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The fractional operator on nonhomogeneous metric measure spaces is introduced, which is a bounded operator from L? () into
the space L% (u). Moreover, the Lipschitz spaces on nonhomogeneous metric measure spaces are also introduced, which contain
the classical Lipschitz spaces. The authors establish some equivalent characterizations for the Lipschitz spaces, and some results of
the boundedness of fractional operator in Lipschitz spaces are also presented.

1. Introduction

As we know, the theory on spaces of homogeneous type is
needed to assume that measure p of metric spaces (2, d, u)
satisfies the doubling measure condition, which means that
there exists a constant C, such that, for every ball B(x, ) of
center x and radius r, pu(B(x,2r)) < Cu(B(x,r)). In recent
years, many classical theories have been proved still valid
without the assumption of doubling measure condition; see
[1-12]. Recall that a Radon measure g on R? is said to only
satisty the polynomial growth condition, if there exists a
positive constant ¢ such that, for all x € RY and r > 0,
p(B(x,7)) < cr”, where n is some fixed number in (0, d] and
B(x,r) = {y € RY : |x - y| < r}. The analysis associated
with such nondoubling measures ¢ is proved to play a striking
role in solving the long-standing open Painlevé’s problem
by Tolsa [13]. Obviously, the nondoubling measure y with
the polynomial growth condition may not satisfy the well-
known doubling condition, which is a key assumption in
harmonic analysis on spaces of homogeneous type. In 2010,
Hytonen [14] introduced a new class of metric measure spaces
satisfying both the so-called geometrically doubling and the
upper doubling conditions (see the definition below), which
are called nonhomogeneous spaces. Recently, many classical
results have been proved still valid if the underlying spaces
are replaced by the nonhomogeneous spaces of Hytonen (see
[4-6,9-12]).

Let (2, d, ) be anonhomogeneous metric measure space
in the sense of Hytonen [14]. In this paper, we establish
the definition of fractional operator on nonhomogeneous
metric measure spaces, which contains the classical fractional
integral operator introduced by Garcia-Cuerva and Gatto [7],
and similar to the definition introduced by Fu et al. [11],
then we get the (Lf(u), L?*°(u))-boundedness for frac-
tional integral operator on nonhomogeneous metric measure
spaces. In Section 3, we also establish the definition of Lip-
schitz spaces on nonhomogeneous metric measure spaces,
which contains the classical Lipschitz spaces. We establish
some equivalent characterizations for the Lipschitz spaces.
In Section 4, we present some results of the boundedness of
fractional operator in Lipschitz spaces.

To state the main results of this paper, we first recall some
necessary notions and remarks.

Definition I (see [15]). A metric space (', d, u) is said to be
geometrically doubling if there exists some N,, € N such that,
for any ball B(x,r) ¢ &, there exist a finite ball covering
{B(x;,7/2)}; of B(x,r) such that the cardinality of this cov-
ering is at most N,,.

Definition 2 (see [14]). A metric measure space (X, d, u) is
said to be upper doubling if y is a Borel measure on 2 and
there exist a dominating function A : & x (0,00) — (0, 00)
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and a positive constant ¢, such that, for each x ¢ X, r —
A(x,r) is nondecreasing and

p(B(x,1)) <A(x,1) SCAA<.X,%) VxeZ, r>0.
¢))

A metric measure space (', d, u) is called a nonhomo-
geneous metric measure space if (2, d, u) is geometrically
doubling and (¥, d, y) is upper doubling.

Remark 3. (i) Obviously, a space of homogeneous type is
a special case of upper doubling spaces, where we take the
dominating function A(x, 7) := p(B(x, r)). On the other hand,
the Euclidean space R? with any Radon measure y as in (1)
is also an upper doubling space by taking the dominating
function A(x,7) := crk.

(ii) Let (2,d,u) be upper doubling with A being the
dominating function on " x (0, 00) as in Definition 2. It was
proved in [6] that there exists another dominating function A
such that X < A and, for all x, y € & with d(x, y) < r,

A(x,7) < CiA (y,7). (2)
Thus, in this paper, we always suppose that A satisfies (2).

Definition 4 (see [14]). Let o, 8, € (1,00). Aball B ¢ X is
called («, 8)-doubling if u(aB) < B, u(B).

As stated in lemma of [4], there exist plenty of doubling
balls with small radii and with large radii. In the rest of the
paper, unless o and f3, are specified otherwise, by an («, f3,)-
doubling ball we mean a (6, 35)-doubling with a fixed number

3log,6 I
Bs > max{C) 8% 6"}, where n = log, N, is viewed as a geo-
metric dimension of the spaces.

Definition 5 (see [11]). Lete € (0, 00). A dominating function
A is satistying the e-weak reverse doubling condition if, for
all 7 € (0,2diam(Z)) and a € (1,2 diam(X")/r), there exists
a number C(a) € [1,00), depending only on a and 2, such
that, for all x € &,

Alx,ar) > C(a)A(x,1) (3)
and, moreover,
<1
e . 4
2icar < @

Remark 6. (i) Itis easy to see that if €; < €, and A satisfies the
€,-weak reverse doubling condition, then A also satisfies the
€,-weak reverse doubling condition.

(ii) Assume that diam(Z) = co. For any fixed x € ', we
know that

rliir%)/\ (x,7) =0, ran(}OA (x,7) = 00. (5)
(ii) It is easy to see that the e-weak reverse doubling con-
dition is much weaker than the assumption introduced by Bui
and Duong in [4, Subsection 7.3]: there exists m € (0, co) such
that, for all x € £ and a,r € (0,00), A(x,ar) = a”A(x, ).
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Definition 7 (see [14]). For any two balls B S, define

1
Kos=1e [ 5 (d(xg) ¥ ©

where ¢ is the center of the ball B.

Remark 8. The following discrete version, Kpg, of Kpg
defined in Definition 7, was first introduced by Bui and
Duong [4] in nonhomogeneous metric measure spaces,
which is more close to the quantity K » introduced by Tolsa
[1] in the setting of nondoubling measures. For any two balls

B c S, let Ky g be defined by

N (k)

=1+
Z A (cg, 61%rg)’

where 7 and 7, respectively, denote the radii of the balls
B and S, and Ny denotes the smallest integer satisfying

6557y > 1. Obviously, K s < CKpg. As was pointed by Bui
and Duong [4], in general, it is not true that K g ~ CKjg.

7)

Definition 9 (see [14]). Let p € (1, 00). A function f € L}oc(y)
is said to be in the space RBMO(y) if there exist a positive
constant C, and for any ball B ¢ ', a number fg such that

: J
f(x) - fpldu(x) <C, (8)
4 (oB) Js! o
for any two balls B and B, such that B ¢ B,

|fB - fBl' < CKpp,. 9)

The infimum of the positive constants C satisfying above
two inequalities is defined to be the RBMO(y) norm of f and
denoted by || f IIRBMO(M)

From [14, Lemma 4.6], it follows that the space RBMO(u)
is independent of p € (1, 00).

In this paper, we consider a variant of the fractional
integrals from [7, Definition 4.1].

Deﬁnition 10. Let0 < &« <nand 0 < 6§ < 1. A function K, €

1OC(.fl" x L\ {(x, y) : x = y}) is said to be a fractional kernel
of order « and regularity ¢ if it satisfies the following two
conditions:

(i) forall x, y € & with x # y,
1 .
—ajn’
[A (. d (%, )]
(ii) for all x, X, y € & with A(x, d(x, y)) = 2A(x, d(x, X)),

K (3, ) = Ky (% )] + [Kq (3,%) = Kq (3, %)
A (x,d (x, %)) (11)
[A (x, d (x) y))] 1-a/n+d/n’

K, (x,y)]<C (10)
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A linear operator I, is called fractional integral operator
with K, satisfying (10) and (11),

Lf @)= | Ko fO)au). @

Remark 11. By taking A(x,d(x, y)) = d(x, y)", it is easy to
see that Definition 10 in this paper contains Definition 4.1
introduced by Garcia-Cuerva and Gatto in [7], and Defini-
tion 10 is similar to Definition 1.9 introduced by Fu et al. in
[11].

Definition 12. Let K, be a fractional kernel of order « and
regularity 8, f € LP(u) and 0 < « — n/p < 8. We define

L @)= | Ko (02) = Ke G0 () du (),

x
(13)

where x, is some fixed point of 2.

We observe that the integral in (13) converges both
locally and at co as a consequence of (10), (11), and Hélder’s
inequality. Of course the function just defined depends on the
election of x;, but the difference between any two functions
obtained in (13) for different elections of x,, is just a constant.

From now on, we will assume that ;#(2") = co. The results
below are also true when u() < co.
Now we state the first main theorem of this paper.

Theorem 13. Let 1 < p < nj/a and 1/q = 1/p — a/n.
If A satisfy the e-weak reverse doubling condition with € €
(0, min{a/n, (1/p — a/n)p'}), then

ClAlon \?
p(fx e L |Lf ()] >7}) < <w> ;0 (14)

that is, 1, is a bounded operator from LP(u) into the space
LY (p).

Next, let us introduce Lipschitz spaces on nonhomoge-
neous metric measure spaces.

Definition 14. Given that 8 € (0, 1], we say that the function
f + & — C satisfies a Lipschitz condition of order f
provided that

|f ()= f(y)| <C[A (x,d (36, )P for every x,y €
(15)

and the smallest constant in inequality (15) will be denoted by
I f ||Lip( B It is easy to see that the linear space with the norm

I - llipg) is @ Banach space, and we will call it Lip(j).
Remark 15. Lipschitz condition can also be defined by

1F ()= £ ()] < CIA G (e y)I" for every x,y € 25

(15

by (2), it is easy to see that (15) and (15)’ are equivalent.

The second main result of this paper is the following some
equivalent characterizations for the Lipschitz spaces.

Theorem 16. For a function f € Lj, (1), the conditions (A),
(B), and (C) are equivalent as follows.

(A) There exist some constant C, and a collection of num-
bers of fg, one for each B, such that these two properties
hold: for any all B with radius r

1 n
B Jp | 00~ faldunCo < CAen, )
and for any ball U such that B € U and radius (U) <
2r,
|f5 = ful < CiAx )P, 17)
(B) There is a constant C,, such that
|f )= f ()] < CoAlxdx, )P, (18)

for u-almost every x and y in the support of u.

(C) For any given p, 1 < p < 00, there is a constant C(p),
such that for every ball B of radius r, one has

1 » 1/p ”
(55 L1 mrane) " sc e
(19)

where mg = (1/u(B)) IB f(y)du(y) and also for any
ball U such that B c U and radius (U) < 2r

Imy (f) = my (f)| < C(p) Max, )™, (20)

In addition, the quantities inf C,, inf C,, and int C(p) with
a fixed p are equivalent.

Now we state the third main result of this paper.

Theorem 17. Let K, be a fractional kernel. nfa < p < co and
o —n/p < O. If A satisfy the e-weak reverse doubling condition
with € € (0, min{(1 — ((a« — 8)/n))p', (a/n — l/p)p'}), then .Ta
maps LP () boundedly into Lip(a — n/p).

Theorem 18. Let K, be a fractional kernel and o + § < 6;
if A satisfy the e-weak reverse doubling condition with € ¢
(0, min{(ex+ B)/n, (8 —a— B)/n}), then I, maps Lip(B) bound-
edly into Lip(ec + B) if and only if T (1) = 0.

Finally we present a result which can be viewed either
as an extension of the case p = oo of the Theorem 17 or as
extension of the case 3 = 0 of Theorem 18.

Theorem 19. Let K, be a fractional kernel and 0 < o < 6.
If A satisfy the e-weak reverse doubling condition with € €
(0, min{ee/n, (8 — &)/n}), then I, maps RBMO(u) boundedly
into Lip(e) if and only if T (1) = 0.

Finally, we make some conventions on notation.
Throughout the whole paper, C stands for a positive con-
stant, which is independent of the main parameters, but it
may vary from line to line.



2. Proof of Theorem 13

Proof of Theorem 13. We are going to adapt to our context of
the proof given by Garcia-Cuerva and Gatto [7]. Consider

du(y)

| < f W)l
|5f(”‘lh[A@Ju%y»yam

|f(J’)| d
Lmuumﬂnﬁﬁw"yw) (21)

+ |f ()’)|
[‘I\B(x,r) [/\ (x,d (X, y))]lfa/n d (y)

<

=1+ 1,
By Hoélder’s inequality, if p > 1, then 1 — (1 — a/n)p’ < 0;

|| < "f”LP(y)

!

1/p
1
X<LWwwuma%wn“WWdM”>

< "f”LP(m

1/p'
3 1
’ <z=zl L"B\zf-lB [A(x,d(x, y))]ﬂfoc/n)p' u ()’)>

= "f”LP(y)

(52 )
A (x, Zj—lr)](l—a/n)p’

< "f”LP(m

5ty
j=1 [/\ (x’ 2j71r)](1*06/n)p

00 , 1p
< C”f”LP(M)(Z[/\ (x’ 2]"1”)]1_(1—“/}1)1) >
j=1

r

1/p
S} 1
SQMDW<;ERZWE%WI>

X [A (e, 7)) VP

< Cf oo 1A (e 1,
(22)
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which holds even for p = 1. We can and assume that
||f||U,(#) = 1. By (5), we can choose r € (0,00) such that

CIMx, r)]*" P = y/2. Then

{xefl":|1‘xf(x)|>v}c{xe£l’:|11|>g}
(23)
U{xefl’:|12|>§}.

By the relation between r and v, u({x € X : |L,| > v/2}) = 0.
We use Holder’s inequality once more to obtain

B du(y) v
i< <J;uf>[k(x,d(x,y)ﬂlﬂ”">

rol )”"
b ol

If W)l p ym
JB(x,r) [A (x, d (x’ y))]l—oc/n “ (}’)

A (x, er) e’
1-a/n

o [A (2777

o )”"
wauxﬂ%nww"ﬂﬁ

d
sc(ih ()1)

o y”
<~[B(x,r) [A (X,d(x,y))]l_“/" [4(}/)

(24)

X

X (JB(x,V) [)L (x, d (x) y))]l_

< C[A (x, r)]P"

. o, )UP
<Lwﬂunﬂ%ﬂWW"”” '
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Then, by applying Tchebichev’s inequality, we have

p(fx e 2 [ILf (0] >2})

<({xe2inl>3})

< C[A(x, )] /PP

XJ J |f ()’)lp
2 JBGon) [A(x,d (x, )]

o A () dp (%)

= C[A (x, )] *#/F "y P

. dy (x)
J':r «[B(y,r) (A (x.d (x, ¥))]

=l f ) du ()

< CIAG I PG )|

=C[A(x,r)]=Cv 1L
(25)

This completes the proof of Theorem 13. O

Corollary 20. Let 1 < p < nfaand 1/q = 1/p — a/n. If
A satisfy the e-weak reverse doubling condition with € €
(0, min{a/n, (1/p — a/n)p'}), then

"Iaf"mw) £ C”f"u’(#)- (26)

Proof. It suffices to apply Marcinkiewicz’s interpolation the-
orem with indices slightly bigger and slightly smaller than
p. O

3. Proof of Theorem 16

Before we give the proof of Theorem 16, we first introduce a
technical lemma from [8, Lemma 3.2].

Lemma2l. Let f € L), (u). If B, > 2%, then, for almost every
x with respect to p, there exists a sequence of (2, 3,)-doubling
balls B; = B(x, rj) with r; =0, such that

. 1

lim ——— J f(y)du(y) = f (x). 27)
i=eou(B;) g

Proof of Theorem 16. (A) = (B). Consider x as in the lemma
and let B; = B(x,7;), j > 1, a sequence of (2, 3,)-doubling
balls with r; = 0. Consider

|mBj (f) = fs] < u(;) JB' If(y)—fBj du(y)
< [:4((2';])) ”(;B]) JBj 'f (y) _fB]|d{,t (y)
< g, A (xr )",

(28)

5
and by (5), Lemma 21, we obtain that
Jim fa = f (). (29)

Let x and y be two points as in the lemma; take B = B(x, r)
any ball with » < d(x, y) and let U = B(x,2d(x, y)). Now
define B, = B(_{c, 2k7), for 0 < k < k, where k is the first inte-

ger such that 257 > d(x, y). Then

k-1
|fs - ful < Z |ka - fe |t 'fB; _fU|
k=0

< i (A (x25)]""
k=0 (30)

k
<C, Y MM ()P
k=0

< C'C M d (%),

where C' is independent of x and d(x, ¥).

A similar argument can be made for the point y with any
ball B = B(y,s)suchthats < d(x, y) andV = B(y, 3d(x, y)).
Therefore

|fs = forl < |fs = ful + | fu = fol + | fv = fol -
31
< C"CMx,d (x, y))".

Take two sequences of (2, 3,)-doubling balls B; = B(x, rj)
and B' = B(y, sj)withr; — Oands; — 0. We have

[ )= £ ()] = lim |, ~ | < C"CLMxd ()"
(32)

(B) = (C). For x, € B = B(x,r), by the properties of
function A and Hoélder’s inequality, we obtain

(ﬁjs 1 ) = m (f)lpd#(x)>1/p

(i .

b Bpin e
< (o |, e cnauco)

1

L@ sonautfaca)”

1 Bpin 1/p

< C,Cy[A (30, 1)) < CLCRA (6, 1)]P,
(33)

By the similar argument, for any ball U such that B ¢ U and
radius U < 2r,

Imy (f) = my (f)] < C,C3IA (x, 201"

(34)
< e, A ()P,



(C) = (A). Define first fz = mg(f). Then (17) is exactly
(20). To prove (16), we write

B )y 60~ Fald )

1 P RPN
< 0B (JB |f () = fal"du (x)> u(B) o)
(B) < 1 )1/17
d
= ) @ Jy 0~ il e
< C(p) Mx, )P,
This concludes the proof of the theorem. O

Remark 22. Theorem 16 is also true if the number 2 in con-
dition (A) is replaced by any fixed p > 1. In that case, the
proof uses (p, B,)-doubling balls, that is, balls satisfying

u(pB) < B,u(B).

4. Proofs of Theorems 17-19

Proof of Theorem 17. Without loss of generality, we assume
that p < co. Consider x # y and let B be the ball with center
x and radius r = d(x, y). Then, we have

L -Lf )< | 1K G2llf @]de@
¥ J Ke (0 2)I1f @)] s (2)
2B

+ J |K, (x,2)
2\2B

x |f (2)| du (=)
=L+ L+ ;5

_Kot (y,Z)|

(36)
For the first term, by n/a < p, then 1 — (1 - oc/n)p' > 0,

< J |f (2)]
28 [A(x,d (x, y))]

1/p’
du(z)
= ”f"L%M(LB (o d (x, y))](l—oc/n)p’ )

<Afl, (i 4 (3(527) ),

1A (o (o, 20im)) 007

o Ax, 277y e
< ||f||w(z (e27") )
=0 [A(

A (3, d (x, 277r)) |

1-a/n dM (Z)

U

S} . 1-(1-a/n ! I/P
<l S (s (2] )

j=0
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o 1/p
<l (ZW>

X [A (x, )]/ 1P

< C"f”U(M) A (x, r)]zx/n—l/l’_
(37)
The second term is estimated in a similar way after noting that
2B c B(y, 3r).

Next, by using (2), Holder’s inequality, and &« — n/p < &,
we get

§ J A (x.d (x, )]
P77 e (A (x,d (x, 20)) 0

< C[A(x,d (x, )’))]M"f“m(m

|f )| du (=)

!

1 1/p
X (L@\zg A (x5, d (x, 2))] @0/ du (Z)>

S C”f"LP(p,)[/\ (x,d (x, )’))]S/n

1 /p
x (Lz\zg A (x, d (x, 2))] @ O/mP du (Z)>
< C||f||L,,(H)[/\ (x,d (6 ) (e d (x, )]0 VP

< C”f"LP(y)[/\ (x) d (x, y))]tx/n—l/p.
(38)

Putting together the three estimates,

oS )] = CUf oo A G (e I,
(39)

|T.f () -
then T, maps L?(u) boundedly into Lip(ex — 1/ p). O

Proof of Theorem 18. If I, € Lip(B), then by the continuity of
the operator I, implies that I, (1) must be constant; that is,

L(D(x) = T(1)(x0) =

On the other hand we can observe that
IL()=0eTI,(1)(x)-11)(y)=0; (40)

this implies that

L’ {K,(x,2) - K, (y,2)} du(z) = (41)
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Thus we can write

L®-LHG)
=sz (x,2) = K, (0, 2)} (f (2) = £ () dps (2)

LB( K, (x.2) (f (2) - f () du (2)

J- 2B(x, r)

+J {Koc(x’z)_Koc (y,Z)}
X\2B(x,r)

“+

«(1,:2) (f (2) = f(x))du(z)

X (f(2) - f(x))du(2)
=M, + M, + Mj,
(42)
where r = d(x, y). For M,

|f (2) - f ()]
M,| < d
[M,] LBW A (x,d (x,2))] ™" u)

(A (x,d (x,2))]P" (43)

<C J
- LB(x,r) A (X,d(x,z))]l“"/" u(2)

< CA (xd (x, )] P,

Similarly, we know that 2B(x,r) ¢ 3B(y,r); using Holder’s
inequality (1/t + 1/t' = 1), and letting t > n/a, then we have

M|

3 J |f (2) - f ()]
2800 [A(y,d (y,2))] "

du (z)

cof  Awde )i
— ben [ (5,d (1,2))] e

du (2)

1/t
Ao (0 2 2)

ZB(x )

<y A (x,

1/t
( Jie A(nd O zm“ =i ”(Z)>

2 T B(x,r)\27 B(x,r)

1/t
d(x, 2_j+1r))]ﬁt/ndy(z)>

!

l/l‘
1
-d
" (LBM A (3,2))] =" ”(z)>

< CA(xd (x )] M (nd (2, 2)]"

< CA (xd (% y)] P,
(44)

In order to estimate M;, we use (2) to obtain

| M, |
6/71
sCJ [A(x.d(x,y))]
2\2B(x,r) [A(x,d (x, Z))]

C[A (x.d (x, 7))

(x,d (x,2))]P™"
(a=0)/n

du(z)

< J :
2\2B(xr) [A(x,d (x,2))]

arpon ot (@)

< ClAGx, d(x, YDA (x, d (x, y))] PO

< C[A (x,d (x, )] <P, -
45

Combining the estimates for M,, M,, and M;, we obtain

ILf @) = T.f (5)| < CIA (e (2, )P (46)

this finishes the proof. O

Proof of Theorem 19. T,(f) € Lip(a) implies that I (1) = 0
and, equivalently, that

[, (lon) =Ko du() =0 @)

for all x.
Take two points x # y and let B = B(x, r) with r = d(x, y).
Then

IL.(f) ) -L.(f) ()|

], Ko Ko (002} (F 2= fo) )

<

|| K2 (7@ fu)dn@)

¥ U Ko (1:2)(f (2) = fus) e (2)

[ Koo~
2\2B

:=N; +N, + N;j.

+

Ko (9:2)}(f (2) = fop) dp (2)

(48)



For the first term, by Holder’s inequality with some p > n/a«,

1
N, <
1= LB (A (x,d (x,2))]

< (J du (2) )I/P,
“ 2 (A (x,d (x, 2))) 1

<([ 1f @ foldu <z>)1/p

1—a/n |f (2) - sz| du(z)

(49)

< CIA G ™" P u(pB) ") f lsmion

< C[A (x, r)]a/n”f”RBMO(H)'

Using 2B ¢ B(y,3r), the second term can be dealt with in
the same way as the N; then N, < C[A(x, r)]“/”IIfIIRBMO(”).
It is easy to see that | fyep — fopl < |l fllrpmoqyKap2rp <
kIl f liggatoqes then

[ (x.d (x, )]

N = LX\ZB [A(x,d(x Z))]lfa/nﬂi/n |f (2) - f23|dﬂ (2)

< ClA G (e )"
3 < | 1F ) ford
k=1 2k+13\2k3 [A (x,d (x’ Z))]l—ac/n+6/n

|f2k”3 - szl »
[A (x, d (X, Zkr))]l_“/""'a/n# (Zk B))

< C[A(x,d(x, y))]s/n"f“RBMO(M)

N (§ #(p2'B)

P [A (x,d (X, zkr))]l—oc/nﬂ?/n

o (@ )

= [A, (x) d (x, zkr))]l—a/n+6/n

< C[A(x, d(x, ,'V))]a/n”f"RBMO(I/l)

x (i (k+ 1) [A(x.d zkr))]“/"-5/">

k=0

du (z)

+

< C[A (x,d (x, y))]“/n“f”RBMO(M)'
(50)

Thus the proof of Theorem 19 is completed. O
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