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Under the ¢-contraction conditions, we prove common fixed point theorems for self-mappings in the space € %(X) of the bounded
closed sets in the complete stationary fuzzy metric space with the H,;-fuzzy metric for the bounded closed sets.

1. Introduction

It is well known that not only the Hausdorff metric is very
important concept in general topology and analysis, but also
many authors have expansively developed the theory of fuzzy
sets and application (see [1-11]). As a natural generalization
of the concept of set, fuzzy sets were introduced initially by
Zadeh [12] in 1965. Various concepts of the fuzzy metrics on
ordinary set were considered in [13-19].

In [20], Rodriguez-Lopez and Romaguera introduced
and discussed a suitable notion for the Hausdorff fuzzy metric
of a given fuzzy metric space (in the sense of George and
Veeramani) on the set of its nonempty compact subsets.
It is necessary to note that such fuzzy metric space has
very important application in studying fixed point theorems
for contraction-type mappings [21-30]. In fuzzy functional
analysis, many researches have been done on the fixed point
theory in the space of compact fuzzy sets equipped with the
supremum metric [1, 16, 31-38].

In this paper, we will establish the completeness of
(6RB(X), Hy, +) with respect to the completeness of the
stationary fuzzy metric space (X, M, *), where €AB(X) is
the class of sets with nonempty bounded closed subsets
of X, and H,, is the stationary Hausdorff fuzzy metric
on €A(X) induced by M. Finally, we will prove some
common fixed point theorems for self-mappings in the space
CRB(X).

2. Preliminaries

We start this section by recalling some pertinent concepts.

Definition 1 (see [39]). A triangular norm (or ¢-norm for
short) is a binary operation * on the unit interval [0, 1], that
is, a function = : [0,1]*> — [0, 1], such that for all a,b,c,d €
[0, 1] the following four axioms are satisfied:

(1) a * 1 = a (boundary condition);

(2) axb < cxdwhenevera < cand b < d (monotonicity);

(3) a = b = b * a (commutativity);

(4) a = (b * c) = (a * b) * ¢ (associativity).
A t-norm * is said to be continuous if it is a continuous
function in [0, 1]% a t-norm # is said to be positiveifaxb > 0
whenever a,b € (0,1]. The following are examples of ¢-

norms: axpb = a - b; a Ab = min(a, b), where a - b denotes
the usual multiplication for all a,b € [0, 1].

Definition 2 (see [40]). A stationary fuzzy metric space is an
ordered triple (X, M, ) such that X is an arbitrary nonempty
set, * is a continuous t-norm, and M is a fuzzy set of X x X
satisfying the following conditions, for all x, y,z € X:

(1) M(x,y) >0,
(2) M(x, y) = lifand only if x = y,



(3) M(x, y) = M(y,x),
(4) M(x,y) = M(x,z) * M(z, y).

If (X, M, *) is a stationary fuzzy metric space, we will say
that (M, #) is a stationary fuzzy metric on X. Since a station-
ary fuzzy metric is a special fuzzy metric, just like fuzzy met-
rics in [14], we can prove that every stationary fuzzy metric
(M, %) on X generates a topology 7, on X which has as a base
the family of sets of the form {B,, (x,¢e) : x € X, 0 < & < 1},
where B, (x,€) = {y € X: M(x,y) >1—¢} foralle € (0,1).
A sequence (x;);cy in a stationary fuzzy metric space (X, M)
is said to be Cauchy if lim; ; ,, M (x;,x;) = 1; a sequence

(x;);eny in X converges to x if lim; _, o, M (x;, x) = 1 [40].

Example 3 (see [14]). Let (X, d) be a metric space. Denote by
a - b the usual multiplication for all a,b € [0, 1], and define
M, on X x X by

1

My (x,y) = T+d(xy)

)

for all x, y € X. Then (M, -) is a stationary fuzzy metric on
X which will be called a standard stationary fuzzy metric.

Definition 4 (see [41]). A stationary fuzzy pseudometric
space is an ordered triple (X, M, *) such that X is an arbitrary
nonempty set, * is a continuous ¢-norm, and M is a fuzzy set
of Xx X satisfying the following conditions, forall x, y, z € X:

(1) M(x, y) = lifand only if x = y,
(2) M(x, y) = M(y, x),
(3) M(x, y) = M(x,z) * M(z, y).

If (X, M, =) is a stationary fuzzy pseudometric space, we
will say that (M, ) is a stationary fuzzy pseudometric on
X. In the following we always suppose that the t-norm * is
positive.

Definition 5 (see [42]). Let (X, M, *) be a stationary fuzzy
metric space and A ¢ X. If, for all € € (0, 1), By,(x, &) [(A -
{x}) #0, then x is an accumulation point of A; the set of
all accumulation points of A is called the derived set of A,
denoted by d(A); the union of A and d(A) is called the closure

of A, denoted by A. If d(A) C A, then A is a closed set of X.

Definition 6 (see [42]). Let (X, M, ) be a stationary fuzzy
metric space, and A C X. If there exists r € (0, 1) such that
forall x, y € Awehave M (x, y) > 1 —r, then we say that A is
a bounded subset of X; if X itself is a bounded set we will say
that (X, M, *) is a bounded stationary fuzzy metric space.

Given a stationary fuzzy metric space (X, M, *), we will
denote by 2(X), Py (X), and €RB(X), the powerset, the set of
nonempty subsets, and the set of nonempty bounded closed
subsets of (X, M, ), respectively.

Let B be a nonempty subset of a stationary fuzzy metric
space (X, M, ). For all x € X, let

M (x,B) =supM (x,y) = M (B, x). @)
y€EB
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For the empty index set 0, we will make the convention
that, for a, € [0, 1],

supa, =0, infa, = 1. 3)

€0 xX€0
It follows that M (x,0) = M (8, x) = 0.

Definition 7 (see [43]). Let (X, M, %) be a stationary fuzzy
metric space. For all A, B € P(X), we define a function H,,
on P(X) x P(X) by
H,; (A, B) = inf M (x, B) Ainf M (y, A)
x€A y€B
(4)
=p(A,B)Ap(B,A),
where p(A, B) = inf ., M (x, B).

Definition 8. Let (X, M, %) be any stationary metric space.
A, € BRB(X) is said to be a fixed point of a self-mapping
fof €% (X)ifand onlyif A, € f(A).

3. Main Results

Now we will establish our main theorems.

Proposition 9. Let (X, M, ) be a stationary fuzzy metric
space. Then, for all A, B,C € P(X),

(1) p(A,B) = 1ifand only if A C Bifand only if A C Bif
and only if p(A,B) = 1,

(2) for all x, x' € X, M(x,B) = M(x,x') = M(x', B),

(3) p(A, B) = p(4,B) = p(A, B),

(4) p(A,C) = p(A, B) * p(B,C),

(5) if A C B, then p(A,C) > H,, (B,C),

(6) p(A,C) = Hy; (A, B) = p(B,C),

(7) Hy; (A, B) = 1 if and only ifK =B.

Proof. In fact, we can prove this proposition by a similar proof
of Proposition 1 in [42].

Theorem 10. Let (X, M, =) be a stationary fuzzy metric space,
and then (P(X), Hyy, %) is a stationary fuzzy pseudometric
space.

Proof. Let A,B,C € 2(X); by the definition of H,,, (1) of
Proposition 9, and the commutativity of =, it is clear that
Hy (A,B) = lifand onlyif A = Band Hy(A,B) =
H,, (B, A).

In addition, by (4) of Proposition 9 and the commutativ-
ity of %, we obtain

p(A,C)Ap(C,A)
> (p(A,B) * p(B,O))A(p(C,B) + p(B,A)) (5
> (p(A,B)Ap(B,A)) = (p(B,C)Ap(C,B)).
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Consequently, by the definition of H,,, we get
H,,(A,C) > Hy,;(A,B) * Hy;(B,C). (6)

We conclude that ((X), Hy,, *) is a stationary fuzzy pseu-
dometric space. O

Proposition 11 (see [42]). Let (X, M, ) be a stationary fuzzy
metric space. If A,B ¢ X are any two bounded subsets of X,
then A U B is a bounded subset of X.

Theorem 12. Let (X, M, ) be a stationary fuzzy metric space.
Then (6 B(X), Hy, ) is a stationary fuzzy metric space.

Proof. Let A, B,C € €%(X). By Proposition 11, we have A U
B € €% (X), which means there exists r € (0, 1) such that
M(x,y) >1—r,forallx € A, y € B. Hence, for any x € A,
we can get that

M (x,B) =supM (x,y) >1—r>0. )
y€B

Thus we obtain

p (A, B) =)1€1€1£M(x,B) >(l-r)>0. (8)
Similarly, we can get
p(B,A):iggM(y,A)z(1—r)>o. 9)

Consequently, by the positivity of *, we have Hy;(A,B) =
p(A, B) = p(B,A) > 0.

By the definition of H,,, (7) of Proposition 9, and the
commutativity of #, it is clear that H,; (A, B) = 1 if and only
if A = Band Hy, (A, B) = H,; (B, A). In addition, by (4) of
Proposition 9 and the commutativity of #, we obtain

p(A,C)Ap(C, A)
> (p(A,B)* p(B,O)A(p(C,B) * p(B,A))  (10)
> (p(A,B)Ap(B,A) * (p(B,C)Ap(C,B)).
Consequently, by the definition of H,, we get
H,;(A,C) = Hy,(A,B) * Hy, (B,C). (11)

We conclude that (€B(X), H,, *) is a stationary fuzzy
metric space. O

Example 13. Let (X, d) be a metric space. Then the Hausdorff
stationary fuzzy metric (H,; ,) of the standard fuzzy metric
(M, ) coincides with the standard fuzzy metric (M Hy» -) of
the Hausdorff fuzzy metric H; on € %B(X).

In fact, let A, B € €% (X); for each x, € A, we have

M, (xq,B) = sup M, (xy, y) = sup ————
d( 0 ) yeg d( 0 y) yegl'f'd(xo)y)
. (12)

1+ inf 5 d (x,, )

- 1+d(xqB)

Consequently, we obtain

Hy, (A, B) = chrelfod (x,B) /\}Iell{;Md (y,A)

1 1
AN
1+sup,cud(x,B)  1+sup,pd(y,A)

1
1+sup,c,d(x,B)Vsup,pd(y,A)

1
=— =M, (AB).
1+ H,(A,B) m, (A B)

(13)
We conclude that Hy,, = My, on €%(X).

Let us recall that if (X, %) is a uniform space, then the
Hausdorff-Bourbaki uniformity Hy, (of %) on 9(X) hasasa
base the family of sets of the form

Hy ={(A,B) e Z(X)x P (X): BCU(A),AcU(B)},
(14)

where U € % [44].

The restriction of Hy, to €RB(X) x €% (X) will be also
denoted by Hy,. In addition, if (X, M, *) is a stationary fuzzy
metric space, then {U,, : n € N'} is a (countable) base for the
uniformity % ,, on X compatible with 7,,, where

:{(x,y)eXxX:M(x,y)>1—%} (15)

for all n € N'. %, is called the uniformity induced by
(M, *). In particular, % is the uniformity induced by the
Hausdorft stationary fuzzy metric of (M, ). We have the
following useful result.

Theorem 14. Let (X, M, ) be a stationary fuzzy metric space.
Then the Hausdorff-Bourbaki uniformity Hy, coincides with
the uniformity %y on € B(X).

Proof. If (A,B) € {(A,B) € BA(X) x %%’(X) : B ¢
U, (A4), A ¢ n+1 (B)} then, for any y € B € U, (A),
there exists x ¢ U,,; (B), such that M (xy, y) > 1-
(1/(n+ 1)). Tf:us we obta1
1

M(A,y):izEM(x,y)zM(xy,y) >1-——. (16)

forall y € B < U,,, (A). Consequently we have

n+l

tM(Ay)=>1- .
nfM(A4y)=1- 7 )
Similarly, we can get

inf M (x,B) > 1- (18)

x€A Tl+1’

forall A € U,,, (B). Thus we conclude that

H,;(A,B) = 1nfM(xB)/\1nfM(Ay)>1—; (19)



If (A,B) € {(A,B) € €RB(X) x €AB(X) : Hy;(A,B) >
1 — (1/n)}, then, for each x € A, we have

1
M (x,B) =supM (x,y) >1- —. (20)
y€B n

Leta = M (x, B), and then, for each x € A, there exists x, € B
such that

M(x,xy) > M (x,B) - a+1/n-1 _ a—1/n+1
2 2
(21)
1
>1-—.
n
Thus we obtain A € U, (B).
Similarly, by
1
M (A y)=supM(x,y)>1- -, (22)
X€EA n

we can get B € U, (A). It follows that
(A, B)

€{(A,B) € B (X)xERB(X):BcU,(A),AcU,(B)}.
(23)

Hence we obtain the following relations:
(A, B)
€{(A,B) € 6B (X)x €A (X):BcU,, (A),

Ac Un+1 (B)}

c {(A,B) € BB (X) x CR (X) : Hy (A, B) > 1 - L}
n+1

c {(A,B) € BB (X) x CB (X) : Hy (A, B) > 1 - %}

< (A, B)
€{(A,B) € B (X)xERB(X):BcU,(A),AcU,(B)}.
(24)
We conclude that Hy, = %y, on €%(X). O

Theorem 15. Let (X, M, ) be a stationary fuzzy metric space.
Then (6% (X), Hy, *) is complete if and only if (X, M, ) is
complete.

Proof. In fact, we can prove it by a similar proof of Theorem
3in [20]. O

Another type of convergence for a sequence of sets was
defined by Kuratowski.

We say that a sequence of sets {C;}2;, C; € X, converges
toaset C C X, denoted by lim; _, , C, = C, if

C =liminf C; = limsup Cy, (25)

where liminfC, = {x € X : x = lim,_, o x5, € Ct},
lim sup C;, = N, (U C)-
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We mention that, for sequence of closed sets, convergence
in Hausdorff metric implies convergence in the sense of
Kuratoski. But for sequence of bounded closed sets, both
types of convergence are equivalent provided that the limit
set is nonempty [37].

Lemma 16. Let (X, M, =) be a stationary fuzzy metric space
and A, B € €AB(X). Then

(1) for arbitrarily € € (0,1) and any x € A, there exists
y € Bsuch that M (x,y) > Hy; (A, B) — &

(2) for any x € A and any 3 € [0, 1), there exists y € B
such that M (x, y) = BH,, (A, B).

Proof. We only prove (1) since it is equivalent to (2).
For each x € A, there exists y € B such that, for any
e € (0,1),

M(x,y) 2supM (x,y)—e>inf sup M (x, y) —¢

yeB *€A yeB
= p(AB) -e>p(AB)Ap(B,A) - (20
= H, (A, B) -«
This completes the proof. O

In fact, we can get a more general result.

Lemma 17. Let (X, M, *) be a stationary fuzzy metric space
and A, B € €B(X). Then

(1) for arbitrarily € € (0, 1) and any closed subset A| C A,
there exists closed subset B, < B such that Hy; (A,
B,) > H, (A B) - ¢

(2) for any closed subset A; € A and any 3 € [0, 1), there
exists closed subset B, C B such that Hy; (A,,B,) >
BH,, (A, B).

Proof. We only prove (1) since it is equivalent to (2). Let ¢ €
(0,1) and let

C, = {y : there exists an x € A,
(27)
such that M (x, y) > Hy; (A, B) — ¢}

Assume z € C,. For any & > 0, there exists a y € C, such that
M (z,y) > 1-06. By (2) of Proposition 9, we have

M(z,A,) = M(zy) = M(y,A,) 08)
> (1-08)* (Hy (A B)-¢).

By the arbitrariness of §, we have M (z, A|) > Hy, (A, B) — .
Then we get

CoSD={z:M(z,A|)>Hy (A B) —¢}. (29)

Conversely, suppose z € D. Take a descending positive
number sequence {5}, < (0,1) such that§, — Oasn —
00. For each §,, there exists a x € A, such that

M (z,x) > (1-6,) * (Hy (A,B) —¢). (30)
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Let C5 = {y : there exists an x € A, such that M (x,
y) = (1-6,) * (Hy (A, B) — ¢)}. Then we have z € C5 €

C_sn,n =1,2,.., andC_(;i < C_Sj(i > j). Hence we can get
z € nangocan = ﬂC_al =C,. ©))
n=1

Thus, we obtain C, = D. Let B, = B N D.Foreachx € A, €
A, by Lemma 16, there exists a y € B such that

M (x,y) > Hy; (A, B) —e. (32)

Consequently, B; is a nonempty closed subset of B.
For any x € A, there exists y € B; such that M (x, y) >
H,, (A, B) — &, which implies that

M (x,B;) = sup M (x, y) > Hy; (A, B) —e. (33)
Y€B,

Thus we obtain
p(A,,B) :xigAf M (x,B;) > Hy,; (A,B) —¢. (34)

By the definition of B, we can get
M (A, y) = sup M (x,y) > Hy (A, B) — &, (35)

X€A,

for all y € B,. Thus we obtain
p(Bl’Al):;gglM(Al’y)ZHM(A’B)_S' (36)

Consequently, we easily obtain the following inequality:

Hy (A1, B) = p (A, B) Ap(B, Ay) = Hy (A, B) —f- :
37

This completes the proof. O
Lemma18 (see [29]). Let¢ : [0,1] — [0, 1] be a nondecreas-
ing function satisfying the following conditions:

(i) ¢ is continuous from the left,

(ii) ¢"(h) - 1 (n — o0) for all h € (0,1],
where ¢" denote the nth iterative function of ¢. Then

(1) for each h € (0,1), such that ¢(h) > h,

(2) (1) = 1.
Theorem 19. Let (X, M, ) be a complete stationary fuzzy
metric space and let {f,},, be a sequence of self-mappings of
G B(X). If there exists a constant q € (1,+00), such that, for

each A, A, € €RB(X), and for arbitrary positive integers i
and j,i# j,

Hy (£ (A1), f; (A))
> q¢ ( min {HM (A, Ay),p (A fi(A),
p(AZ’fj (Az))’

[p(Az fi(AD) +p (AL f; (Az))]mD’
(38)

where ¢ satisfies the conditions of Lemma 18. Then there exists
an A" € €RB(X) such that A* € f,(A”), foralli € N*.

Proof. Let Aj,A, € €RB(X)and A, < f,(Ay),and f =

(1/g) € (0,1). By Lemma 17, there exists A, € €%(X), such
that A, € f,(A,) and

Hy (A}, Ay) = BHy (f1 (Ag) f2 (A))). (39)

Againby Lemma 17, we canfind A; € €% (X) suchthat A;
f5(A,) and

Hy (A, As) = BHy (f> (A)) f5(4,)). (40)

By induction, we produce a sequence {A,} of points of
€% (X) such that
An+1 gfn+l (An) 7’l=0,1,2,...

HM (An+1’An) 2 /3HM (fn+1 (An) ’fn (An—l)) .

(41)

Now we prove that {A,} is a Cauchy sequence in €%(X). In
fact, for arbitrary positive integer #, by inequality (38) and
formula (41), we have
Hr (A A,)
2 BHy (fu (Anet) s funr (A5))
> Ba¢ ( min {HM (Ap1An),
P (At fu(An1))s p (A frn (A0))
[p(Ap £ (Anr)
0 (A fr (4)]})
= ¢ (min {Hy (A, 4,),p (Ayoss o (A1),
p(Ap furi (A,))
[P (A £ (A)) + P (Apss frar (4]}
> ¢ ( min {HM (A, 1, A,) Hy (A, b A,),
Hy (A Anir)»
[1+ Hyg (Ao A,)] "}

= ¢ (mln {HM (An—l’ An) 4 HM (An’ An+l)}) ’
(42)

where A, € f, (A,_,), which implies that p(A,, f, (A,_,)) =
1.

If HM (An—l’An) A HM (An’AnH) = HM (An’AnH)’
then

HM (An’ An+1) = ¢ (HM (An’An+1)) . (43)



From A,,, <€ f,.1(A,) = {y : there exists x € A, such
that f,,, (x) = y}, it follows that H,;(A,,A,,;) € (0,1].
Hence, there are two cases.

Case1.1fHy; (A,, A, ;) = 1,by (2) of Lemma 18 we can get

Hy (An’AnH) =Hy (Anfl’An) =1, (44)

that is, Hy; (A, A1) = ¢(Hy (A, 1, A,)).

Case 2. 1f Hy, (A,, ) € (0,1), by (1) of Lemma 18, we can
get

n+1

HM (An’ An+1) < (/) (HM (An’ An+1)) . (45)

Obviously, (43) and (45) are contradictory. Hence, we have
HM (An—l’An) A HM (An> An+1) = HM (An—1> An) > (46)

thatis, Hy, (A, A,..;) = $(Hy (A, 1, A,)).
Consequently, we easily obtain the following inequalities:

HM (An+1’An) = (/5 (HM (An’An—l))

= (/52 (HM (An—l’An—Z)) (47)

> 2 ¢" (Hy (A Ag))-

Thus, for arbitrary positive integer p, we have

Hy (Appr An)

n+p>

= HM (An+p’ An+p—1)
(48)
* HM (An+p—1’An+p—2) Hoeee X HM (An+1’An)

2 (¢n+p_1 P ‘/5”) (Hy (A Ap))-
Since ¢"(h) — 1(n — o0), forall h € (0, 1], we get

lim Hy (A, pA,)

n— 00

> lim (¢n+‘o_l * ¢n+p_2 Kook (I5n) (Hu (A1 Ag))

n— 00
= 1’
(49)
which implies that lim, _, o, Hy (A,,,,A,) = 1. Hence,

{A,} is a Cauchy sequence. In addition, since (X, M, *) is a
complete stationary fuzzy metric space, by Theorem 15, we
get that (€% (X), Hy,, *) is complete. Thus there exists an
A" € €RB(X) such that A, — A" asn — o0o; that is,
lim, , Hy(A,,A") =1
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Next, we show that A* € f; (A"), thatis, p(A”, f; (A")) =
1, for alli € N*. In fact, for arbitrary positive integers i and j,
i# j, by Proposition 9, we have

p(A", fi(A") 2 Hy (A, A}) « p(A; £, (AY))
>Hy (A% A) #p(Anf; (A1)
wp(£;(4,4) £:(47)
(4 4;) = p(f; (4,
(

A4,)  Hu (£ (A,

M

L), fi(4")
L)L F(AT)).

(50)

IV

M

Moreover, we have

Hy (f;(410). £i(47)
> g (min {Has (4,0047)p (4,00 £ (4,)).
p (A% fi(A7)),
o (4" 5y (A )+ (4005 4] "))
> ¢ ((min {HM(AJ.,I,A*), Hy (A1 4)),
p (A% fi(A7)),
[Hy (A A;) + Hy (A, A")

cp(at £,(a]"}).

(51)

Since ¢ is continuous from the left and * is a continuous
positive t-norm, we can obtain

hmHM(f(

]

21)> fi(47)

> hm(/)(mm {HM(AJ LA )

Hy (Aj A7), p (A% £, (A7),
[Hy (A A)) + Hy (A, A")
wp(a” £,(a)]"})
:¢(min{1,1,p(A*,ﬁ(A*))»
[1+1p (A% £ (AN])

=¢(p (A% f;(A7))).

(52)
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Consequently, we conclude that
p (A", f,(AY)) = jlingoHM (A% A))
* dim Hy (f;(A)1). £i:(AT))
>1x¢(p(A" f; (A7)

=¢(p (47 fi (A7)

that is, p(A", f; (A)) = 1. By (1) of Proposition 9, we obtain
A" ¢ f;(A"), foralli e N*. O

(53)

Corollary 20. Let (X, M, %) be a complete stationary fuzzy
metric space and let f be a self-mapping of € B (X). If there
exists a constant q € (1,+00), such that, for each A, A, €
CRB(X),

Hy (f (A1), f (45))

2 q</>(min {HM (A, Ay),p (AL f(A)).p(As f(AL)),

[P(Az’f(Al))+P(A1’f(A2))]l/2}>)
(54)

where ¢ satisfies the conditions of Lemma 18, then there exists
an A* € €RB(X) such that A* € f(A").

Proof. In fact, we can define a sequence of fuzzy self-
mappings of €6(X) as f; = f,fori = 1,2,.... Thus, this
result is a special case of Theorem 19. O

Theorem 21. Let (X, M, ) be a complete stationary fuzzy
metric space and let {f,},, be a sequence of self-mappings of
G B(X). If there exists a constant q € (1,+00), such that, for
each A, A, € GRB(X), and for arbitrary positive integers i
and j, i # j,

Hy (£ (A1), f; (A))
> q¢ (HM (ALA)p(ALf; (Al))’p(AZ’fj (Az)) >

P(A2>fi (Al))’P (Al’fj (Az)))’

(55)

where ¢(hy, h,, hy, hy, hs) = (0, 11° - [0,1] is nondecreasing
and continuous from the left for each variable, let r""(h) =

¢(h, h, h,a,b), where (a,b) € {(h = h,1),(1,h = h)}. If

(M) — 1 asn— oo, VYhe(0,1], (56)
wherer" denotes the nth iterative function of r, then there exists

an A" € €RB(X) such that A* < f,(A"), foralli € N*.

Proof. Let Aj,A, € €B(X)and A; € f,(Ay), and 3 =
(1/g) € (0,1). By Lemma 17, there exists A, € €%B(X), such
that A, € f,(A,) and

Hy (A}, A,) = BHy (fi (Ag), f2 (A))). (57)

Againby Lemma 17, wecanfind A; € ¥9%(X) suchthat A, €
f53(A,) and

Hy (Ay As) = BHy (f2 (A1), f5(4,)). (58)

By induction, we produce a sequence {A,} of points of
€% (X) such that

An+1 < fn+1 (An) >
HM (An+1)An) 2 ﬁHM (fn+1 (An) ’fn (An—l)) .
Now we prove that {A,} is a Cauchy sequence in €%(X). In

fact, for arbitrary positive integer n, by inequality (55) and
formula (59), we have

n=0,1,2,...
(59)

Hy (A Apir)
2 BHyt (fn (Ae1) s funr (A4))
> Bad (Hy (A1, A,) P (Asoss £ (A1)
P (A fun (A0))5 P (Ants funn (A2))
p (A fu (A1)
= ¢ (Hy (A, 4,),p (A, £ (A,0))
P (A farr (A))5 P (Apos frnr (A1)
p (A fu (A1)
2 ¢ (Hy (A, A,) Hy (A5 A,)  Hy (A, A)

HM (An—l’An) * HM (An’An-H) > 1) >
(60)

where A, € f, (A,_,), which implies that p(A,, f, (A,_,)) =
1.
If HM (An—l’An) A HM (An’An+1) = HM (An’An+1)’
then
HM (An’ An+1) 2t (HM (An’An+1)) . (61)

From

An+1 < fn+1 (An)

= {y : there exists an x € A,, such that f,,, (x) = y},
(62)

we get Hy, (A,, A,,1) € (0, 1]. Hence, there are two cases.
Case .1t Hy; (A,, A,,,) = 1, by (2) of Lemma 18, we can get
HM (An’AnH) = HM (An—l’An) =1 (63)

thatis, Hy; (A,,A,.1) =7 (Hy (A,_,A))).

Case 2.1fHy; (A,, A,.,1) € (0,1), by (1) of Lemma 18, we can
get

HM (An’ An+1) <r (HM (An’An+1)) . (64)



Obviously, (61) and (64) are contradictory. Hence, we have
Hy (A, A) ANHy (A A ) = Hy (A, AL)s (65)

thatis, Hy; (A,, A1) 27 (Hy (A1, A))).
Consequently, we easily obtain the following relations:

Hy (A, A,) 27 (Hy (A, A,))

> 7’ (Hy (A, A,)) (66)

> 27" (Hy (AL Ay)).
Thus, for arbitrary positive integer p, we have

Hy (ApipAy) 2 Hy (A, A

n+p> n+p> n+p—1)

x Hy, (A A

n+p—2)
A,) (67)

")
cex T

n+p-1>

% -~*HM(A

n+1>

> (rn+p—1 " rn+p—2 %
x (Hy (A1 Ay))-

Byr"(h) — 1 (n - o0),forallh € (0, 1], and continuity
of %, we can get

> Tim (PP P ") (Hy (A, Ag)) = 1,

(68)

which implies that lim,, _, , Hy (A, ,, A,) = 1. Hence, we
get {A,} € BAB(X) that is a Cauchy sequence. In addition,
since (X, M, ) is a complete stationary fuzzy metric space, by
Theorem 15, we have that (6 %(X), H,,, *) is complete. Thus
thereexistsan A* € ¥%B(X)suchthat A, — A™asn — o0;
that is, lim, _, . Hy, (A,, A™) = 1.

Next, we show that A* € f; (A™), thatis, p(A™, f; (A")) =
1, forall i € N*. In fact, for arbitrary positive integers i and j,
i# j, by Proposition 9, we have

p(A™ fi(A") 2 Hy (A% A)) = p(A, f; (A7)
> Hy (A% A,) » p(4, f; (A1)
sp(fi(AL) £ (A7)
= Hy (45 4)) « p(f (A1), £:(4)
> Hy (A% A;) « Hy (f;(4,4), £ (A7)
(69)
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Moreover, we have
Hy (f;(44), £ (A7)
2 ¢ (Hy (A0, 47),p (A0 £ (454))
p(A% £ (A).p(Ajrs i (A7),
p(A% fi(414)))

> ¢(HM(Aj—1’A*)>P(Aj—1’fj (Aj—l))’P(A*’fi(A*))’
p(Ajn £i(A7).p (A" £;(4)4)))
2¢(HM(A]‘—1»A*) (A] LA ) p (A%, f; (A7),

Hy (A, A%) % p (A, fi(A%)), Hy (A%, 4))).
(70)

Since ¢ is continuous from the left and * is a continuous
positive t-norm, hence, we can obtain

[fim Hay (f;(Aj4). £:(A7))

> lim ¢ (Hy (A

lim, AT) Hy (A A)p (A% £ (A7),

-1

Hy (A, A") = p(A%, fi(A")), Hy (A%, A)))
=¢(L1Lp (A" fi (A7), p (A7, f;(A7)),1)
2¢(p (A% fi (A7), p (A% fi (A7), p (A%, fi (A7),
p(A%, f; (A7) = p(A%, f;(A7)),1)

=r(p(A% fi(A7))).
(71)

Consequently, we conclude that

pIA™ (A7) = lim Hy (4°,4))
D). (4%)

>1x+r(p(A7 £;(A%)))

=r(p(A% f; (A7)

that is, p(A*, f; (A*)) = 1. By (1) of Proposition 9, we obtain
A" € f;(A"), foralli e N*. O

x jlirréo Hy (f; (A -

Corollary 22. Let (X, M, ) be a complete stationary fuzzy
metric space and let f be a self-mapping of € B (X). If there
exists a constant q € (1,+00), such that, for each A, A, €
CRB(X),

Hy (f (A1), f(4,))
> qp (Hy (A1 Ay),p (AL f(A),p(As f(A,)),

p(Ay f(A).p (AL f(Ay)),
(73)
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where ¢(hy, hy, hs, by, hs) = (0, 11° - [0,1] is nondecreasing
and continuous from the left for each variable, let r""(h) =

¢(h, h, h,a,b), where (a,b) € {(h = h,1),(1,h = h)}. If

() —1 asn— oo, VYhe(0,1], (74)

wherer" denotes the nth iterative function of r, then there exists
an A" € €RB(X) such that A* € f(A").

Proof. In fact, we can define a sequence of fuzzy self-
mappings of €6(X) as f; = f,fori = 1,2,.... Thus, this
result is a special case of Theorem 21. O

Theorem 23. Let (X, M, *) be a complete stationary fuzzy
metric space and let {f,},2, be a sequence of self-mappings of
CB(X). If there exists a constant q € (1,+00), such that, for
each A, A, € €RB(X), and, for arbitrary positive integers i
and j, i # j,

Hy, (fz (A1), f; (Az)) >qp (Hy (A, A,)), (75)

where ¢ satisfies the conditions of Lemma 18, then there exists
an A" € €RB(X) such that A* C f; (A"), foralli e N".

Proof. Let Aj, A, € €A(X)and A, € f,(Ay), and § =

(1/g) € (0,1). By Lemma 17, there exists A, € €%(X), such
that A, € f, (A,) and

Hy (A}, A,) = BHy (fi (Ag) £ (A))). (76)

Againby Lemma 17, we canfind A; € €% (X) suchthat A;
f3(A,) and
Hy (A, A3) 2 PHy (f2 (A4) f5(4,)). (77)

By induction, we produce a sequence {A,} of points of
€% (X) such that

n+1 fn+1( )’ n=0,12,...,

HM (An+1’ ) ﬁHM (fn+1 ( n) ’fn (An—l)) .

Now we prove that {A,} is a Cauchy sequence in €%(X). In
fact, for arbitrary positive integer », by inequality (75) and
formula (78), we have

HM (An+1’ ) ﬁHM (fn+1 (An) fn (An 1))
> Ba¢ (Hy (A, A,-)) (79)
= ¢ (HM (An’An—l)) .

Thus, from inequality (79), we easily obtain the following
relations:

Hy (A1, A,) 2 ¢ (Hy (A, A,))
> ¢ (Hy (A Ayy)) (80)

> 24" (Hy (AL Ag)).

Furthermore, for arbitrary positive integers n and p, we get
that

Hy (Apipr Ay) 2 Hy (A A

nt+p> < intp-1 )

n+p>

* HM (An+p—1’ An+p—2)

ook HM (An+1’An) (81)

> (¢n+p—1 % ¢n+p—2 S ¢n)
x (Hy (A Ag))-

Since for arbitrary h € (0,1), ¢"(h) —» 1 (n — ©0), and by
continuity of %, we have
Hy, (An+P,An) —1 (n— 00); (82)

thatis, {A,} is a Cauchy sequence in €% (X). By Theorem 15,
G B(X) is complete since X is complete. Consequently, there
exists A* € €B(X) suchthat A, » A" (n — 00); thatis,
lim, , ., Hy(A,,A") =1

Next, we show that A* € f; (A"); thatis, p(A”, f; (A")) =
1, for all i € N™. In fact, for arbitrary positive integers i and j,
i# j, by Proposition 9 we have

p(A%, fi(A") 2 Hy (A%, A;) % p (4, f;(A"))

> Hy (A% A;) «p(A; f;(A14))

wp(fi(Ajm). fi(AY)
= M(A*’A‘)*p(fJ( ),f,(A*))
>Hy (A A;) = Hy (f; (A1), f; (AY)).
(83)
Moreover, we have
Hy (fJ (AJ—I)’fi(A*)) 2q¢(HM (AJ l’A ))
(84)

> ¢ (Hy (A ,A")).

Consequently, we get

p(AT, £(A)) > Hyg (A7, A)) # ¢ (Hyy (4, 47)).
(85)

Since ¢ is continuous from the left and * is a continuous
positive t-norm, hence, we can obtain

p(A"fi(A7) 2 lim Hy (47,4

¢< lim Hy, (Aj,l,A*)> -1 (86)

*d(1)=1;

that is, p(A*, f; (A™)) = 1. By (1) of Proposition 9, we obtain
A" C fi(A"), foralli e N". O



10

Corollary 24. Let (X, M, =) be a complete stationary fuzzy
metric space and let f be a self-mapping of € 9B (X). If there
exists a constant q € (1,+00), such that, for each A, A, €
CRB(X),

Hy (f (A1) f(A3)) 2 ¢ (Hy (A1 Az)),  (87)

where ¢ satisfies the conditions of Lemma 18, then there exists
an A" € €RB(X) such that A* € f(A").

Proof. In fact, we can define a sequence of fuzzy self-
mappings of €B(X) as f; = f,fori = 1,2,.... Thus, this
result is a special case of Theorem 23. O

Example 25. Let (6%8(X),H M) be a stationary fuzzy met-
ric space, where X = [-1,1], and H,,, is the same as in
Example 13. Then, (€%(X), Hy,,,-) is a complete stationary
fuzzy metric space.

Now, define ¢ : [0,1] — [0,1] as ¢(x) = +/x, and let
{f.}:2, be a sequence of self-mappings of €%(X) as

for any A € €% (X). (88)

n

1
fn (A) = Z_A)

For arbitrary positive integers i and j, without loss of
generality, suppose i < j. For each A, A, € €%B(X), by a
routine calculation, we have

Ho, (f(40). £ (A7) = H (540554,

21 )

; 1
=2'H <A , —A )
My 1 i 2 (89)

> 2'Hy, (A, A,y)

2 2¢ (HMd (A1>A2)) :

Therefore, by Theorem 23, we assert that the sequence of self-
mappings {f,} -, has a common fixed point A" in €Z(X).
In fact, it is easy to check that A* = {0}.

4. Conclusions

In this paper, we have established the completeness of % (X)
with respect to the completeness of the stationary fuzzy
metric space X. We also present some common fixed point
theorems for the self-mapping of stationary fuzzy metric
space €AB(X) under some ¢-contraction conditions.

Several possible applications of our results may be sug-
gested. We briefly mention some of them. Fuzzy fixed point
theory can be used in existence and continuity theorems
for dynamical systems with some vague parameters [45-47].
More specifically in the field of qualitative behavior, these may
be used demonstrating the existence of solutions of the fuzzy
differential equation [25] and fuzzy integral equation, and so
forth. In addition, the recent work of Veeramani [48] on best
approximation in fuzzy metric spaces could constitute the
start of a theory for which the Hausdorff fuzzy metric must
play an important role. So we hope our results would provide
a mathematical background to ongoing work in the problems
of those related fields.

Abstract and Applied Analysis
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