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We study the asymptotic behaviors of the discrete eigenvalue of Schrodinger operator P(A) = Py + AV with Py = A + g(6)/r’.
We obtain the leading terms of discrete eigenvalues of P(1) when the eigenvalues tend to 0. In particular, we obtain the asymptotic
behaviors of eigenvalues when (P, — a)! has singularity at « = 0.

1. Introduction

This paper is devoted to the study of the asymptotic behav-
iors of the eigenvalues of a class of Schrodinger operators.
This problem is related to low-energy spectral analysis for
Schrodinger operators, which has been studied in many
works (see [1-7]). References [1-3] are concerned with
perturbation of a constant elliptic differential operator by a
term decaying like O(Ix| ™€), e > 0,as |x]| — +0co. The
spectral analysis of Schrédinger operators with potentials of
critical decay (decaying like O(x]72), as |x| — ©0) is studied
in [4-7]. The complex potentials are considered in [7].

The asymptotic behaviors of the eigenvalues of
Schrodinger operator have been studied by many authors. In
[8], Klaus and Simon got the leading term of the eigenvalue
of Schrodinger operator with fast decaying potential. The
asymptotic behavior of the eigenvalue of Schrédinger
operator with periodic potential has been studied by Fassari
and Klaus [9]. We have studied the asymptotic behavior
of the smallest eigenvalue of Schrodinger operator with
potential of critical decay [6]. In this paper, we will consider
the asymptotic behavior of all other eigenvalues. The main
tool we used in this paper is Birman-Schwinger kernel which
was originated in the seventies. But Birman-Schwinger

kernel is still a very important tool for the spectrum problem
of Schrédinger operators (see [10-14]).

In this paper, we want to study the asymptotic behavior of
discrete eigenvalue of Schrédinger operator

P(A) =P, + AV, forA=>0. 1)
L*(R%), d > 2. Here, Py =-A+ q(@)/rz. (r,0) is the polar
coordinate on R%, and q(0) is a real continuous function.

The assumptions used in this paper are as follows.
Suppose that V' < 0 is a nonzero real continuous function
and satisfies

[V (x)| < C(x)"™, for some p, > 2. (2)

Here, (x) = (1 + |x|2)1/2. The assumption on g(0) is that

1 _
_As+q(9)2—z(d—2)2, on L* (Sd 1). (3)

Here, A denotes Laplace operator on the sphere SLIf (3)
holds, then P, > 0 in L*(R?) (see [5]).

In Section 2 [6], it is shown that, under the assumption
on V, P(A) has discrete eigenvalues when A is large enough,
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and each discrete eigenvalue tends to zero at some A,.
Set

2
O = <|v;7/: \jA+ (d;z) ,/\EU(—AS‘HI(G))}’

0 =0, N[0,k], ke N.

If0 ¢ o, then the Birman-Schwinger kernel [V|"/?(P, -
) ' [V|'? is a bounded operator for & < 0 (see [6]). Since
there is a one-to-one correspondence between the eigenval-
ues of P(A) and the eigenvalues of |V|1/2(P0 - o) V|3,
the asymptotic expansion of the smallest eigenvalue of P(A)
has been obtained through the asymptotic expansion of the
eigenvalue of |V|1/2(P0 — o) HV|'? in [6], if (2) holds with
po > 6. In this paper, we will get the asymptotic behaviors
of all discrete eigenvalues of P(A) in the case of 0 ¢ 0.
The eigenfunction corresponding to the smallest eigenvalue
is a positive function; we can obtain the leading term of the
smallest eigenvalue easily. The eigenfunctions corresponding
to all other eigenvalues may not be positive. Therefore, it
is much more difficult to obtain the leading term of the
eigenvalue.

If0 € 0., (P, — «) " has singularity at & = 0 (see [5]).
Thus, the Birman-Schwinger kernel V|2 (Po—oc)_1 [V|/2 also
has singularity at « = 0. The other goal of this paper is to
obtain the asymptotic behavior of discrete eigenvalue when
0 € 0,. The main difficulty of this situation is the singularity
of [V|/? (Py - &)~ [V|'2. In Section 4, the discrete eigenvalue
of [V|'2(P, — &) "|V|"/? will be studied through the operator
(z - |V|1/2(P0 — ) VI for some fixed z. Finally, we
obtain the leading term of discrete eigenvalue of P(1), when
the assumption (2) and (3) with p, > 6.

The plan of this work is as follows. In Section 2, we
recall some known results for Py, especially the asymptotic
expansion of (P, —z) " for z near 0. We obtain the asymptotic
behavior of discrete eigenvalue of P(A) for the case of 0 ¢
04, in Section 3. Section 4 concentrates on the asymptotic
expansion of discrete eigenvalue in the case of 0 € o.

Let us introduce some notations first.

Notation 1. The scalar product on L*(R*;r*'dr) and L*(RY)
is denoted by (-, -y and that on L*(S%™") by (-,-). H™*(R%), r €
Z,s € R, denotes the weighted Sobolev space of order r
with volume element (x)*dx. The duality between H L and
H™" is identified with L* product. Denote H>* = L**.
Notation Z(H T’S,HV,’S’) stands for the space of continuous
linear operators from H™* to H ™5’ The complex plans C is
slit along positive real axis so that z” = ¢’ and Inz =
In |z| +iarg z with 0 < arg z < 27 are holomorphic there.

2. Some Results for P,

Consider the operator

10) ®)

Py=-A+
0 7‘2
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on L2(R%), d > 2. Assume that (r,6) is the polar coordinate
on R?. Then, the condition

1 -
“Ag+q®)2-1@d-2 on I*($") (0

implies that P, > 0, in Lz(Rd) (see [5]). First, we recall some
results on the resolvent of Schrédinger operator P,. Define

2
Ooo = {v;v= \//\+ (d—42) A€ a(—A5+q(9))};

0 =0, N[0,k], keN.

For v € 0., let n, denote the multiplicity of A, = v* — (d —
2)%/4 as the eigenvalue of —A ; + q(60). Let q)f,j), Y€ 0qp 1 <
j < n, denote an orthogonal basis of L*(S*™*) consisting of
eigenfunctions of —A ; + g(0):

(-0, +9(0) ¢ = 1,97, (‘Pii)’q’ij)) =0, (8)

Let 7z, denote the orthogonal projection in L*(S*™') onto
the subspace spanned by the eigenfunctions of —A + g(6)
associated with the eigenvalue A,:

nf=Y (ho)egl, fer(s7).
j=1

Defined by v € o,

{zv’,
z, =

zlnz,
Here, v' = v — [v] and [v] is the largest integer which is not
larger than v. For v > 0, let [v]_ be the largest integer strictly

less than v. When v = 0, set [v]_ = 0. Define §, by 6, = 1, if
v € dy NN, 3, =0, otherwise. One has [v] = [v]_ +6,.

ifveN,

10
if v e N. (10)

Theorem 1 ([5] Theorem 2.2). The following asymptotic
expansion holds for z near 0: with Iz > 0,

N
R (z) = 8, InzGymy + ZzJFj

=0
(11)
N-1
j N
+ 2.2, ) PG, m+ RV (2)
veoy  j=[v]_
in L(-1,s;1,-s),s > 2N + 1. Here,
by ;(rt)™ fip (r, 7 v’), v ¢ N;
Gv : (1’, T) = . j
] (irt)
_Tfj—[v] (r,7;0), veN;
(12)

Fj €eZ(-L,s1,-s), s>2j+1;
R (2) = O (|zI"*) € Z (-1,5:1, ),

s>2N+1,e>0.
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Here,
e m2r (1 = o
AP Unkid I
J V(1) (v + )
for0<v' <1,and
f; (v = (rr) PP, (p), (14)
with P; (p) being a polynomial in p of degree j:
ija (1 j -
RS A
A
(15)
e—irtv/Z
a,=- .
2241 12T (y + 1/2)
Let e;(A) < e,(1) < -++ < ¢, (A) < --- denote the

negative eigenvalues of P(A) (counting multiplicity). Suppose
that e,,;(A) = 0, for convenience, if there are at most n
negative eigenvalues. Using the same discussion as in [6], we
know that each negative eigenvalue tends to 0, as A tends to
some value. Suppose that ¢;(A) — 0, at A = A;. Then, from
the definition of (1), onehas A, <A, <--- <A, <---.In
[6], we have studied the asymptotic behavior of the smallest
eigenvalue of P(1), namely, e, (1), ase; (A) — 0.Inthis paper,
we investigate the asymptotic behaviors of all eigenvalues of
P(A). Suppose that there are exactly m eigenvalues of P(A)
tending to 0 at A;. Without loss of generality, suppose that
At <A = Mn = = Mt < A

As in [6], we define a family of Birman-Schwinger kernel
operators, which are used to study the eigenvalues of P(A).
For z ¢ o(P,), set

K (2) = [VI'"*(P, - 2) " V'3
(16)
K (0) = [VI'?E V'

The following result shows the relation between the
eigenvalues of P(1) and the eigenvalues of K(«).

Proposition 2 ([6] Proposition 2.2). Let a < 0. Then,
(a) let

A={y e’ (R));(PN) -a)y =0},
B={p e’ (R*);K ()¢ =2"¢}.

17)

Then, |V| V2 s injective from A to B, and (P, -
o)t IVII/2 is injective from B to A.

(b) The multiplicity of o as the eigenvalue of P(A) is exactly
the multiplicity of A" as the eigenvalue of K(«).

Proposition 3. (a) Let A > 0. The negative eigenvalue of the
P(A) is monotone decreasing and continuous about A.

(b) Let « < 0. The eigenvalue of the K(«) is monotone
increasing and continuous about «.

Proof. (a) Suppose A;, A, are two arbitrary positive numbers.
By Lemma 3.4 [6], one has

|ei (A1) -e (Az)l < ”P (A) - P(/\z)” < Ml - Azl : "V”(- \
18

This means that the negative eigenvalue of P(A) is continuous
about A.

By min-max principle (Theorem XIIIL1 [15]), the negative
eigenvalue of P(A) has the following form:

e,(A) = sup

in (v, PN y).
drntys W21V €l (19)

Sincee, (1) < 0and P, > 0, it is easy to see that (y, A\Vy) < 0.

Hence, (v, P(A)y) is monotone decreasing about A. It follows

that the eigenvalue of P(A) is monotone decreasing about A.
(b) Fora; < o, <0,

K (a;) = K (ay)

= (o — o)) [VI"*(Py — o)) (Py — o)) [VIV* < 0.
(20)

This shows that K(«;) < K(«,). Hence, using min-max
principle again, one has that the eigenvalue of K(«) is
monotone increasing about «.

Note that, for any & < 0, (P, — )" is a bounded operator
in L2(R%). By (20) and Lemma 3.4 [6], we can get that, for
any o, < 0, a0y < 0, [;(K(xy)) — p;(K(ery))| < Clay — oy
with some C large enough. Here, p;(K(w)) is the eigenvalue
of K(w). It implies that the eigenvalue of K(«) is continuous
about «. O

We give the definition of resonance which will be used to
investigate the asymptotic behavior of the eigenvalue of P(A)
later.

Definition 4. Set #/(A) = {u; P(A)u = 0,u € H"™, Vs > 1}.
If /(X)) \ L* {0}, one says that 0 is the resonance of P(1). A

nonzero function u € A (1) \ L? is called a resonant state of
P(A) at 0.

3. The Case 0 ¢ o,

Proposition 5. Assume that 0 ¢ o Then, A, is the
eigenvalue of K(0), and the multiplicity of A, is m.

Proof. e, (1) is the eigenvalue of P(A); thus, Al s the
eigenvalue of K(e; (1)) by Proposition 2. Notice that e, (1) —
0,asA — A, and one gets that A, is the eigenvalue of K(0),
by Lemma 3.5 [6].

Suppose that the multiplicity of )»;1 is m,. We will prove
that m; = m in the following. First, using Lemma 3.5
[6] again, we know that there are m,, eigenvalues (counting
multiplicity) of K(e) tending to A,'. Suppose that these m,
eigenvalues are y, (@), 4, (), . . ., Him, («). Since the eigenvalue
of K(«) is continuous and monotone increasing, for a fixed A
near A, with A > A, there exists a unique «; < 0(1 <i < m)



such that g;(e;) = A", It follows that «; is the eigenvalue
of P(A). This fact shows that m, < m, since there are m
eigenvalues of P()) that tend to 0 at A = A. On the other
hand, note that, for any A > 0, ¢;(A) — 0 and ¢;(1) is
continuous and monotone decreasing. Therefore, for a fixed
a < 0, there exists a unique A; such that ¢;(A;) = & (k < i <
k +m — 1). It follows that A, " is the eigenvalue of K(«). One
has that K(a) — K(0) and)Ti b /\;1 (k<i<k+m-1),
as « — 0. It means that there are at least m eigenvalues
(counting multiplicity) of K (ex) tending to A, . Thus, m < my.
Therefore, m = m,. This ends the proof. O

Since K(0) is a compact operator, then we can sup-
pose that all of the eigenvalues of K(0) can be denoted

by p1>tys -5 tys - .. (counting multiplicity), and the corre-
sponding eigenvectors are ¢, §,, ..., P, ..., respectively. Set
vi = FlVI"9,. (21)

Then,
VI"2y; = VIRV = . 22)

By Lemma 3.5 [6] and Proposition 5, we know that there are
m eigenvalues (counting multiplicity) of K(«) that tend to
Al as @ — 0. Without loss of generality, we can suppose
that y, = p, = -+ = u, = A" and the eigenvalues
p (&), py (), ..., p,, () tend to A;l, asa — 0. Moreover, we
can choose a set of eigenvectors, {(/)j(cx) (I <j<m)}, of K(x)

such that (¢j(oc),¢,(oc)) = Sﬂ, K(oc)¢j(oc) = yj(oc)(pj((x), and
¢j(@) — ¢;,asa — 0. Then, by Lemma 3.5 [6], ¢; is the

eigenvector of K(0) corresponding to A,'. Thus, K(0)¢; =
Ac'¢; (1 < j <m). Tt follows that

Pyy; = DRy |VI'2¢, = V2, = A, VIy;  (23)

by (22). In the second step of the last equality, we use
Proposition 3.2 [6]. Thus, P()tk)y/j = 0. By Theorem 4.1 [4],

y; (r0)
< ®
- ! @ @\ 9 O
= 0;};1; — 5 </‘le/l, |y| P, —r(d—Z)/2+v +u,

(24)

where u € L2 y; € N A\ L? will be called a Cj-resonant
state of P(1,), if

¢ (0) 1
Vi (r0) = Ad-2)/2+ +o ( rd=2)/2+v+e ) >

r— 00, € >0,

(25)

for some ¢ # 0.

Proposition 6. (I) Assume f is a v,-resonant state of P(A;).
Then
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@) (VA Gyo, MV = 6 Xos KV Ly 2/
gof/z))|2 #0 with ¢, be a nonzero constant depending
only on vy;

(b) Vg € H ™, Wv € oy, with v < vy, (Vg, G, mVf) =
0.

(1) Assume f is an eigenvector of P(A;). Then, Vv € 0, Vg €
H™', (Vg,G, 5 m,Vf) = 0.

Proof. (I) By the definition of G,s, and 7,V f, g € HYS. ye
ay,

<Vg’ Gv,&, ﬂva>

n‘/
=,y (Vo [y ) (VAP0
s=1

(26)

Here, ¢, is a constant depending only on v. If f is a resonant
state of P(A), then, by (24),

Feo= ¥ 35 (b e)

0<y<l s=1

(27)

o\ (6)

p(d-2)/2+v tu,

where u € L*. If f is a v,-resonant state of P(;), then the
leading part of f is ¢(8)/r*2/>" Tt follows that, for v € o,
with v < v,

—(d-2)/2+v_(s)
(V.1 9l’) =0, (28)
and there exists at least one s with 1 <'s <n, , such that
~(d-2)/2
(VA [P0 0. (29)
Thus, (26) shows that
<Vg, Gv,ﬁv”vvf> =0, veEo, V<V

(V£,Gpps, 7, VF ) 50

TIVO o 5
- S| w0

(II) By (24) and f ¢ L% it is easy to see that (Vf,
Iyl’(d’z)/z“'(pff)) =0 for v € 0,. Thus, for v € oy,

(V9,G,5,m,Vf) = cyZv (Vg [y )
s=1 (31)

(VAT =0
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Theorem 7. Assume 0 ¢ 0, ¢, ¥}, and {; are defined as
above. If p, > 6, one of three situations holds.

@) e(A) = c(A = A)Y% + o(JA = A|Y%). ¢ is a nonzero
constant independent of A, {; € 0y, and {; < 1.

(b) e,(A) = c((A = A)/In(A = A1) + o(l(A = Af)/ In(A -

A). ¢ is a nonzero constant independent of A.

(c) e(A) = c(A = Ap) +o(JA = Ayl) c is a nonzero constant
independent of A.

Proof. Applying Theorem 1to Ry(«) = (P, — &), we obtain
the asymptotic expansion of R;(«) for « near 0, with « < 0,

Ry (x) = Fy + Z (vav,é‘VT[v +aF, +0 (|a|1+6) (32)

0<r<1

in £(-1,s; 1,-s),s > 3,¢e > 0. It follows that, if p, > 6,

K(@)=K(©0)+ Y oVI"*G,qm, VI
0<v<1 (33)
+alVI"2F VI + 0 (Jaf )

in £(0,0;0,0). A, " is the eigenvalue of K(0) with multiplicity
m; then, there are m eigenvalues of K(«) (counting multiplic-
ity) tendingto A", asa — 0. Suppose that the m eigenvalues
of K(«) are py (), py (), . . ., t,, (). We study the asymptotic
expansion of y;(«) first.

Set Kyj(@) = Yoo &,VI"?G,s m VIV + afV|'?E,
V"2 +O(la]'*) and K ;(ar) = (¢, K, (@);). Then, by (22),

Ksj (@)
= A (b6 K (@) VI 2y
= _/\k <|V|1/2¢s’

( Z a,G, 5 70, + aF, +0 (|oc|1+€)> Vl//j> :
0<r<1

(34)

By Lemma 3.6 [6], the eigenvalue of K(w), pi(e) (1 < j <m),
has the following form:

Yoo, (a)

pi(ax) = A+ - .
! C b (@)

5
Here,
a’ (@ = K;; (@),
i _1\—1
o’ (B)=- Y (-M') Ki(@)K@),
{sm# 21}
i _1\—1
o @= Y (u-2)
He N E
_1\—1
X (!"l - ’\kl) K (&) K () Kjj ()
_1\!
-2 ) (-A)
{su#a'}
X K]S (OC) Ks] (OC) K]J (“) >
) P G Vi
a; (@) 2mi
x 4) (At -E)”
|E-A;1[=5
- -1
x > (,~E) - (w, - E)
x Ky (@)K, (o) K, ; (c) dE,
for n > 2,
B (@ =1,
b () =0,
i _1\— 2
)@= Y (-A4') Ki@K@),
{sps#21}
. _1)"
b9 () = -
n (@) 2mi
1\ 2
X 45 (F% _‘Akl)
|E-A71|=5
-1 -1
x Y (w-E) - (m, -E)
X Kjil («) Kiliz () -+ Kim]' («) dE,
forn > 2.
(36)

If y; is Cj-resonant state of K(0) with (j < 1, then by
Proposition 6,

71(]_
K0 = 23 (v b
s=

+o(laf) = 0% + o (lal");



6
K@= Y A AIVI"6, G5 m,Vy;)
0<r<1
+0(jal) = O (laf%).
(37)
Hence,
a =0 (la). (38)
Similarly,
a?=0(laf%); B =0(la™), (9
for n > 2. It follows that
o
Zail]) = Ecjoccf +0 (|<x|<j);
n=0
(40)
(e8]
Y6 =1+0(laf).
n=0

Thus, ‘uj((x) = A;l + E(j(xcf + o(I(xICf). By Proposition 2, for
1<j<m,Ilwithk<I<k+m-1 suchthat;,tj(el(/\)) =A7L
Thus, A~ = A" + & e ()% + o(le,(W)]%). Since

M=t -2 (A -2) +0 (A=A, @

we can get that the leading term of ¢;(1) is c(A — A,)"/ %, with
¢ # 0 being a constant independent of A. This is in case (a).

If y; is 1-resonant state of K(0), computing similarly,
we obtain that yj(oc) = A;l + calna + O(|ee]). Using again
uile(A) = A7! and (41), we can get that the leading part
of ¢;(A) is c(A — A,)/In(A — Ay), with ¢ # 0 being a constant
independent of A. This is in case (b).

If y; is the eigenfunction of K(0) corresponding to

eigenvalue A, ', then, fork < j <k +m— 1,
Ry (o) Vy; = —Azl (1//]- + R (&) 1//]-);

EyVy; = RV VI, = AR IVIY2e, = -2y
(42)

In the second equation, we use (22) and the definition of y;.
Proposition 6 shows that for v € o, (Vy,, GV,(;VTIVVV/J-) =0.
Thus, by (42),

(V. FiVy;)

a—0

= lima™' <V1//j, (RO (2) - F,

- Gy, —o(|oc|>>ij> )

= iEIlO“_l <V11[/]’ (RO ((x) - FO) VV/J>
= =lim A" (V. Ry (@) ;)

=5l
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Computing similarly as before, we obtain that y;(a) = A+
ca + o(|a]). Thus, the leading part of ¢;(A) is c(A — A;), with
¢ #0 being a constant independent of A. This is in case (c).
This completes the proof. O

4.The Case 0 € 0,

Assume that 0 € o, in this section. By Theorem 1,

Ry (a) = 8y In oGy gy + E

+ Z a,G, 5 70, + aF, + O (|0c|1+6) (44)
L
in £(-1,s;1,-s),s > 3. Here,
1
Goomo = 3 <')¢o> o) (45)

with ¢, = go(()l) 0)r @212 (7,0) is the polar coordinate on R
Hence, K(«) ban will be written as

K@) =1l(e) P+ K(0) + K, («). (46)

Here, P is rank 1 projection with P = (-, ¢)¢,, ¢, = (I \%

$odx) PV, ) = (1/2)Ina [ [VIgpdx, and K, (@) =

Yoarz1 6IVIV2G, s VIV + alVI2F VI + O(lal ).
Note thatas ¢ — 0, |[[(a)] — +00. It follows that K(«)

has singularity at « = 0. Hence, it is more complicated than
the case 0 ¢ o,,. We first study the operator

K(a)=1(x)P+K(0), (47)

asa — 0.SetQ=1-P.
We can obtain Propositions 8, 10, and 11, in the same way
that Lemmas 7.1 and 7.2 [8] were obtained.

Proposition 8. (a) For a small enough with |I(«)| > 2| K(0)||,
and for a fixed z with [KO)| < z < [l(a)] — [IK(0)Il,

(z - E(cx)fl converges to Q(z — QK(0)Q)'Q in norm, as
a — 0.
(b) For a small enough, and for fixed z with z > | K(0),

(z-K@) = (z-K@©)"
~w(z2) ' (z=K(0) ' P(z =K (0)"
~ (@) w(z)*(z - K (0)) ' Pz - K (0)”"

+0(|L@)?).
(48)

Here, w(z) = {(z - K(O))_1$o>$o>~

Remark 9. Proposition 8 shows that, for fixed z, with
1K) <z < [l{e)] = [K(O)Il,

Q(z-QK(0)Q)™'Q

=(z-K(0)" -w(z) " (z-K(0)'P(z- K (0)".
(49)
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Proposition 10. For fixed z, with |[K(0)| < z < |l(«)| -
IKO)], (z - A;l)_l is the eigenvalue of Q(z — QK(0)Q)'Q.

This proposition follows that A,' is the eigenvalue of

QK(0)Q.

Proposition 11. Suppose that the multiplicity of A, as the
eigenvalue of QK(0)Q is m,. Set U = {f;QK(0)Qf = py f}.
Then, 3W € U with dim W = my, or my, — 1, so that

(z-K @) f=@E-KO)'f (50)
for f € W. And for f € W, K(0)f = A{' f.

Suppose that all of the eigenvalues of QK(0)Q can be
denoted by u;, 4y, ..., H,,... (counting multiplicity), and
the corresponding eigenvectors are ¢, ¢, ..., ¢, ..., respec-
tively. By Lemma 3.5 [6] and Proposition 5, we know that
there are m, eigenvalues (counting multiplicity) of K(«)
tending to A,', as « — 0. Without loss of generality, we can
suppose that y; = p, = -+ = p,,, = A;l and the eigenvalues
P (&), py (), ... > Pom, («) tend to )Lzl, as « — 0. Moreover,
we can choose a set of eigenvectors, {</>j(0c) (1 <j<my)}, of
K(a) such that (¢;(a), ¢(«)) = 85, K(a)p;() = pj(c)p;(ax),
and qu(oc) — qu, as ¢« — 0. Then, ¢j is the eigenvector
of QK(0)Q corresponding to A;l, by Lemma 3.5 [6]. Thus,

QK(0)Q¢; = A,'¢;.

Theorem 12. Assume 0 € oy, If p, > 6, one of the four
situations holds.

(a) g(A) = cle_l/@()‘_’\k) +o(e ey, ¢, and ¢, are two
nonzero constants independent of A.

(b) (A) = c(A = A% + o(|A = A, |V9). ¢ is a nonzero
constant independent of A, {; € oy and oy < 1.

() g(A) = c((A = 2)/In(A = A;)) + o(|(A = A;)/In(A -

Al). ¢ is a nonzero constant independent of A.

(d) ;(A) = c(A = Ap) +o(|]A — Ayl) ¢ is a nonzero constant
independent of A.

Proof. By Proposition 10,
(z-K@)"' =Qz-QK(0)Q'Q+K, () (51
with
K, (@) = (@) w(z) *(z - K (0))"

x Pz =K (0))" +O (|l (@)]?) (52

t(e-R@) ' Y[k @ (z-K@) |-
n=1

Lemma 3.6 [6] shows that the eigenvalue of (z — K(«)) ", (z -
Hj(“))_l (1 < j < my) has the form

o2, (@)

-1 —_1\!
(z-w@) =(z-2') « 5 49 (@)

(53)

As in Theorem 7, we should compute Ksj((x) = (¢, K, (oc)qu),
(1<j<my).

If P(z — K(0)) ' ¢; #0, then

(¢, K, @) ¢;) = [Pl ~ K (0) "¢y

x w(z) )™ + o (I1(@)] ™).

(54)

It follows that ij((x) = ()" + o(ll(a)| ™). Note that
Ksj(oc) = O(Jl()|™). Tt is easy to get that

iafj’ =a@ " +o () ™);
n=0 (55)
Yb =1+0 (1) 7?).

n=0

It follows that (z—;(@)) ™" = (z—=A") ™ +&l(@) ™ +o(|l(@)] ™)
with some ¢, # 0. Analyzing similarly as in Theorem 7, we can
get theleading term of (1) = cle_l/@@_”). Wearein case (a).

If P(z — K(O))_lqu = 0, then by Proposition 11 and the
definition of W, </>j € W. Thus,

K, («) ¢, = (Z - E(W))_lKl (o) (Z - E(“))_l‘pf

+ (z -K (oc))_1 OZO: [Kl (@) (z -K (a))_l]nqﬁj
n=2

- (z-K (@) 'K, (@ (z-K(0) "¢,

[ee)

+(z-K@) ' Y[K @ (e-K (a))’l]"qu

n=2

~(z-2) ' (z-R@) 'K, @3¢,

+(z-K@) " Y [K @ (z-K@)']'e;

n=2

(56)

In the second and third steps, we use Proposition 11 and the
fact that ¢; € W. Then,

($(z- 1) (- K@) 'K, @)
(2= 1) 7 (9K (@) 9)
(z-2)"

By (4 2
. [ Y e, ) [ (VI [y 07|
s=1

veo,

(57)

+a (IVI2¢,, FyIVI'?,) ] +o(lal).



If {» € 0331 < s < n, such that (|V|1/2¢> |y| @22
(S)>¢O}¢0 set v fi = mm{v € 0'1)<|V|1/2¢)]’ |)’| (d-2)/2+v
ol)) # 0L Ifv; < 1, then by (57),

11 —~ -1 ”. .
<¢j,(Z—Akl) (z—K((X)) K (a)¢j>=clal+o(|“|1);

(9o (z-2")

Computing similarly as before, we also can obtain that

(- K@) K, @¢;) =0 (lal").
(58)

<<ps,(z—1“<‘(oc))“[1<1 (@ (2~ K@) "] ¢J> — o (laf")

By (53), one has

(2=t @) = (=) +ae” o(lal).  (60)

Computing similarly as in Theorem 7, we can get that the
leading term of ¢;(A) is c(A — A;)"7. We are in case (b).

If v; = 1, computing similarly as in Theorem 7, we can get
the leading term of ;(A) = c(A — A;)/In(A — A}), and we are
in case (c).

If {v € o (|V|1/2¢j, Iyl_(d_z)/zw(pff)) #0} = 0, then for
v € 0y,

1/2
G, m, IV,

n’V
1/2 —(d-2)/2+ —(d-2)/2
=6, (V"] o) 1 PG =0,
s=1
(61)

It follows that

(¢ IVI"2aF,|V]24,)

= <¢j, V|2 (RO (@) - F,
I, —o<|oc|>> |V|”2¢,~>

Y aGsm
= (¢, VI (R, (&) = Fy — o (|a])) |V|1/2¢j>
- <¢j, giinolV "% [Ry (@) = (Ry (B) - In BGyry)
~o (la))] |V|”2¢>j>
- <¢j, lim [IVI' (= B) Ry (0) Ry (B) V]9,

~[VI"* 1n BGy ooV, ] > ~o(laf)

Abstract and Applied Analysis
~B)IVI"*R, (@)

<q5], hm

x (Fy +1n BGoomy) [V]'*¢; ] > —o(lal)

<¢], hm

= (¢ alVI"*Ry (@) F,[V]';) = 0 (|at])

B) IVI'?Ry (a) F0|V|“2¢]> — o (jal)

= (¢ alVI"*Ry (@) Ky[VI"*¢; o (lac))) -
(62)
Thus,

(), IVI'2E,[VI'?9;)

= lim (RIVI™6; R @ FoVI™9;)  (63)

= [Eavitg)| 20

Computing as before, we obtain
($(z-2") (2 - K@) 'K, (@) = qar+o0(lal);
($0(2-2) (2~ K@) 'K, @ ¢;) = O (lal);

(9o (z- K@) [Ks @ (2~ K@) ]9, ) = 0l

for n > 2.
(64)
By (53), one has
(z-p @) = (2= A1) +atolal).  (65)

Computing similarly as in Theorem 7, we can get the leading
term of ¢;(1) = c(A — A;). We are in case (d). This completes
the proof. O
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