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We investigate the extinction and decay estimates of the p-Laplacian equations with nonlinear absorptions and nonlocal sources.
By Gagliardo-Nirenberg inequality, we obtain the sufficient conditions of extinction solutions, and we also give the precise decay

estimates of the extinction solutions.

1. Introduction

In this paper, we consider the following fast diffusive p-
Laplacian equation:

u, = div (qulp_ZVu) +A JQ ul (x,t)dx - ku',

1)
xeQ, t>0,
u(x,t)=0, xe€0Q, t>0,
(2)
u(x,0)=uy(x), xe€Q,

where 1 < p < 2,k,gA > 0,0<r<1,Qc RN (N =2)
is a bounded domain with smooth boundary and u,(x) €
L®(Q)N WO1 P(Q)isa nonnegative function. Equation (1) is a
class of nonlinear singular parabolic equations and appears to
be relevant in the theory of non-Newtonian fluids perturbed
by both nonlocal sources and nonlinear absorptions; see [1-
4], for instance. Extinction is the phenomenon whereby the
evolution of some nontrivial initial data u(x) produces a
nontrivial solution u(x,t) in a time interval 0 < t < T
and u(x,t) — O0ast — T. As an important property
of solutions of developing equations, the extinction recently
has been studied intensively by several authors in [5-9]. In
paper [10], the authors discussed the extinction behavior of
solutions for Problem (1)-(2) when » = 1. In this paper, we
investigated the extinction of solutions when 0 < r < 1.

Due to the nature of our problem, we would like to use the
following lemmas by [11].

Lemma 1 (Gagliardo-Nirenberg inequality). Suppose that
Bz20,N>p=>1pB+1<q< (f+1)Np/(N - p); then
for u such that [ulPu € WHP(Q), one has

Jull, < CY Dl v (|u|ﬁu)||fj("*”

3)

with@ = (B + Drt —q_l)/(N_1 —p_1 +(B+ DrY), where C
is a constant depending only on N, p, and r.

2. Main Results and Proofs

Theorem 2. Assume that p — 1 = q with r < 1; then the non-
negative nontrivial weak solution of Problem (1)-(2) vanishes in
finite time for any non-negative initial data provided that |Q)|
or A is sufficiently small.

(1) For the case 2N /(N +2) < p < 2, one has

It G0l < (Juolly™ = My (2 -k, ¢

)1/(27k1)
tefo,r), @
lu(t)l, =0, te[T),+00),

where k;, M,, and T, are given by (11), (16), and (17),
respectively.



(2) For the case 1 < p < 2N/(N + 2), one has

~M,(1+s—ky)t

>

5 1/(1+s—k,)
ot G )l < (ol o™ )

cfo,1), ©
luC0)ll, =0, te[Ty+c0),

where s, ky, M,, and T, are given by (18), (22), (26),
and (28), respectively.

Proof. (1) For the case 2N/(N + 2) < p < 2, multiplying
(1) by u and integrating over (), we deduce from the Holder
inequality that

1d
2 — Nl + IVull? + Klull 7y < A1 ull?. (6)
inequality
luall, < BIVull» @)

where B denotes the optimal embedding constant, combining
(6) and (7) we have

IIMIIZ + (1= AB? [Q]) IVullf + klul; <0 (8)

2dt

By Lemma 1, we have
lull, < C, (N, o) IVl ey, €)

where 8, = (1/(1 +1) = 1/2)(1/N = 1/p + 1/(1 + 1))
Itis easy to check that 0, € (0, 1]; using Young’s inequality
with &, it follows from (9) that

lully <C¥ (N, p,7) (& IVull? + C (&) el {700,
(10)

where &, > 0 and k; > 0 will be determined later. We choose

_2[(0+n)p+N(p-1-7)]
k= 2p+N(p-1-7r) v

Then we can conclude that k; € (1,2) and pk,(1 - 6,)/(p —
k,0,) = 1 + r. Therefore, it follows from (10) that
1+r —ky ky P 1
>(C N, p, &V .
lullyiy = (C7 (N, por) Nl — &1 Vudl2) OB
By combining (8) and (12), we have
1d ke
1-AB? Q| - —2 ) [Vul?
2dtllullz ( 10 C(81)> IVl
) (13)
kC™ (N, p,
LKWk

C (&)

Choosing ¢, small enough such that 1 — ke, /C(e;) > 0 and
Q] < (1 - ke /C(e;))/AB?, then we have 1 — ke, /C(g;) -
BPAIQ| > 0. Therefore, we deduce from k; € (1, 2) that

d _
Sl + M July " <o, (14)
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which implies that

oM, (2-k)t

>

. 1/(2-k))
It Dl < (ol )

€[0,Ty), (15)

e (5 8)]l, =0, € [T, +c0),
where
-k,

M, = ke Npr) (16)

C(sl)

2-k,
= ””0" ) (17)

M, (2-k)

(2) For the case 1 < p < 2N/(N + 2), multiplying (1) by
u’, where

2N-p(1+N)
p

integrating over (), we deduce from the Holder inequality that

s>1= > 1, (18)

1 1+s P (p+s—1)/p||P
|| I Vu
1+sdt s (p+s—1)P" " (19)
-1
+klully < MQulby-
By Lemma land s > 1, we have
PO, /(p+s-1) 1-6
lullyy < C, (N, p,r) |[Vu " 2%, (20)

where 0, = N(1-r)(p+s—1)/(s+1)[p(s+7r)+N(p—-1-r)]. By
(18) and r < 1, it is easy to check that 8, € (0, 1). By Young’s
inequality with &, it follows from (19) that

lul2, < C% (N, p,7,5) (£2||Vu(p+s—1)/P"§ +C(e)

X"u"Sr;ez)kz(PJrS*l)/(PJrS*l*kz@z)) ,
(21)
where &, > 0 and k, > 0 will be determined later. We choose

3 (s+1) [(s+r)p+N(p—l—r)]
2 (s+)p+N(p-1-7)

then it follows that k, € (s,s+1) and (p+s—1)k,(1-0,)/(p+
s—1—-k,0,) = s+ r. Therefore, it follows from (21) that

[l > G, (N, p,1,5)
S+r — C(Sz)

; (22)

Il ~ Zz)||v“(p+s_lw||jj'

(23)

By combining (19) and (23), we have by poincare inequal-
ity

1 1+s SPP k&‘ )
- 1|Q| B?
sdt“ s * ((p+s—1)p C(s,) =
L (24)
. p kC?*(N,p,r,s ]
 [vulr 1)/p“P+ > (N, p )" e, <o
C(e,)
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Choosing &, > 0 small enough such that sp”/(p + s — 1) -
ke,/C(e,) > 0and |Q| < (sp?/(p+s—1)P ke, /C(e,))/A|Q| B,
then we have sp”/(p + s — 1) - ke,/C(e,) — M|Q|B? > 0.
Therefore, we deduce from k, € (s,s + 1) that

1+s —

d k-
EIIMIIHS + Mllully <0, (25)

where

~ kC,"™ (N, p,r,s)

(26)
C (52)

M,

>

which implies that

_ 1/(1+s—k,)
ot GOl < [luolls ™ = My (Vs —Ry)e]

1+s >
te[0,T,),
luC, )l =0, t € [T, +00),
(27)
where
1+s—k,
—_ ||u0|ll+s (28)
2TM,(1+s-k,)

The proof of Theorem 2 is complete. O

Theorem 3. Assume thatr < 1.

(DIf2N/(N+2) < p <2withq >k —1 = Q2rp+
N(p-1-r))/2p+N(p—1-r)), then the non-negative
nontrivial weak solution of Problem (1)-(2) vanishes in
finite time provided that u, (or |Q| or A) is sufficiently
small and

2-k,

1/(2=ky)
ot )l < (ol )

~ (k) Myt

>

te[0,T;), (29)

(), =0, te[Ts+00),
where k;, M5, and T are given by (11), (35), and (33),
respectively.

2)If1<p<2N/(N+2)withqg>k,—s=((s+Drp+
N(p-1-7)/((s+1)p+N(p—1-r)), then the non-
negative nontrivial weak solution of Problem (1)-(2)
vanishes if finite time provided that u, (or |Q| or A) is
sufficiently small and

s+1-k,

ot G Dl = (JuollSy ™ = (s + 1= ey M) ¢

>

)1/(s+1—k2)

tel0,T,),

"u(" t)"5+1 =0, te [T4, +00) >

(30)

where s, k,, My, and T, are given by (18), (22), (39),
and (41), respectively.

Proof. (1) If 2N/(N + 2) < p < 2, multiplying (1) by u
and integrating over (), we deduce from (12) and the Holder
inequality that

1d ke kC{* (N, p,r
__"ung + <1 _ 1 ) ||Vu||§ + M
24t C(er) C(e) (31)

k 3—qg)/2 1
 Jlulls = A0l 2w < o.

By choosing €; > 0 small enough such that 1 — ke, /C(g;) > 0,
we obtain that

d _
Sl + Myl <o, (32)

provided that [Ju]l, < (kC;k1 (N, p, r)/c(sl))um(3—q)/2)1/(q—k1+1)
andg >k —-1=Q2rp+N(p-1-1)/2p+N(p-1-r1)),
where

_kCTM (N, p,7)
C (31)

From (32) and k; € (1,2), we can derive that

M, — QTP |y S S 0. (33)

2k,

1/(2k;)
e (0l < ([l )

—(2-ky) Mst

>

tefory), (34

w0l =0, te[Ts+00),

where

2k,

w2 N
T k)M )

(2) If 1 < p < 2N/(N + 2), multiplying (1) by u*, where
s is given by (18) and integrating over (), we deduce from the
Holder inequality and (23) that

1 d s spf ke s—
__"””}is + ( P 5 - 2 ) ”Vu(p+ 1)/p||P
1+sdt (p+s-1) C(g) p

kC;k2 (N, p,r,5)

lully < Alul 31l @2/,
C(e)

s+1 1+s

(36)

Choosing &, > 0 small enough such that sp”/(p + s — 1)f -
ke, /C(g,) > 0, we have

d kp—s kCX (N, p,r, )
EHMHHS + [lull}% <2CT

1+s

_/\|Q|(2+s—q)/(l+s) "u”q+s—k2> <0.
(37)
Therefore, we have

ky—s

d
EIIMHHS + Myllull iy <0, (38)



provided that [lul,,, < (kC;kz(N, p.1,s)) Clg)A
IQl(2+5—f1)/(1+5))1/(‘1+5—k2) and g > k, - s = ((s+ Drp
+N(p-1-1))/((s+1)p+ N(p—1-r)), where

- kC,* (N, p,7,5)

o S IR M L P

1+s

(39)
It follows from (38) and k, € (s, s + 1) that

s+1-k,

i G ) < (o™ = My (s + 1~ )

>

)1/(s+1—k2)

te[0,T,),
flea(-, t)"s+1 =0, te [T43 +OO) >
(40)
where
s—k
ol
Ty=——5— (41)
fM,(s+1-k,)
The proof of Theorem 3 is complete. 0
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