Parvaneh, J. R. Roshan, and S. Radenovi¢, “Existence of
tripled coincidence points in ordered b-metric spaces and an
application to a system of integral equations,” Fixed Point Theory
and Applications, vol. 2013, article 130, 2013.

[30] S. Shukla, “Partial b-metric spaces and fixed point theorems,”
Mediterranean Journal of Mathematics, 2013.

[31] Z. Mustafa, ]. R. Roshan, V. Parvaneh, and Z. Kadelburg, “Some
common fixed point results in ordered partial b-metric spaces,’
Journal of Inequalities and Applications, vol. 2013, article 562,
2013.

[32] M. A. Geraghty, “On contractive mappings,” Proceedings of the
American Mathematical Society, vol. 40, pp. 604-608, 1973.

[33] D. Duki¢, Z. Kadelburg, and S. Radenovi¢, “Fixed points of
Geraghty-type mappings in various generalized metric spaces,;’
Abstract and Applied Analysis, vol. 2011, Article ID 561245, 13
pages, 2011



