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By using a change of variables, we get new equations, whose respective associated functionals are well defined in H' (R™) and satisfy
the geometric hypotheses of the mountain pass theorem. Using this fact, we obtain a nontrivial solution.

1. Introduction

We study the existence of solutions for the following quasi-
linear Schrodinger equations:

o2 au
—Au+V(x)u—[A1+u2 ]—:uq+up,
( ) 21+ 12) >
x e RY,
€))

where V' € C(RM,R") is bounded and periodic in each
variable of x;, 1 <i < N, N >3, T(x) < g+1 < p+1<
a2 :=2aN/(N - 2), « > 1, and here

2, oy < «,
T (&) := 120, 1 <a<a, (2)
12-4v6, «a=1,

where « is defined in Lemma 2. These equations are related
to existence of standing wave solutions for quasilinear
Schrodinger equations of the form

iz,=-Az+W(x)z—h (Izlz) z—-Ag (|z|2) g (lzlz) z,
x e RY,
©)

where W is a given potential and g and h are real functions.
Quasilinear equations such as (3) have been accepted as mod-
els of several physical phenomena corresponding to various

types of g. The case of g(s) = s* was used for the superfluid
film equation in plasma physics [1]. Besides, (3) also appears
in plasma physics and fluid mechanics [2], in dissipative
quantum mechanics [3], and in the theory of Heisenberg
ferromagnetism and magnons [4, 5]. See also [6, 7] for more
physical backgrounds. Equations (3) with « = 1 have been
studied extensively recently; see [8,9]. When g(s) = (1 +s)“/ 2
then (3) turn into our equations (1) with h(s) = s7 + s?. In
particular if we let o = 1, that is, g(s) = (1 + 5)1/2, (3) models
the self-channeling of a high-power ultrashort laser in matter
[10]. In this case, few results are known. In [11], the authors
proved global existence and uniqueness of small solutions
in transverse space dimensions 2 and 3 and local existence
without any smallness condition in transverse space dimen-
sion L. In [12], the authors proved the existence of nontrivial
solution. When « > 1, although we do not know the physical
background of (3), in a mathematical sense, we give the proof
of the existence of nontrivial solution.

For (1), the main difficulty is that the energy functional
associated to (1) is not well defined in H'(RY). To overcome
this difficulty, enlightened by [8, 9], we give a new change
of variables. Then we reduce the quasilinear problem (1) to a
semilinear one, which we will prove has a nontrivial solutions.

Our main result is the following.

Theorem 1. Assume thata > 1andT(x) < q+1<p+1<
a2”. Then (1) has a nontrivial solution.

In this paper, C denotes positive (possibly different) con-
stant, L*(RY) denotes the usual Lebesgue space with norm



lul, = (IRN [ulPdx)?, 1 < p < 00, and H'(RN) denotes the
Sobolev space with norm |[lu|| = (_[R,\,(|Vu|2 + V(x)uz)dx)l/z.

2. The Change of Variables

We note that the solutions of (1) are the critical points of the
following functional:

2.2
xu

_1 2
Tw)= 3 JRN [1 T +u2)2“"] IVuldx

+ % JRN V (x) u’dx (4)

1 1
uT™dx - uPdx.
qg+1 Jry p+1Jry

Since the functional I(1) may not be well defined in the usual
Sobolev spaces H YRY), we make a change of variables as

u

v=Gw= | gwa, (5)

0

where g(t) = \/l +a2t2/2(1 + t2)*™, Since g(t) is mono-

tonous with |¢], the inverse function G }(¢) of G(¢) exists.
Then after the change of variables, I(u) can be written by

J(v) = % J-RN |Vv|2dx + % IRN V (x) |G’1 (V)|2dx

1

o o ©)

B 1
pt+1

G'w) Pde.
' |
RN

By Lemma 2 listed below, we have limt_,onl(t)/t = 1and
limt_)oolG’l(t)|"‘/t =2 (a>1)or+2/3 (a=1),s0]J»)

is well defined in H'(R™) and J(v) € C.
If u is a nontrivial solution of (1), then forall ¢ € CSO(IRN)
it should satisty

JRN (97 () VuVe + g () g’ () [Vul*$ + V (x) ug

(7)
—ulp - up¢] dx =0.
We show that (7) is equivalent to
’ _ G
J WMy = JRN I:VVVI// +V (x) —g G (V))q/
e C)] K e 01§ (8)

d
gGTm) g’ |

=0, VyeCP(RY).
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Indeed, if we choose ¢ = (1/g(u))y in (7), then we get (8). On
the other hand, sinceu = G~ (v), if we let v = g(u)pin(8), we
get (7). Therefore, in order to find the nontrivial solutions of
(1), it suffices to study the existence of the nontrivial solutions
of the following equations:

c'w " etwf
-Av=-V ,
V=V W) T s m) T e )
X € IRN.
9)

Before we close this section, we give some properties of
the change of variables.

Lemma 2. Forallt > 0, one has the following:
(D) lim, _,o(G™'(®)/1) = 1,

() (i) ifa > 1 thenlim, _, . (IG™ ()" /t) = V2, and (ii) if
« = 1 thenlim, , (IG™ (t)|/t) = \2/3,

B)IG' M) <t

(4) (1) if oy < o then tg'(t)/g(t) <a-1 (i) ifl <a<
o, then tg'(t)/g(t) < oy — 1, and (iii) if « = 1 then
tg'(t)/g(t) < 5-2/6, where &y = 1.36 is a real root of
the equation o® — 4&* + 8at — 6 = 0.

Proof. (1) We easily get lim, _, (G (t)/t) = (G™'(1))' |,y =

1/9(G(0)) = 1.
For (2) if & > 1, since g(t) = \/1 +a222(1+ 27" =

V1+ @272+ 2)(1 + 2%, 50 g(t) ~ V(@ /2P D =
(a/VD)t* ast — oo, then G(t) = [, g(s)ds ~ (1/V2)t*
ast — 0. Since G L(¢) is the inverse of G(¢), so G 1(¢) ~
(V28) % ast — oo,thuswehavelimtﬁoo(IG_l(t)Ia/t) =12.

When « = 1, the result is obvious since g(f) is an increasing
bounded function.

For (3), since [G™!(t) — (l/g(O))t]' = l/g(Gfl(t)) -1/
g(0) <0, s0 G'(t) < (1/g(0))t = t, which proves (3).

Now we prove (4), since (t/g(t))g'(t) = 2/
200+ 2’ G () = /2 + 58 +3tY) = 1/Q/ +5+3) <
5 — 2/6, which is (iii). To prove (i), that is,

- <2-1)(1+8£) (10)

we set j(t) = 2(a — 1)(1 + t2)*™* — a?(2 - a)t?, s0 j'(t) =
2t[2( - DB - )1 + )7 - a?(2 - a)] := 2tk,(t), where
k() =2(cx-1)(3 - a)(1 + )% — a*(2 - «). Then k;(t) =
4a-1)GB - )2 - a1+t Ifa < 2ora > 3, we get
k"x(t) > 0,50 k,(t) > k,(0). We notice that k,(0) = o — 40 +
8a — 6 and k,(0) is an increasing function with respect to a.
By Cardano’s formula for cubic equations, we know that k , (0)
has one real root and two complex roots. If we set oy = 1.36
to be the real root of k,(0), then k,(t) > k,(0) > 0 as & > «,.
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So j'(t) = 2tk,(t) > 0. That is j(t) is a increasing function,
so j(t) > j(0) = 2(ax—1) > 0asa > 1. If2 < a < 3, we get
k;(t) < 0, so k,(t) is a decreasing function, but in this case
lim, _, k() = (a — 2)a? > 0, s0 k,(t) = 0 forallt > 0. Thus

we have the same result as &« < 2 or « > 3, which proves (i).
For (ii), by the definition of «,, we have

oot? (1 +(ag—1) t2)

201 +£2)°7% 4 o262 (1 + £2)

<ay-1, (1)

SO
at’ (1 + (g —1) t2)
<2(a-1)(1+2) 42 (ag-1) 2 (1+£).
(12)

We add («, — D(a® - oc(z))tz(l +1%) to both sides of (12), where
a < o. Then

26+ a (a0 - 1) + (o 1) (a2 - o) (€4 19)
<200 - 1) (148) "+ (- 1) (1+£),

o (6 (o= 1) (=) + (- 1) a2 )
< (oo - 1) [2(1+ ) o (14 £)].

We notice that oc(z) + (ot — 1)(a® - (xé) > o, In fact, (xé + ocooc2 -

ocg—oc2+oc(2) > o o 2(oc(2,—oc2)+oc0(ocz—oc(2)) >0

(ocg —aH2- &) > 0, and the last inequality is obvious. So

&t + (o — 1) ’t?

R es I
Lottt (- 1) ot

< (ap-1) [2(1 ) vt (14 tz)] | @15)

which implies that tg'(t)/g(t) < oty — 1. -

3. Mountain Pass Geometry

In this section, we establish the geometric hypotheses of the
mountain pass theorem.

Lemma 3. There exist py,a, > 0 such that J(v) > a, for all
vl = po.

Proof. Let
Qxt) = - %V(x) G @f + ——|6 @
q+1
1 1 s)
_ pt
+p+1|G O/

Then, by Lemma 2 and p + 1 < a2”, we have

—1 2
limQ(x’t) = lim —lV(x) <G (t))
t—0 f t—0 2 t
-1 2
n 1 <G (t)) 'G_l (t)'q—l
q+1 t
—1 2
L1 (G (t)) " (t)|p1]
p+1 t
1
= —EV (X) N
—1 o 2/“
i Q0 _ 1 (6 0] 1
e 27 ibe| 2 O t £2" -2/
_ a (g+1)/a
1 (|6 o) 1
" g+1 t £2" (gD
_ a (p+1)/e
1 (|67 @) 1
" p+1 t 2"~ (prD/a
=0.

17)

Thus, for € > 0 sufficiently small, there exists a constant C, >
0 such that

Qlat) < <—%V(x)+e>t2 FC (18)
Then, we have

J(v) = % JRN |Vv|2dx + % JRN V(x) .G‘l (V)'de

1 J |G_1(v)'q+1dx——1
g+1 JrN p+1

X J 'G_l (v)|p+1dx
RN

(19)

1
2_
2

1
J |Vv|Pdx + = J V (x)vidx —€
RN 2 Jry
X J Vidx - C, J v dx
RN RN
> CllvlI* - Clv* .

Thus, by choosing p, small, we get the result when [[v|| = p,.
O

Lemma 4. There exists v € H (RY) such that J(v) < 0.

Proof. Given ¢ € CX (RN, [0, 1]) with supp ¢ := B,, we will
prove that J(s¢) — —oo ass — oo, which will prove



the result if we take v = s¢ with s large enough. By the proof
of Lemma 2, we have G™}(t) > Ct'/* ast > 1, so

Lol volaes Lo
J (s¢) < 5S JRN |V| dx + 5S
<[ vegac e

x J gb(PH)/adx — —00,
{lspl=1}
ass — 0. Thus, we get the result. OJ

4. Existence

In consequence of Lemmas 3 and 4 of the Ambrosetti-
Rabinowitz mountain pass Theorem [13], see also [14-16], for
the constant

¢ = inf sup ] (y(@®)>o, (21)

Y€l'te(o,1]

where I = {y e C([0,1], H'(RN)) : y(0) = 0, y(1)#0,
J(y(1)) < 0}, and there exists a Palais-Smale seq-uence at level
c; thatis, J(v,) — cand ]'(vn) — Qasn — 00.

Lemma 5. The Palais-Smale sequence {v,} for J is bounded in
H'(RY).

Proof. Since {v,} ¢ H L(RY) satisfies

1 1 _
J(v,) = 3 JRN |an|2dx t3 JRN V (x) .G ! (vn)|2dx

o j |G_1(v
p+1Jry "

_ 1 J |G"1 (v, 1
g+1 Jry
and for any y € Cgo([R{N),

pt+l

dx (22)

de =c+o(l)

T (va)y = JRN {anvvf +V (x) TG ‘((VZ)))
et ool
PO MIPTCRIC M

=0yl )
23

Now, we consider the function G_l(vn) g(G"l(vn)). Note by
Lemma 2 that

V(G () g (G ()]

G () (GG IVl )
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Combining Lemma 2, we have Gil(vn)g(Gfl(vn)) e HY(RM).
Thus, since C8°(IRN) is dense in H'(RY), by choosing ¢ =
G'(v,)9(G ™' (v,)) in (23), we deduce that

oWl =7 ()67 ()96 ()
_ N G (Vn) (G (v v 2
Sl (et (€ 0o

Ve ) -6 )"

6 WV’“] d

< JRN [%T(oc) W+ v |6 o)

_ 'G_l (vn)|q+1 —|G_1 (vn)'PH] dx
(25)
Therefore, by (22) and (25), we have
@+ D)) =T ()G (v) g(G (v))
(q +1 B —T( ))

Vv, dx + -1 J V (x) |G_1 (vn)'zdx
2 RN

“J.
( q+1> |G_1(Vn)|p+1dx (26)

p+1

- lT(oc)) J |an|2dx + -1
2 RN 2

2(q+1
2

X JRN V (x)

Combining (22) and (26), we get fRN G (w )P dx is
bounded. To verify that {v,} is bounded in H'(R") we start
splitting

J V (x) vidx = J V (x) vfldx
RN {x:lv, (x)[>1}
(27)
+ J V (x) vﬁdx.
{oxzlv, (x)1<1}

By the proof of Lemma 2, we have G L(t) > CtY* forallt > 1
and G(1) = Iol gt)ydt > Iol dt = 1. Therefore

J V (x)vidx
(v, ()1>1}

_ 2
< CJ |G ! (vn)| “dx (28)
{x|v, () [>1}

o
{x:lv, (x)|>1}

- ’ 1dx <C.
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Since g(t) is increasing and G(t) = f; g(s)ds < g(t)t, we have
J V (x) |G_1 (vn)'zdx
{x:lv, (x) <1}

(29)
1

_— \% 2dx.
g 2(G1(1) .[xw(x <1} () v

Hence {v, } is bounded in H'(R"), and this proves Lemma 5.

O
Now we give the completion of the proof of Theorem 1.

Proof. First, we will prove that ] '(v) = 0. That is, v is a weak
solution of (9). To prove this, it suffices to show that

! _ G (v)
J Wy = JRN [VVW’ +V(x) m‘/f
G of

FICGOM

G <v>|P
S g(G(v ))

dx =0,
vy e C° (RY).
(30)
From Lemma 5, {v, } is abounded Palais-Smale sequence, and

there exists v € H'(R") such that v, — v weakly in H'(R").
By the Lebesgue dominated theorem, we have

J v -T Wy

= J (Vv, — Vv) Vy dx
RN

G (v) G
“JLre [g«;-l ) gy |V o)
I | e Ol
—J - - — ydx
o | 9@ ) 9G v |
[l o)) et
e et
o |96 ) 96 W) |

Hence, J'(v) = 0. That is, v is a weak solution of (1).

Next, in order to complete the proof of Theorem 1, we
must show that v is nontrivial. By contradiction, we assume
v = 0. To prove this, we claim that, for all R > 0,

lim sup J v, *dx =0 (32)
BR(J/)

n— 0o JeRN

cannot occur. Suppose by contradiction that (32) occurs; that
is, {v,,} vanishes. Then by the Lions compactness lemma [16],
v, — 0in L'(RY) for any r € (2,2%). By the proof of
Lemma 2, we get Gl : (\/ft)l/“ ast — 00, so there exists

a suitable constant C such that G™1(t) < Ct"%. In addition,
since G(t) < g(t)t, we have

G )l
T K

. - ptl

< lim JRN 'G )| dx

< lim CJ VPR — 0, (33)
n—00 RN

. - q+1
Jim JRN 'G )T dx

= lim J 6™ (v, dx = 0,

n—00 RN

and lim, _, o, [~ (G (v,)I/g(G™'(v,)))v,dx = 0 is obvious

since g < p, which implies that

0= lim J' (v,) v,
- lim v ),
= {'V VW ST
el el ],
5G9 @ )

<G3(E”3» Jae

nle J []Vv] +V (x)

(34)
Then,
lim_ JRN |Vv,|*dx = 0, (35)
. G (va)
Jim | Ve ey 69
On the other hand, by (25), we have
Jim_ JRN V@6 (v,)[dx =o. (37)

Combining (35) and (37), we get a contradiction since
J(v,) — ¢ > 0. Thus, {v,} does not vanish and there exist
k, R>0and{y,} RY such that

lim j Vidx > k > 0, (38)
"7 JBr(5,)

Define v,(x) = v, (x + y,). We may assume that the
components of {y,} are integer multiples of the periods of
V(x). Since {v,} is a Palais-Smale sequence for J and V(x) is
periodicin x;, 1 <i < N, {¥,} is also a Palais-Smale sequence
for J with J'(¥) = 0if ¥, — ¥ in H*(RY). Since {¥,} does not
vanish, we have that ¥ # 0 is a nontrivial solution of (9). [
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