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We investigate the Kritzel transform on certain class of generalized functions. We propose operations that lead to the construction
of desired spaces of generalized functions. The Kritzel transform is extended and some of its properties are obtained.

1. Introduction

In recent years, integral transforms of Bohemian have com-
prised an active area of research. Several integral transforms
are extended to various spaces of Bohemian, especially, that
permit a factorization property of Fourier convolution type.
On the other hand, several integral transforms that have
not permitted a factorization property of Fourier convolution
type are also extended to various spaces of Bohemian. In the
sequence of these integral transforms, the Kritzel transform

(1]
@NW=[ Ze) e
where

Z) (xy) = JR (e, (2)
p > 0(¢ N),v ¢ C,x > 0 is extended to certain
space of ultra-Bohemian, denoted by &, (I", &, («;),a) and
S, (", a {a;},a),1 < r < 00, respectively.
Another form of the Kratzel transform was initially
introduced in [2], and defined as a generalization of the
Laplace transform in [3] as
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where
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X —
P
forp e NandRev > -1+(1/p), x > 0. The lip) transform was
extended to generalized functions in [3] and to distributions

in [4]. By IP(X), we denote the space of equivalence classes of
measurable functions f: X — R such that

jX 171F dut < oo, 5)

where two measurable functions are equivalent when they are
equal to p a.e.
For I°(X), the I -norm is defined as

It = ([ 151 au) " ©

The Banach space [, , of Lebesgue measurable functions is
defined by [3, page 446]

"f"p,y = “x_ﬂf”p < 00. (7)

Due to [3, Proposition 2.1], we state the following theorem.
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Theorem1. Let1 < p <oco,u, veC, p> 0,(1/p)+(1/p') =
1 and Rey > —(1/p') — min{0, pRev} and then I is a
continuous linear mapping from L, , into L, 5, 1)

Note that we always assume that the hypothesis of
Theorem 1 is satisfied. By Y we denote the Mellin-type
convolution product of first order defined by [5]

YW= 1) emd. @

+

By 2(R,), or simply 9, denote the Schwartz space of test
functions of compact support defined on R, . Then we have
the following definition.

Definition 2. Let f,g € I, ,. For f and g, we define the
operation ® given by

(fog) ) = jR £ (xt) g (1) dt. ©)

Then we easily see that the operations in (8) and (9) are
very basic for the next construction of the desired Bohemian
spaces.

Theorem 3. Let f € 1, and ¢ € D, then 1P(f v @) (x) =
(19 f) & 9)(x).

Proof. Letx > 0. For f €1, and ¢ € & we, by (3) and (8),
get that

19(f v 9) (%)

=LQ<1 f(yfﬁf”¢“””>kw(”ody (10)

+ +

1. (0,

A change of variables y = tz in (10) implies

) ew dt) :

+

P (f v ) (x) = J (J f @A (xtz) dZ>(p(t) dt

+ + (11)
- | @) eemar
Hence, by (9), we have
P (fye)e=((1"f)ee) ). (12)
This completes the proof of theorem. O

2. General Bohemian

The structure necessary for the construction of Bohemian
consists of the following:
(1) a group X and a commutative semigroup (Y, *);

(2) aoperation®: X XY — X suchthatxo (v, *v,) =
(x@v)) 00, forall x € Xand v;,v,,€Y;
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(3) a collection A ¢ Y™ such that

(i) for all (v,), (0,,) € A, we have (v, * 0,) € A,

(i) fx©v, = y©v,, then x = y where x,y €
X, (v,) € A,andn € N.

Then the set A that satisfies (i) and (ii) is called the set of
all delta sequences.

Let A = {(x,,v,) : x, € X,(v,) € A,x,00, =X, O
v,, for all m,n € N}. Then we say (x,,v,) ~ (¥,,0,) if there
are (x,,,0,), (¥,,0,) € A, such thatx, © 0, = y, Ov,, for
all m,n € N. The relation ~ is an equivalence relation in A.
The space of equivalence classes in A is called the space of
Bohemian and denoted by BH. Each element of BH is called
Bohemian. Then the convergence in BH is defined as follows.

(1) (h,) € BH is said to be d-convergent to h € BH,
denoted by h,, 3, hasn — oo, if 3 a delta sequence

(v,) such that (h,0v,), (hov,) € X, and (h,0v,) —
(hov) e Xasn — oo, forall k,n € N.

(2) (h,) € BH is said to be A-convergent to h € BH),

denoted by h, S hasn — oo, if 3a(v,) € A
such that (h, — h) o v, € X, foralln € N, and
(h,-h)ov, - 0e Xasn — oo.

The following theorem is equivalent to the statement of -
convergence.

Theorem 4. h, 2 heBHasn — co if and only if there are
oo fx € Xand v € A such that h, = [f, /v ], h = [ fi/ve]
and, forallk €N, f,, — fi € Xasn — oo. See [6-17] for
more details.

3. The Spaces BH, (/,,) and BH,(l,,,/(,—,1))

In this section we construct the space [BI]-I](ZP’M, (2,VY),Y,A)
(or [EBI]-I]I(ZP,M)) and the space [Bﬂ-l](lp)z/(p_ﬂ_l), (2,VY),®,A)
(or BH, (!, 5/(p—u-1))) of Bohemian and give their properties.

At the first step, we prove the following connecting
theorem.

Theorem 5. Let f € 1, , and ¢,y € D; then, f @ (¢ Y y) =
(fep ey

Proof. Let f €1, ,and ¢,y € P; then, applying the Fubinitz
theorem yields

(felpvy))x)
- |, ren@v o

+‘P<§>V/(J’) y" dy) a

f
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The change of variables t = yz implies dt = ydz and further

(rolovi)@=| (], reone@dz)v()ar
(14)

Therefore,
(Fe@vm)@=[ (Fen) v a3
Hence, (15) implies
(felpvy)@=(fepey)x. 16

This completes the proof of the theorem. O

Next, forthcoming theorems prove the existence of the
space BH, (1, ).

Theorem 6. Let f €1, ,andp € Dand then fY g €l, .

Proof. Foreach f €1, ,and ¢ € &, we have

P

I (f v o)}, = JR dx. (17)

x! JR f(xt) @ (¢)dt

By Jensen’s theorem, we write

[« (f Y @) @I,

).k

g[ j I £ ()P | (8)] dt dx
R+

+

P
dx

[ renewa

(18)

<UA | Jo @]t

where K = [a,b],b > a > 0 is a compact subset containing
the support of ¢. Hence, from (18), we get

I (F Y o) O, < I fI} M b -a), (19)

where M is certain positive real number. This completes the
proof of the theorem. O

Theorem 7. Let f €1, , and ¢,y € D and then

W) fyle+y)=fYo+fyy

(ii) (af) Y ¢ = a(f Y 9);

(iii) let (f,) €1, and f, — fasn — oo then forg € D,
and we have f,Y ¢ — fY@asn — oo;

(iv) fY(eyy)=(fYo)Yy.

Proof of Part (i), (ii), and (iii) follows from properties
of integral operators J Similarly, the proof of Part (iv) is
straightforward from the properties of v proved in [5].

Following theorem is straightforward, and detailed proof
is omitted.

Theorem 8. Let f € 1, and (u,) € Athen f Yy, — fas
n — oo.

Proof. Since 9 is a dense subspace of [, then it is a dense

subspace of [, ,. Hence, there can be found y € & such that

If=vl,, <e (20)

for € > 0. Also, from (18), we have
ICF =) ¥l < DI Mt (21
Let g(t) = y*y(yt ")t ™" then; g(t) € D and hence uniformly

continuous on R, .
Therefore, there is § > 0 such that

lg(y) - g(x)| <& whenever |y—x|<d. (22)

Thus, using (22), we get
"(1// X Uy = W) (J’)"ﬁ,y

= JR | (v x p, = v) ()| dy

= JK J& (v () @
~y (7)), 0)] it dy
[ Lo
X |, ()] dt dy

:J J lg (y) = g | |u, (t)| dt dy
R R

+ +

(23)

= JR JR & |, (t)| dt dy.

+ +

By (22), supp u,(t) — O0asn — oo implies that there can
be found N € N, such that supp g, € [0,6], forallm > N.
Further, the fact that the function y is of compact support
thus this implies that suppy(y) € K = [a,b], where K is a
compact subset of R, . Thus, from (23), we write

by vin v <o [ [uae
= & (b—a) (20) M.
Now, we have
1ty <1 9) vl i}
B R T
On using (20), (21) and (24) prove that

If = fl,, —0 ase—o0. (26)



Thus the theorem is proved. Then the Bohemian space
BH,(l,,) is therefore constructed. The operations such as
sum and multiplication by a scalar of two Bohemian in
BH, (l,,,) are defined in a natural way

[(fn)]+[(gn)] _ [(fnvfn+gnwn)

()] L(z) (¥ ) ’ o
o[- Lo

where « is a complex number.
Similarly, the operation Y and differentiation are defined

by
allal-les)l

Now constructing the space BH,(/,/(,—,-1)) follows from
theorems which were used for constructing the space
BH, (l,,). Therefore, the corresponding proofs of Theorems
10 and 11 are omitted. O

Theorem 9. Let f €1 5/, 1) and ¢ € D and then f ® ¢ €
o211
Theorem 10. Let f € I
following hold:
W) felp+ty)=fop+foy
(i) (af) @ ¢ = alf ® ¢);

(i) if f, — finl,o)p-p-1, asn — ocothen f, @ ¢ —
fo®pasn — oo;

(iv) if (,,) € A, then f@u, — fasn — oo.

o2l(p-u-1)» P € D and then the

Theorem 11. Let f € 1,,,, 1) and ¢,y € D and then f ®
pyy)=(fepey.

Proof of this theorem is similar to that of Theorem 6.
Thus the space BH, (I, 5/(,—-1)) can be regarded as Bohemian
space.

4. Kritzel Transform of Bohemian

By aid of Theorem 4, we have the right to define the Kratzel
transform of [(f,,)/(¢,)] € [EBI]-[Il(lp)#) as the Bohemian

o [(Ln)] i [(lﬁ")fn)] (29)

() (¢)

is embedded in the space BH,(l,,,/(,—,-1))-

Theorem 12. The mapping 1P
BH, (p,2/(p-u-1)) 15
(i) well defined,

(ii) linear.

BH,(,,) —
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Proof. Let [(f,)/(¢))s [(g,)/(y,,)] € BH,(l,,) be such that
(£ /)] = [(g,)/(y)], and then £, ¥y, = g,y Y, =
G, thy,- Using Theorem 4 implies V) £, @y, = IV g ®u,,, for
all n,m. The idea of quotient of sequences in BH, (1, 5/(p—y-1))
implies that

1) 1P
L is equivalent to Y 9n (30)
n l//n

That is,

(#4,) (v)

To prove part (ii) of the theorem, if [( f,,)/(¢,)], [(g,)/(w,,)] €
[EB[I-I]I(ZP’#), then

@([(fn)] . [(g,JD _ [(lﬁwfnwn +zsp>gn®un)] |

[ (1 ,) ] i [ (1g.) ] | (31)

Y () (¥) (tn ® ) (32)
Hence
PP 8]l

Also, if & € C, then

/1(/;) |:(fn):| . |:(l1(/P)fn):| _ -(11(/7) (‘an)):| ] (34)

ol

() () (#4n)
Hence
This completes the proof, » 0

Definition 13. Let [P £,)/(u,)] € BHy (1, 1)) We

define the inverse of lf,p ) transform of the Bohemian

[ £,)/ ()] as

(1 1PY (1
P l{b fn)}: () (1) :[m)], 66
(#4) () (#4)
for each (u,,) € A.
Theorem 14. l’@ : [BI]-I]I(ZW) - BHZ(lp,Z/(pjufl)) is an

isomorphism.

Proof: Let 1P [(f,)/ ()] = 1 1(9,)/ ()] € BH, (L - u-1)
and then by (29) we get ['¥) f, ® y,, = I g, ® p,,. Therefore,
Theorem 4 implies

9 (oY W) = 1P (G ¥ 1) - (37)



Abstract and Applied Analysis

Thus f, Y v, = g, Y U, for all m,n € N. The concept of
quotients of equivalent classes of BH, (/, ) then gives

el e

This proves that 19 s injective.

To show that lff’) is surjective, let [(lip ) f)lu)l €
BH, (lp’z/(P_”_l) ). Then (ll(f’)fn)/(yn) is a quotient of sequences
in BH, (I, 5/(p-u-1))- Hence, 1P f ®u, =19 f, ®u, for all

m,n € N. Once again, Theorem 4 implies that li“’ (fo ¥ th) =
19)(f,0 ¥ ). Hence [(f,)/(u,)] € BH, (1, ,) satisfies

1 [@] = [ (75.) ] . (39)

(¢s) (#)

This completes the proof of the theorem. O

Theorem 15. Let v € D and [(Pf)/(n)] €

BH,(,2/(p-u-1)) then one has

—1
Q) 1P (AP £/l @ w) = [(F) /()] ¥ 5
i) 19 (£ 0] Y ¥) = (AP £/ ()] ® .

Proof. By using (29), we have

@4<Vwﬁq®w>szr%ww»®w]

! (tn) (¢n)
(40)
Theorem 4 then gives
o (lip)fn)} )_ (Fvy] ()
g ([w» ®W'{ w»]‘[m»vw
(41)

Hence the part (i) of the theorem is proved. The proof of part
(ii) is similar thus we omit the details. This completes the
proof of the theorem. O

Theorem 16. The mappings

(1 . BH,(,,) — BH,(,5/pp1)) are continuous
with respect to § and A-convergence.

—-1
(ii) lip) : B[H]z(lp,z/(p—y—l)) - [EBI]-I]I(IP,M) are continuous
with respect to § and A-convergence.

— —-1
Proof. At first, let us show that lf,p ) and lf,p ) are continuous
with respect to §-convergence.

s
Let 8, — Bin [EBI]-I]I(ZW) asn — 00 and then we show

that [ B, — 1 Basn — oo. By virtue of Theorem 5, we
canfind f,; and fy inl, , such that

A

such that f,, — firasn — oo for every k € N. Hence,
lip)fn,k g lip)fk € lp,2/(p7;471) asn — OQ. ’Thus,

[li‘”fn,k} [lif”fk
—_— | —
Uy Ui

asn — 0o.
To prove the Part (i), Let g,,, g € BH, (I, 5/(5—,,-1)) be such

] < BN, (lP»Z/(P—ﬂ—l)) (43)

B
that g, - gasn — oo. Then, once again, by Theorem 5,

In = [lx(zp)fn,k//’lk] and g = [Zsp)fk/.“k] for some f, s, fi €
and lip)fn,k — lf,p)fk asn — oo. Hence [f,,/u] —

)
[?;(//,tk] asn — oo.
Using (36), we get

1 [ —-1 [P
lE,p) |: v fn,k:| — lﬁp) [—" fk] asn — o0o. (44)
123% Hie

— —-1
Now, we establish that lsp ) and lsp ) are continuous with
respect to A-convergence.
A
Let 8, — Bin BH,(l,,) asn — oo. Then, there exist

fu €1, and (u,) € Asuchthat (B,~ )Y, = [(f,) Vi) /1]
and f, — 0asn — 00. By applying (29) we get

ll(fp) ((fn) Y Mk) (45)
My ‘

@«m—mvmh[

Hence, we have @((ﬁn ~B Y u) = [P f) ® w)/w] =

(p) :
LY fu — Oasn — coinl,y 1)
Therefore

1 (B, B) v ) = (198, - 178) o 11, — 0
(46)

as n — 0.

— A =
Hence, lgp)ﬁn — lf,P)ﬁ asn — 00.

Finally, let g, =R g € BH,( y)asn — oo and

p:2/(p—p-1
then we find IV f, € Ly /(p-u-1) Such that (g, — g) ® p,, =

(1) £ ® wo) /] and 1P f,, — 0asn — oo for some (1,) €
A

Now, using (36), we obtain

- ) (1 fon
B (90— 9)om,) = [( NCEALY (%
Hic
Theorem 4 implies
i (fa) Y
1 ((9.-9)em,) = [—k =fa—0
Hie (48)
as n — 00 in lP,H.
Thus
—1
1 ((9.-9) o m,)
(49)

—-1 —-1
:<15‘0) gn—lip) g>thn—>0 as n — 00.



—-1 -1
From this, we find that I g, = I’ gasn — oo in
BH, (,,.)-

This completes the proof of the theorem. O

Theorem 17. The [ transform is consistent with the classical
transform 1),

Proof. For every f € 1, ,, let B be its representative in

ot
BH,(l,,) and then 8 = [(f Y (1,))/(u,)] where (1) € A, for
all n € N. Since (p,,) is independent from the representative,
for all n € N, therefore

which is the representative of li” 'f € ly2/(p-u-1)- Thus this
completes the proof. O

Theorem 18. Let [(g,)/(y,)] € [BI]-I]Z(ZP’Z/(P,#,I)) and then a
necessary and sufficient condition for [(g,)/(y,)] to be in the

range oflip) is that g, belongs to range ofli"),for alln e N,
Proof. Let[(g,)/(y,)] bein the range ofl,(,P) and then it is clear
that g, belongs to the range of I'”), for all n € N.

To establish the converse, let g, be in the range of li” ), for

alln € N. Then there s f, €1, , such that 1P f =g, neN.
Since [(g,)/(y,)] € BH, (L 5(p—p-1))>

gn ® l//m = gm ® 1//}1’ (51)
for all m,n € N, therefore,
(Y 00) =1 (fu Y ), YmoneN,  (52)

where f, € 1, and ¢, € A, foralln € N. Then it follows
that we get f, Y ¢,, = f,, Y @,, for all m,n € N. Thus f,/¢,
is a quotient of sequences in BH, (/, ). Therefore, we have
[(f)/(g,)] € BH,(,,) and

“lal)-leal @

Hence the theorem is proved. O

Theorem 19. If B = [(f,)/(9,)] € BHl(lp,y) and y =
[(r,)/ ()] € [H%I]-I]l(lp,#), then one has

(GRS
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Proof. Let the hypothesis of the theorem be satisfied for some
[(f.)/(¢,)] and [(x,)/(1,)]. Therefore,

(el @) -2 (G

[ 1)@ %)
_[ (@0 ® 1) &
_ (li“fn)} (x,)
[ ol
This completes the proof. O

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgment

The authors gratefully acknowledge that this research was
partially supported by the University Putra Malaysia under
the ERGS Grant Scheme having project no. 5527068.

References

[1] S. K. Q. Al-Omari and A. Kiligman, “Unified treatment of the
Kritzel transformation for generalized functions,” Abstract and
Applied Analysis, vol. 2013, Article ID 750524, 7 pages, 2013.

[2] E. Kritzel, “Eine Verallgemeinerung der Laplace- und Meijer-
Transformation,” Wissenschaftliche Zeitschrift der Friedrich-
Schiller, vol. 14, pp. 369-381, 1965.

[3] D. I. Cruz-Béez and J. Rodriguez, “The L(f)-transformation
on McBride’s spaces of generalized functions,” Commentationes
Mathematicae Universitatis Carolinae, vol. 39, no. 3, pp. 445-
452,1998.

[4] G.L.N.Rao and L. Debnath, “A generalized Meijer transforma-
tion,” International Journal of Mathematics and Mathematical
Sciences, vol. 8, no. 2, pp. 359-365, 1985.

[5] A. H. Zemanian, Generalized Integral Transformations, Dover,
New York, NY, USA, 2nd edition, 1987.

[6] V. Karunakaran and R. A. Chella Rajathi, “Gelfand transform
for a Boehmian space of analytic functions,” Annales Polonici
Mathematici, vol. 101, no. 1, pp. 39-45, 2011.

[7] J. Beardsley and P. Mikusinski, “A sheaf of Boehmians,” Annales
Polonici Mathematici, vol. 107, no. 3, pp. 293-307, 2013.

[8] D. Nemzer, “One-parameter groups of Boehmians,” Bulletin of
the Korean Mathematical Society, vol. 44, no. 3, pp. 419-428,
2007.

[9] P. Mikusinski, “Fourier transform for integrable Boehmians,
The Rocky Mountain Journal of Mathematics, vol. 17, no. 3, pp.
577-582,1987.

[10] P. Mikusinski, “Tempered Boehmians and ultradistributions,”
Proceedings of the American Mathematical Society, vol. 123, no.
3, pp. 813-817, 1995.

[11] P. Mikusinski, “Convergence of Boehmians,” Japanese Journal of

Mathematics, vol. 9, no. 1, pp. 159-179, 1983.



Abstract and Applied Analysis

[12] S. K. Q. Al-Omari and A. Kiligman, “On generalized Hartley-
Hilbert and Fourier-Hilbert transforms,” Advances in Difference
Equations, vol. 2012, article 232, 12 pages, 2012.

[13] T. K. Boehme, “The support of Mikusinski operators,” Transac-
tions of the American Mathematical Society, vol.176, pp. 319-334,
1973.

[14] D. Nemzer, “Boehmians on the torus,” Bulletin of the Korean
Mathematical Society, vol. 43, no. 4, pp. 831-839, 2006.

[15] V. Karunakaran and C. Ganesan, “Fourier transform on inte-
grable Boehmians,” Integral Transforms and Special Functions,
vol. 20, no. 11-12, pp. 937-941, 2009.

[16] S. K. Q. Al-Omari and A. Kiligman, “Some remarks on the
extended Hartley-Hilbert and Fourier-Hilbert transforms of
Boehmians,” Abstract and Applied Analysis, vol. 2013, Article ID
348701, 6 pages, 2013.

[17] D. Nemzer, “A note on the convergence of a series in the space
of Boehmians,” Bulletin of Pure and Applied Mathematics, vol. 2,
no. 1, pp. 63-69, 2008.



