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We study the following Schrodinger-Poisson system: —Au + V(x)u + ¢pu = |ul’'u, ~Ad = v, lim, _, o, $(x) = 0, where u, ¢ :
R® — R are positive radial functions, p € (1,+00), x = (x1,%,,%;) € R3, and V(x) is allowed to take two different forms
including V(x) = 1/ (xf + xi + xé)“/ Zand V(x) = 1/ (xf + xi)“/ % with a > 0. Two theorems for nonexistence of nontrivial solutions
are established, giving two regions on the « — p plane where the system has no nontrivial solutions.

1. Introduction

Schrodinger-Poisson systems arise in quantum mechanics
and have been studied by many researchers in the recent
years. A number of researches have been focused on quantum
transport in semiconductor devices using both mathematical
analysis and numerical analysis. Mathematical analysis plays
avery crucial role in any investigation. In this paper, we study
the nonexistence of nontrivial solutions for the following
system in R>:

“Au+Vx)u+d(x)u= [ul?u,

~A¢ =1/, lim ¢ =0, g

|x| = +00

where u,¢ : R’ — R are positive radial functions, x =
(%1, x5, %5) € R3, p € (1,400), and V(x) is allowed to have
two different forms including V(x) = 1/ (xf + xi + xi)“/ 2 and
V(x) = 1/(x? + x2)* with a > 0.

The above system was introduced in [1] in the study of an
N-body quantum problem, that is, the Hartree-Fock system,
Kohn-Sham system and, so forth [1-4]. For V(x) in the
form of a constant potential, the nonexistence of nontrivial

solutions of (1) for p ¢ (1,5) was proved in [5] by using a
Pohozaev-type identity. For V(x) in the form of the singular
potentials as considered in this work, existence of positive
solutions has been established under certain assumption [6].
However, the conditions under which nontrivial solutions do
not exist have not yet been full established. Hence, in this
paper, we study the nonexistence of solutions to the problem
(1) with singular potential.

The main contribution of this work is the development
of analytical results giving two regions on the & — p plane
where the system (1) has no nontrivial solutions. The two
« — p regions are shown in Figure 1. The rest of the paper
is organized as follows. In Section 2, we first give some basic
definitions and concepts and then, based on the method
in Badiale et al. [7], establish a Pohozaev-type identity. In
Section 3, we give two theorems summarizing the nonexis-
tence results we obtained and then prove the theorems.

2. Preliminaries and a PohoZaev-Type Identity

Firstly, we briefly introduce some notation and definitions
and recall some properties and known results of the second
equations (Poisson equation) in (1). Throughout the paper, we
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FIGURE 1: Diagram showing the two regions on the «— p plane where
system (1) has no nontrivial solution.

let x = (xy, x5, %x3) € R>, D"*(R?) = {u(x) € LS(R®) : |Vu| €
L*(R%)}, r = (xf + x% + x§)1/2, andr, = (x1 + xz)l/z, and for
o > 0 we define

E, = {u € DI’Z(R3) :J iu dx < oo}
R

31"1

E, = {u e D" (IR3) : J iu dx < 00; (2)
R

3 rz
u(x) =u(ry x;) }

By Lemma 2.1 of [2], we know that —A¢(x) = u? hasa unique
solution in D"*(R>) with the form of

_nj ()

——dy 3)
|x -

¢ (x) = ¢, (x)

foranyu € L'?/5(R?), and

Ve, (Ol < Cllull s,
(4)
J ¢14 (x) u dy C”u"u/s

By the Hardy-Littlewood-Sobolev inequality, we know that
J[R3 ¢, (x)uv dy is well defined for any u, v € L>NE. So we can
make the following definition.

Definition 1. Fori = 1or2,if (u,¢) € L>*NLF* NE;nC*(R’\
{r; =0}) x DM nCYHR?\ {r; = 0}) satisfies

J (Vqu + iauv) dx + J. ¢, (xX)uvdx
R r; Rr?

(5)
= J [ul? uv dx
R3

forall v € L* N LP*' N E, we say that (1, ¢) is a solution of (1).

Now we establish a Pohozaev-type identity based on the
work by Badiale et al. [7]. For any u € C*(R*\ {r, = 0}),
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x e R\ {r; = 0}, where i = 1, 2, by a simple calculation, we
have

1 1
(x - Vu) Au = div [(x -Vu)Vu - EIVu|2x] + 5|Vu|2,

1u’ 3
(x.w)%:div[z%x]——zai}, (6)
_ 1
(x - V) [ulP'u = div[ Iulpﬂx] - |yt
p+1 p+1

For any open subset Q ¢ R*\{r, = 0}, by using the divergence
theorem and (6), we get

(x-Vu) Audx = (x-Vu) (Vu-v) - l|Vu|2x -vdo
JQ Jao [ 2 ]

J ¢ (x)u(x-Vu)dx
Q
= 213(:1 L ¢ (x) uuxdx
1
= 52,3{:1 JQ ¢ (x) (uz)kxkdx
_ %zizl [— L W2 (e d(x)) dox L ¢ (x) uldx

+ Jao du’ (xp - ) da]

N | —

J;) (V¢ -x)dx—= J- ¢ (x)u’dx

+

{5—‘ SRR
S

¢u’ (x-v)do
oQ

A (Vb - x) dx — % qu(x) wdx

N | =

“+

I ¢u2 (x-v)do
20

¢u (x- v)do+—J (x-V¢) (Vp-v)do
G)

0| =
le l\)l»—l ‘— N | =

J |V¢| (x-v)do

J du dx+—J |V¢>| dx.
7)
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So, by multiplying (1) by (x - Vu) and using (7), we get

3- 2 3
J |Vu|2dx+—(xj u_a_
Q 2 Qr; p+1

J lulPdx
Q

N | =

+ 2| x| [voPax
=J l(’C'V¢)(V¢'V)—(X'Vu)(Vu-v)alcr
00 2

1 2 2 u2 2
+ —| Vul” = |Vé|" + — +
Jao{? (l W= [vdl N o )

|u|P+1} (x-v)do.

p+1
(8)

3. Nonexistence Results for the System of
Pohozaev-Type Identity Equations

The nonexistence results we obtained for system (1) are
summarized in the following two theorems.

Theorem 2. For x = (x,x,,X3) € R® and V(x) = 1/(xf +
24D ifa € (0,3) and p € (1, min{7/5, 3+a)/(3-a)HU
[max{5, (3+a)/(3—-a)},+00), ora € [3,00) and p € (1,7/5],
any solution (u, ) of problem (1) is trivial.

Proof of Theorem 2. Let co > R, > R, > 0, B = {x ¢
R®,|x| < R}, Bp ={x ¢ R3, x| < R},and Q = Bg, \BR1§ we

then have 0Q) = 0Bg U 0By, . Sinceu € E; N L' ¢ € D',
we have

b 2
J drj IVul> + |V¢|
0 B,

2
p+1d0_

| x| )
2 2 u? 2
=)Vl [Vl e g

+ [u)Pdx < +oo.

So, (9) shows that there exist sequences R, ,, L 0and R,, 5
+00 such that

R [ vu? +vgf +
3B,

Ln

RZ)nJ |Vl +|v¢| + ¢ + [ulfdo 5 0.
0By

2,n

|
(10)

OnoB R, We have y(x) =
and (10) we get

-x/R, ,. By using Cauchy inequality

J l(x-V(;S)(ng-v)—(x-Vu)(Vu-v)da
0By, , 2

<Ry [ 99+ ulde o,
R

J'BBRM {2<|V l _|V¢| ) p+1| |p+}

X (x-v)do

1 2 2 s 2
<R — | |Vul|” = |Vo|” + — + du
b LBRM 2 (l | | ¢| E ¢ )

n
[ul’*'do - o.

+

p+1
(1)
Similarly, we have
“ %(X'V¢’)(V¢'V)—(x'Vu)(Vu-v)do
o Ron
SRy, J |V</’|2 +|Vul’do =5 0.
0Bz, ,
Vul" = |V§|" + —5 + ’
o L (e -+ 0]
| (12)

|u|P+l} (x-v)do

p+1

1 2 2 2
<R —| [Vu|” = |V¢|” +
o LBRM 2 (' - 1vdl | )

n
[ul*'do - o.

+

p+1

Hence in (8), by setting Q = Bp \ERM, asn — 00, from
(11) and (12), we have

2

1 3 - 3
- J [Vul*dx + S j u_a -
2 Jm3 2 R |x| p+1

J [ul?*dx
: (13)

w2 | gwdn- g | (el -

By the second equation of (1), we have

J[Rp Vo[ dx = L@ guldx. (14)



From (13) and (14), we get

1 3-«

2
5
= J |Vuldx + —— J u_a + - J Puldx
2 Jr3 2 Jps x| 4 Jrs

- Pl J [ulP"'dx = 0.
RS
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For1 < p < min{(3 + «)/(3 — «),7/5} or p > max{5,(3 +
«)/(3 — a)}, we have

(15) p+1 2 2 4
(22)
{1 3-« 5}
or > maxi—, —, —
p+1 2 2 4

On the other hand, multiplying (1) by u and integrating the

result over OO, where Q ¢ R? \ {0}, we have

2
u

J —“Auu+ — + ¢ (x) u'dx = J [ulP dx.
Q Q

|x]*

Using the divergence theorem to the first term of (16) yields

that

Then (21) gives that the solution (i, ¢) € LPTY R} N E, (R*N
C*(R*\ {0}) x D"* n C*(R?) must be trivial. O

(16) PR 5

Let L},.(R”) = {u(x) : for any open domain QO < R’,
u(x) € L*(Q)}. Similar to Theorem 2, we get another nonex-
istence result to the system (1) with potential function V(x) =

/(% + x2 )2,

ou
A d=JVVd—J Mo, 7
J-Q Hmax Q uvmnax aguav “ 17 Theorem 3. For x = (x,X,,X3) € R® and V(x) = l/(xf +
2 \a/2 . .
hile the Holder i lity oi x5 )Y, if € (0,3) and p € (1, min{7/5, 3+ a)/(3 - a)}) U
whtle the Holder iequatty stves [max{5, (3 +a)/(3 - &)}, +00), or a € [3,00) and p € (1,7/5],
ou . 1/6 ) 1/2 3 any solution (u, ¢) of problem (1) with (Vu,V¢) € L‘;OC(IR3) X
—dol| < .
Louavda - {Lou da} {LQ Ivud da} 09I Ly (R?) is trivial.
(18)
Proof of Theorem 3. For any R, > R, > 0, setting Q =
Setting Q = By, \ERI . we have Qp g, == {x € By, : 1, > Ry}, then 0Qp 5 = {x €
" " OB, : 1, 2 Ri}U{x € By 1y = R} := Zp p Ul g,
J ua—uda where Tp » = {x € R’ :r, = Ry, |x;] < \/R2-R% and
3By, OV ¥(x) = (=%, /Ry, =x,/R;,0) on Ty . Note that
1/6 12 %,
< c“ u6da]> “ |Vu|2dcf]» J dej <|Vu|2 +Vul* + Vo[’ + |vel*
aBRl . BBRM 0 TR, Ry
X |R1, |2/3 = 0, u’ 2 p+l
" (19) +W +du” + ul do
J ua—uda (23)
ov
<[ (1w e vt g+ ol
1/6 1/2 Bg,
<C J ubdo J Vul*do 2
{ 3By, } { OBy, Vil + u_a +pu’ + |ulp+1>dx < 0.
5}
xRy 0 Lt
From (16)-(17) and (19), we have
2 4
. ORGSR
2 2 1Ry
jR3 [Vul|“dx + J[Rp |x|(xdx + JR3 dudx Fk (24)
20 2
. (20) +pu’ + u—“ + |u|P+1)dcr > 0.
—J [ulP*'dx = 0. 2
IR3
.. Then
By combining (15) and (20), we have
R R
13 .. [(3-a 3 JZMGIR1<00. (25)
- - [Vul"dx + | —— — —dx o R,
2 p+1/)Jrs 2 p+1/ Jrs |x]|

+<§— > )J ¢u’dx = 0.
4 p+1 R3

So we must have R, , 2 0 such that

(1) f(R,) 0. (26)
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Similar to (12), we have R, , % +00 such that

By using Cauchy inequality and (24)-(26), we have
1 2 2 uz 2
A vul = v il
JaBRzn<]2(| W=V +r“+¢u)

2

1 2 u?
J {—<|Vu|2—|V¢| +—a+¢u2)
TRy Ry 2 1’2

! Iulpﬂ} (x-v)do

1
p+l
- u x-v)do
il } (x-7) o
u2 n 2 2 142
<R, | (|Vu|2 N - |u|P“)da 20, 3 N
TRy Ry &) aBRz,n 5 (29)
+u? + |ulfdo 5 0,

J %(x~V¢)(V¢-v)—(x-Vu)(Vu-v)]dcr

2,n

1] %(x'V‘/’)(V‘P'V)—(x'Vu)(Vu-v)da

<

<R, j IVul® + |V¢|*do - 0.

Ron

L (x-Ve) (V- v)do

Asn — +00, (28)-(29) imply that

+ J (x-Vu) (Vu-v)do
TRl,nrRZ
1 3- >3
<R, J (|Vu|2 + |V¢|2)da = J VulPdx + =2 J u—a - J |ulP*! dx
_— 2 Jr3 2 Jprr p+l g
s (30)
3 1
12 . 12 + = J puldx - - J |V</>|2dx =0.
<R, J do J |Vo| do 2 Jpe 4 Jr:
Eunke Rinfy Since _[R3 IVo|*dx = IR3 du’dx, we have
1/2 1/2 1 3 2 5
+ <|J do} {j |Vu|4do]> = J |Vul*dx + S J u—“ + = J ¢u2dx
TRl,nrRZ TRl,anZ 2 R? 2 R? 7'2 4 R®
(31)
1/2 - J lul”*'dx = 0.
= V2rR}? {RL” J |V</>|4da]» prle
TRy Ry On the other hand, we have
1/2 i
+{R1nj |Vu|4da]> ] o L u(Vu-v)do
5 RynsRy
TRl,n)RZ
(27) 1/6 1/3
< {J |u|6da} “ |Vu|3do]> e, |
Itiseasy toseethat Xy p C Zp g andU,Zp p ={x € RimRy Rk
OBy, : 1, #0}. Let Q = Qp p in (18) by using the definition 1/6
of 0Qp r and (27), we get <C- {J Rl,n|u|6da}
TRl,n’RZ
1 3- >3
- J |Vul*dx + 4 J u_“ - J [ulP* dx 1/3 .,
Bg, 2 By, T3 p+ 1 Bg, X {J Rl,n|Vu|3da]> — 0.
TRy R
3 1 1,82
+ = J Puldx — " J V| dx (32)
B B
" " So if we multiply (1) by u and then integrate over the domain
1
| SV (8) - xo Vi) (Ve mydo o) P ndletn = o0 wehave
Ry 2
) ) J [Vul*dx + J u—“dx + J ¢u2dx - J [ulP dx
+ J — |V1/t|2 - |V¢>|2 + u + (/)u2 Br, By, 12 Bg, Bg,
3By, 2 Tg
= J u(Vu-v)do.
By,
(33)

|u|p+1} (x-v)do.

p+1



As for (20), we have

2
J |Vul*dx + J u—adx + J Puldx - J [ul?*'dx = 0.
R? R? 15 R? R
(34)
From (31) and (34), we have

_ 2
(l _ >J |Vuldx + <3_oc _3 >J Y dx
2 p+1) Jme 2 p+1/)Jr 1§

+(E— & >J ¢u’dx = 0.
4 p+1)Jw

For1 < p < min{(3 + «)/(3 — «),7/5} or p > max{5,(3 +
«)/(3 —a)}, (35) implies that the solution of problem (1) with
i=2,ue¢) € LF*'(R?) N E,(R*) n C*(R*\ {0}) x D n
C*(R?), which satisfies (Vu, Vo) € LY (R*) x LY (R?), must

loc loc

be trivial. O

(35)

4. Conclusion

We mainly study the nonexistence of nontrivial solutions to
system (1) in this paper, giving two regions on the « — p plane
where the system (1) has no nontrivial solutions; see Figure 1.
In another paper, we will study the existence of nontrivial
solutions to system (1).
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