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A third order of accuracy absolutely stable difference schemes is presented for nonlocal boundary value hyperbolic problem of
the differential equations in a Hilbert space H with self-adjoint positive definite operator A. Stability estimates for solution of
the difference scheme are established. In practice, one-dimensional hyperbolic equation with nonlocal boundary conditions is

considered.

1. Introduction

In modeling several phenomena of physics, biology, and
ecology mathematically, there often arise problems with
nonlocal boundary conditions (see [1-5] and the references
given therein). Nonlocal boundary value problems have been
a major research area in the case when it is impossible
to determine the boundary conditions of the unknown
function. Over the last few decades, the study of nonlocal
boundary value problems is of substantial contemporary
interest (see, e.g., [6-14] and the references given therein).
We consider the nonlocal boundary value problem

d*u (1)
dt?

+Au(t)=f(), 0<t<l,

u(0) =au(l) + o, @

u' (0) = Bu’ (1) +y,

for hyperbolic equations in a Hilbert space H with self-
adjoint positive definite linear operator A with domain D(A).

A function u(t) is called a solution of problem (1) if the
following conditions are satisfied.

(i) u(t) is twice continuously differentiable on the seg-
ment [0, 1]. The derivatives at the endpoints of the

segment are understood as the appropriate unilateral
derivatives.

(ii) The element u(t) belongs to D(A) for all t € [0,1]
and the function Au(t) is continuous on the segment
[0,1].

(iii) u(t) satisfies the equations and the nonlocal boundary
conditions (1).

Here, ¢(x), y(x) (x € [0,1]) and f(¢,x) (t,x € [0,1]) are
smooth functions.

In the study of numerical methods for solving PDEs,
stability is an important research area (see [6-27]). Many
scientists work on difference schemes for hyperbolic partial
differential equations, in which stability was established
under the assumption that the magnitudes of the grid steps
7 and h with respect to the time and space variables are
connected. This particularly means that 7|A,] — 0 when
T — 0.

We are interested in studying high order of accuracy
unconditionally stable difference schemes for hyperbolic
PDEs.

In the present paper, third order of accuracy difference
scheme generated by integer power of A for approximately
solving nonlocal boundary value problem (1) is presented.



The stability estimates for solution of the difference scheme
are established.

In [8], some results of this paper, without proof, were
presented.

The well posedness of nonlocal boundary value problems
for parabolic equations, elliptic equations, and equations of
mixed types have been studied extensively by many scientists
(see, e.g., [11-14, 19-32] and the references therein).

2. Third Order of Accuracy Difference Scheme
Subject to Nonlocal Conditions

In this section, we obtain stability estimates for the solution
of third order of accuracy difference scheme

_ 2 1
T2 (Upyy — 2up + 14y ) + gAuk + gA (Ugsr + 1)
I 5.0
+ 57 A = fo
2 1
fe= gf(fk) t5 (f (trr) + f (t1))
1
- _T2 (_Af (tk+1) + f” (tk+1)) >

12
tr=kr, 1<k<N-1, Nt=1,

Uy = auy + @, 2)

T2 T4 2 1 T
(I + EA + mA )T (g —ug) + zAu0 -1f1,

o(i-74)

Tun —8uyn_; tuy, T )
X + - - Au
(P 2 (= Auy)

?A
*("E)‘V

for numerical solution of nonlocal boundary value problem
(1). Here,

fii=FO+(=f 0+ (0) % -21'(0) 2 3)

We study the stability of solutions of difference scheme (2)
under the following assumption:

laf +2|B| + 2 |l |B] < 1. (4)

We give a lemma that will be needed in the sequel which was
presented in [18]. First, let us present the following operators:

1 1
R=(I--7°A+ iTAl/z\/I + —71A?
3 72
(5)
1, 1 4 o\
X<I+—TA+—TA) s
6 12

and its conjugate R,

4
R =( -2 a2+
144
2 4 - 1
1
w1+ Las LA J1+ 4 A2
12 144 72
Al/2 1 4 A2
X | —iTA I+ —T1%A
72
2 4 -1
x| I+ T—A + T—Az ,
12 144

and its conjugate R,,
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1
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and its conjugate R, and

1 1
Rg=(1--7*A+irA'? \/I + —T*A2
3 72

2

and its conjugate Ry.

2
X(LA+L

4

12

—_— -1
1

A A \/I +—TiA2) |
72

—_— -1
1

Ry —iTAl/z\]I+—T4A2 ,
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We consider the following operators: Lemma 2. The following estimates hold:
(7R-1) o Al/2
Ry = 6T "(I +iTA )R||H—>H <2
A2\
5 1 7 1 I+itA"")R <2,
_ (1 - ETZA + 7—214A2 + giTAl/Z\/I + 514,42) ) "( ) "H”
1 ||TR7||H_)H <1 ||TR7||HHH <1
-1 1, I 4 2>7
I+-1TA+—=17A , ~
X T < T TAY T lllT 1/2 p2 <1, lllr 1252 <1,
H—-H 3 HoH (12)
and its conjugate R, 7
IRl o< IRl <1
_ (7R-1)
= | ")
7 P R10 I+1TA Hon <2,
1 1 1/2
= (I - 15—212A + ET4A2 - éi-rAl/2 \/I + E‘LAAZ) ||R1o I +iTA “HHH

~ 1 1 -1 Throughout the section, for simplicity, we denote
XT 1<I+ grzA+ET4A2) , 8 ’

1
71 - 217 A A A7 SA° B, = B=R, <R7R5 - —R ) RN?
Rg=|—F"=—||1+— + 2

+
61 3 79 ! 1 .
+ B3R <R7R5 - %R2> RN

442 2 442 643
A A A A
R9—(I——T2A+T )(1 2 ! ) Lo (e A\ Nens
9 3 9 72 +ap RiR, <R7R5 -5k )R R (13)
2 -
- T 1 1 A = -
X1 1(1 + —) (1 + gTzA + T4A2> , +aB RiR, <R7R5 - %R2> RYRN?
Ry=1+ ( > g2l 2 sy LTSA“) ~apER.R, <R7R5 - TARZ) RYRY?
144 288 1728 4 3
—_— 2 4 -1 _oal <~ 5 _ﬂﬁ) N3N-2
% iTAl/Z\/I+iT4A2 I+T—A+T—A2 X 06134R1R2 R;Rs 3R R"R" .
72 12 144
10) " Yemma 3. Suppose that assumption (4) holds. Then, the
) ) ~ operator I — B, has an inverse T, = (I — BT)_I. From symmetry
and its conjugate Ry, and positivity properties of operator A, the following estimate
is satisfied:
Lemma 1. The following estimates hold: is satisfie
~ 1
Rlg_uy<1, R <1, T. < .

Rilyowst R, <t _
Proof. Using the definitions of B,, R, R, estimates (11), and
“Al/ 2R2 “H g<b “TAI/ 2R3“ o Sh the following simple estimates,

(11)
AR <1, AR <, -1
il (i) (T )| e
Y P RO F
"TAI/zﬁG" <L TAI/Z(I LI L1-4A2>71 < L2Vt
H=H 12 144 bon 12+V11
(15)

Now let us give, without proof, the second lemma.
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and the triangle inequality, we get
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(16)

<q

where

q= |oc|+2|ﬂ|+2|oc| |ﬂ| 17)
Since g < 1, the operator I — B, has a bounded inverse and

1 1
1-q 1-lal-2|p|-2l«l ||
(18)

"(I - BT)il"H—»H <

Lemma 3 is proved. O
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Now, let us obtain formula for the solution of problem (2).
Using the results of [18], one can obtain the following formula:

Uy = i,
2 4 -1
u =1+ LAy L
12 144
4
x| | I- i1'2A + A U
12 144
2
T 2
+T<I— EA)(U+T f1,1)’

w, = % [RioR" - RyoR| pu + % [R* - R*] Ryw

s ok 2 1S aks kel o 2
+ [RF - R¥| R, £, +5R45=Z1 [R° - R fur
(19)
for the solution of difference scheme
5 2 1
T (tgeyy = 20 + gy ) + gA”k + gA (U + 1)
+ i-rzAzu = fi
12 k+1 k>
2 1
fi= gf(tk) te (f (tiar) + f (£21))
1
L CAf () + S ()
(20)

tr,=kr, 1<k<N-1, Nt=1,

Uy = W

T2 T4 2 1 T
(I + EA + EA )T (1/[1 - MO) + EAMO — Tfl,l

2
= (I - 2) w.
12
Applying formula (19) and nonlocal boundary conditions

Uy = auy + @,
(21)
T
+ 3 (fw - A”N)) +v,

Tun — 8un_y +Un_,
6T

w=p(
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one can write

s N =N lr=sy N
‘u:oc{z [RioRY = R, oRY |y + 3 [RY - RY] Ry

+ % [RY - RY| Ry7* £y

N-1

+-R, Y[RV
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Using formulas in (22), we obtain

=T, { a(% (RY =RV Ry7* fy

N-3

A=\ nose

+RofyaT + Ry Y [(R R —%R )RN 2
s=1

(s e ] o]

2T 2
+ ?fN + Ry fyaT

(23)

So, formulas (19) and (23) give a solution of problem (2).
Unfortunately, the estimates for max gyl

12
max,; .nllA / ully, and  max g nllAuglly cannot  be
obtained under the conditions

max [Jug |

N-1
M { S pay,
s=1

o e Ea

el

1/2
max ”A / uk”
1<ksN H

N-1 (29)
<m0l %], W+ sl

max [[Au|,;

N-1
<M { S~ b Ll + Lol
A2yl ol

Nevertheless, we have the following theorem.
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Theorem 4. Suppose that assumption (4) holds and ¢ €

D(A*?), y € D(AY?). Then, for solution of difference scheme
(2), the following stability estimates hold:

max i

T+ "(I + iTAl/Z) go"H

N-1
w{ Tl
s=1

Al el

max HA u “
1<k<N kil

iy {Nf" Filgr s |47 (1 27 o]
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em{ S0 ol Al )l

A4 e sl
(25)
where M does not depend on 7, ¢, ¥, f,,(x), and f(x), 1 <
S<SN-1

Proof. Using formulas in (23) and estimates (11), (12), and
(14), we obtain
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Applying A'? to formulas in (23), we get
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Now, applying Abel’s formula to (23), we obtain the following
formulas:
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Next, let us obtain the estimates for ||A(I +itAY 2)‘u|| o

and |AY2w| . First, applying A to formula (28) and using
estimates (11), (12), and (14) and the triangle inequality, one
can obtain
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L )ik )
4w, |}
N-1
<w{ 1= b+ Uil a0l
§=2
4w, sl
(30)

Second, applying A'/? to formula (29) and using estimates
(11), (12), and (14) and the triangle inequality, we get

"AI/Z“’“H = ||TT||H—>H
X {[1 + | % (“(I + iTA”Z)_II?w“H_ﬁ

<|(Teima )R,

+ ||(1 + iTAm)_lRlO”HHH
x|+ iea ) R, ) ]
(18Rl 4R
1 — ~N_
 ERc I s P

+ <“TR7"H—>H||T_1A_1/2R5 ”HHH

H~>H>

1
+ll 5‘[‘141/2122

R, )

x[rA R, el Al

+ oA fl,
+ || 7Ry “HHH“Al/ZfN—l "HT

+[|7Ry ||H—>H“A1/2fN—2||HT

+ "TA1/2R4"H—» HY

N-3
(% (1

s=2 H—-H
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x (||TR7||H~>H“T_1A_I/ZR5“HHH

E
+H=T
3

N-2-s

1/2 p2

HHH)

125
+|[TA

><||R

Rg ||H—>H

<(feoly .l 47 PR, e
E )
+=
3 H—H

R M) o sl

1/252

+ ("TA1/2§6 “H—> H

(ol

x| AR,

E
+_
3

+ |zAY2Ry|

||H~>H

H—>H>

1/2552

H—H

<Rl A7 R,

1)

1/2

x "foanH

+ (“TAI/2§6 “H—» H

{25 P s

2 >
H—-H

»N-3
< [R
H—H

e

1 -
+||—TA1/2R
3

H—-H

x <||TR7 |lH—>H“T_1 A_1/2R5 “HHH

1 Es P
el ) il ) |
Jal,

% |i<||TR7”H—>H|'T A_I/ZRSHHHH
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2 >
H—H

X "ﬁw(l + i‘rAl/z)71 ”

x ||(I +itA'?) RN*2||

1
+|=7AYV?R
3

H—-H

H—-H

(s P e & P

1
v, )
3 H—-H

”Rm (I +izA"?)

AR

”H—)H

x|[(1+ iTAl/Z)RN_2'|

R LY
x[rA Ry el fual

+ [zAYR,|

H—>H]

H4>H

H—H

= 1/2 N-s
(Zm, e

+[rA R, R

X "fs - fsﬂ"H
+(|rA"R,,.,

H—-H

)

ut ”TAmRﬁ ||H—>H

X | fmi =

+ ("TAI/2§6”H—»H"ﬁl\]_1 ||H—>H

e Rel R

H—-H H—»H

xufluH)

+||(I+iTA1/2)_1||H_>H||A (1+irA") g, }
N-1
M{lefs—fs-1||H+ il + A (T + 747 ],
s=2

A e sl

(31)

Now, we will prove estimates (25). Using formula (19),
estimates (11), (12), (26), and (27), and the triangle inequality,
we obtain

Jicher = 5 (Rt + 722, IR
+||R10(I + iTAl/Z)_l“

HHH“ ~k"H—>H)
<L+ iza®) ],
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1 -
(AR B

+||A1/2R2||HHH||Rk"HHH>

x |4,
1 ~
o3 (AR IR
AR R ) T4
Ly 412 & (ks s
+§"TA R4||HHHSZ{[“R |'HHH+||R ||H—>H]

X "A’l/zfS ut

<a{ T (ol
s=1

A4l sl

(32)
for any k > 2. Applying A"/ to (19), we get
[

< 5 (Rt + ™ IR e

+|IR10(I + i‘t’Al/z)i1 'lH_,H” ~k”H—>H)

x A" (1+ivA) ],
(N .
HAP Ry IR ) ¥ Tl
(NN s
A PR, [’ e) o

> (|7

s=1

+ §||TA1/2R4||

+ “Rk—s

H—H H—H H—»H)

N-1
| fellr < M { 2 fll + 472 (1+i2A) o],
s=1

iyl + T"fl,l”H}

(33)
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for k > 2. Now, applying Abel’s formula to (19), we have
- LR - Rt £ [RE - R Ryw
5 1 > 2
+ % [R* = R¥| RyT* £,
wi=! o
e (3 IR R - )
s=2
+ (Rs - Rs) S
[ReR*™" — RgR 1]f1) 2<k<N
(34)

Applying A to formula (34) and using estimates (11) and (12)
and the triangle inequality, we obtain

el < 5 (Rl + i) IR

Rio(1+i7a) 7| IR

Jars ),
1 _
(R

o N T

T A (T P Y

H—-H H—-H

e Rl ¥ )

<A il SleA R,

k-1
(2l e,
I

< fe= Sl
# (A el [eA ™ Rely o) Wi s

|7

o

H—»H]

+[[a"R

H—-H H—-H

S P Ly W1
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N-1
<M { S 1o~ o+ Ui+ A (1 247,
s=2
Aae el
(35)
for k > 2. Theorem 4 is proved. O

Note that the stability estimates obtained previously per-
mit us to get the convergence estimate of difference scheme
(2) under the smoothness property of solution (1). Actually,
under the condition u(t) € C([0, 1], H), we can obtain the
third order of accuracy for the error of difference scheme
(2). Since u®(t) = -A’u(t) + A*f(t) — Af"(t) + fP(b),
this condition is satisfied under the given data ¢ € D(A%),
v € D(A*?), f'(t) € D(A?), and £(0) € D(A).

Now, let us give application of this abstract result for
nonlocal boundary value problem

uy—(a(x)u,) +0u=f(t,x), 0<t<l, 0<x<I,
u(0,x)=au(l,x)+¢(x), 0<x<1,

u, (0,x) = Pu, (L,x)+y(x), 0<x<1,

ut,0) =u(1), u (0 =u, (1), 0<t<1
(36)
for hyperbolic equation. Problem (36) has a unique smooth
solution u(t, x), & > 0 and the smooth functions a(x) >
a > 0(a(0) = a(l),x € (0,1)), p(x), y(x) (x € [0,1]),
and f(t,x) (t,x € [0,1]). This allows us to reduce mixed
problem (36) to nonlocal boundary value problem (1) in a
Hilbert space H = L, [0, 1] with a self-adjoint positive definite
operator A* defined by (36).
The discretization of problem (36) is carried out in two
steps. In the first step, let us define the grid space

[0,1],={x:x, =rh,0<r < K,Kh=1}. (37)
We introduce Hilbert space Ly, = L,([0,1],), Wy, =
W,,([0,1],,), and W;, = W, ([0,1],,) of the grid functions

'(x) = {(,or}{{_1 defined on [0,1],, and we assign the
difference operator A} by the formula

A59" (x) = {~(a(x)pg),, + 9,1} (38)

acting in the space of grid functions ¢"(x) = {g,}& satisfying

the conditions ¢, = ¢x, @, — ¥y = Px — Px_;-
With the help of A}, we arrive at the nonlocal boundary
value problem

d" (t, x)

A (60 = [ (),

0<t<l1, x€l0,1],
h h h
vV (0, x)=av (1,x)+¢ (x), x¢€l0,1],

VE0,%) = B (Lx) + " (%), x€[01],
(39)

for a system of ordinary differential equations.
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In the second step, we replace problem (2) with difference

scheme (40)

72 (uZ+1 (x) - ZMZ (x) + uZ_l (x)) + %A’Zuz (x)

|
+ gAh (uz+1 (x) + ”271 (x))

; %TZ(A;)%ZH (%) = fe (),

@ =2 ()

+

N

1

(fh (torsx) + fh (ti-1s x))

- =T (_Afh (tk+1’x) + ft}; (tk+1’x)) , x €[0,1],

12
tk = kT,

Nrt=1, 1<k<N-1,

ug (x) = ocu?, (x) +(ph (x), xe€[0,1],
2
T X
(I T (A7) +
+ 2 (A" @) -l ()
= ﬁ(I 5 (Aj, )

X <i (714?, (x) - 814];\,_1 (x) + u?,_z (x))

4
;—4(A32)2) ! (] () - u ()

+3 (G0 - aud (x))>

TP N
+<I—E(Ah)>ll’ (x),  x€[0,1]

fli = 57" 0,0+ Lo,

(40)

Theorem 5. Let T and h be sufficiently small numbers. Then,
the solution of difference scheme (40) satisfies the following

stability estimates:

h h
max “u + max “u
o<keNl KLy, T ocrenl” kllw,
h h
<M, | max [£], o+ v’
! [1sksN71 K Lan v Lon
h h h
oy + o'l + bl |
¢ W), P w2, fia Ly |’
“2( h h . h h
max ”T (u -2u +u_) +max||u'
1<k<N-1 el ke Tk Ly, ozkenl KIW,

<M, ["ff’

h
vl +lo
2

+7)p

|

—“1(ch _ ch
L2h+ rhax “T (fk _fkfl)“Lz,l

2<k<N-1

|

2
Wi

h
oty |
sz3h fl’l Wzlh

(41)
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Here, M, does not depend on 7, h, (ph(x), wh(x), fﬁl(x), and
flx), 1<k <N.

The proof of Theorem 5 is based on the proof of abstract
Theorem 4 and the symmetry property of operator A}
defined by (38).
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