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Nonautonomous long-short wave equations with quasiperiodic forces are studied. We prove the existence of the uniform attractor
for the system by means of energy method, which is widely used to deal with problems who have no continuity (with respect to
the initial data) property, as well as to those which Sobolev compact imbedding cannot be applied. Afterwards, we construct an
approximate inertial manifold by means of extending phase space method and we estimated the size of the corresponding attracting

neighborhood for this manifold.

1. Introduction

In this paper, we investigate the long time behavior of
solutions for the following nonautonomous generalized dis-
sipative LS equations with quasiperiodic forces:

iut+uxx—nu+iyu+g(|u|2)u:h1 (x,1), 1)

n+ B+ ull + f (Jul’) = hy (x,1), @)

with initial conditions and space-periodic boundary condi-
tions as

ulx1)=u(x), nx1)=n(x), (3)

u(x—D,t) =u(x+ D,t), n(x—D,t)=(x+ D,t),

(4)

where x € Q = (-D, D), D > 0 and y and f are positive
constants.

The long-wave short-wave (LS) resonance equations arise
in many kinds of physical models (see [1-4]). Due to their
rich physical and mathematical properties, the LS equations
have drawn much attention. The autonomous situations,
including the existence of solutions, the solitary waves and

their stability, and the long time behaviors of the solutions,
have been deeply researched (see [5-14]).

Recently, the nonautonomous case of LS equations with
translation compact forces was studied in [15]. Because of the
nonlinear resonance of the equations, it is difficult to prove
the continuity of the process U(t, 7) generated by (1)-(4).
Thus, it is hard to construct the uniform attractor directly
by constructing a compact uniform absorbing set even if the
forces are translation compact, and in [15] only the weakly
compact uniform attractor for the system is obtained.

In this paper, we firstly investigate the compact uni-
form attractor for systems (1)-(4) by employing the energy
equations and the energy method presented by Ball (see
(16, 17]). The energy method can be concisely understood
as the following two steps (e.g., in autonomous cases): (1)
construct a weakly compact attractor and (2) prove the strong
compactness of the weak attractor, that is, verify that the weak
attractor is actually the strong one. To accomplish Step 1,
one can construct a bounded (weakly compact) absorbing
set and the weak continuity of the system. Step 2 is usually
deduced by applying proper energy inequalities together with
Lemmas 11 and 12. Obviously, this method is good at solving
problems which are not continuous and those that lack



Sobolev embeddings (such as systems defined in unbounded
domains).

Besides, approximate inertial manifolds (AIM) for the
system is studied afterwards. This manifold is a finite-
dimensional smooth surface in a phase space, whose small
vicinity attracts all the trajectories at a much higher speed
than global attractors. To investigate AIM, by employing
the extending phase space method we transfer the nonau-
tonomous system U, (t - T) to an autonomous one S(t), and
we get the AIM for U, (¢ - 7) by constructing the AIM for S(¢).

The main result of this paper contains Theorems 13 and
17. It is summarized by the following.

Main Theorem. Assume that

(i) hj(x,1),j = 1,2, are quasiperiodic forces satisfying
Assumption I;

(ii) generalized f(s) and g(s) are quasilinear functions
satisfying (9) and (10).

Then systems (1)-(4) generate a family of processes U, (t, T) in
E, = Hzer(Q) X H;er(Q). Moreover, the family of processes
U,(t, 7) admits a compact uniform attractor &, and an AIM

in E,.

We would like to remark that the existence of the compact
uniform attractor for the system does not depend heavily
on the quasiperiodicity of the forces. It still holds when the
forces are just translation bounded (see Remark 14), that is, it
strengthens the result in [15].

This paper is organized as follows. In Section 2, we show
the LS equations in details and we deeply introduce the
quasiperiodicity conditions. In Section 3, we get the uniform
a prior estimates for the solutions. In Section 4, we study the
unique existence of the solution. In Section 5 the existence
of the uniform attractor for (5)-(8) is obtained by applying
weak convergence method. In Section 6, AIM for (5)-(8) is
constructed by extending and splitting the phase space and
making use of projection operators.

Throughout this paper, we denote by || - || the norm of H =
Léer(Q) with usual inner product (.,), denote by | - || » the
norm ofL‘ger(Q) foralll1 < p<oo(l|-ll, =1-), and denote
by || - lx the norm of any Banach space X. Besides, notations

*

“—=7 “=7" and “ — ” denote weakly converges to, weakly star
converges to and strongly converges to, respectively. And we
denote different constants by the same letter C, and C(., -)
represents that the constant relies only on the parameters that
appear in the brackets.

2. Preliminaries

We show the nonautonomous dissipative generalized long-
short wave equations with quasiperiodic forces in details as
follows:

iut+uxx—nu+i)/u+g(|u|2)u=h1 (x,1), (5)

n, + fn+ |u|i +f (|u|2) =h, (x,1), (6)
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with initial value conditions

u(x, 1) =u,(x), n(x, 1) =n,(x),

7)

xeQ=(-D,D), D>0,

and periodic boundary value conditions

u(x—D,t) =u(x+ D,t), n(x—D,t) = (x+ D,t),

(8)

where u(x, t) is an unknown complex valued vector, n(x, t) is
an unknown real valued function, y, 8 are positive constants
and nonautonomous terms hy(x,t), and h,(x,t) are time-
depended external forces satisfying quasiperiodicity condi-
tions (see Assumption 1); non-linear terms f(s) and g(s) are
given real-valued functions, satisfying

|f(s)|<cl(sp/2+1), |g(s)|<q(sl/2+l), o

0<s<oo, p<2.
|f(k) (S)| <G |g(k) (S)' <6 k=1,2, (10)

where cj are given positive constants for j=12,3,4

Let 3 be a topological space, and ¢(s) € S is a function.
The set

I (9) ={ph+s) | heR} 1)

is called the hull of ¢ in B, denoted by #(¢). ¢ is translation
compact (resp., translation bounded) if #(¢) is compact
(resp., bounded) in .

We denote all the translation compact functions in
L?OC([R;X) by Li(R; X); X is a Banach space. Apparently,
Qe LZC(IR; X) implies that ¢ is translation bounded as follows:

t+1
lolyo =sop [ lolids <oo. a2
teR Jt

Assumption 1. Fori = 1,2, we suppose h,(x,t) € C'(t,+00;
H;er(Q)) and it satisfies quasiperiodicity conditions; namely,

hi (1) = H; (x,0' () = H; (%, 0} (8),..., 0} (£), (13)
and forall j € {1,2,...,k;},

,w'j+2n,...,w;(_)

i

i
Hi(x,wl,wz,...
(14)
—H( i i i)
= H; (%0, @0, @55 w0 )

i

. . ke .
where w; = o’t, 1 < k; < 00, and {a’} jo1 are rational and

independent; H; is differentiable to each position and

oH,
H, — e H'. (Q).
i o, per () (15)

If h;(x,t) satisfy Assumptionl, we can consider the
symbol space #'(h;) as
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9 (hy) = {H; (et + @)y, abt + wj, .

Since there is a continuous mapping T% — Z(h;) : w) —
Hj(oyt + w)), from [18] we know that the symbol space =, =
 (h,) x #(h,) can be replaced by T¥ := T* x T And, for
each w, = (w}, W) € T*, the translation operator acting on
T* can be defined as
T(h): T (h)w, = [w, + ah]
17)
= (wp + ah) mod (2m)".

Therefore, T* is translation compact.

Proposition 2. Under Assumption I, we can deduce the fol-
lowing properties:

(i) h;(x,t) is translation bounded in H;m(Q); that is,

t+1 3 +T 3
sup L ||hi(s)||H;erds<J @ ds<C. as)

21

where T = max{l,2mr - H’;;loc;}, C = T -

max‘r<t$‘r+Tl|hi(t)||§_I[1m,
(ii) for all yy € F(hy), 191172 ) < 11172 oy
(iii) h;, € H.,(Q), which can be seen directly from (15) and

per
the fact that

hy =Y —a. 19)

Moreover, hy, is translation bounded in H', (Q). Similarly to
(18), by the continuity of h;,, we can find a constant C, which is
independent of t, such that

"hit“L;O(T,oo;Hl y <G (20)

per

For brevity, we set W(x,t) = (u(x,t),n(x,1)), Yo(x,t) :=
(h,(x,1), hy(x, 1)), and let E, := Hlfer(Q) X H;er(Q) with the
norm

1/2
IWlg, = {lulfe +Inlza} (21)

Similarly, we let X, := #(h;) x #(h,) and for each Y =
(1> 2) € Zps

1/2
1¥lz, = {Ill7e + 1yl 22)
Then systems (5)-(8) can be rewritten as
atW = Ao(t)‘/v’ Wlt:‘r = W‘r’
(23)

Wi(x+ D,t) =W (x - D,t),

where the symbol o(s) = Y(x, s) or w(s) and the symbol space
X =2,o0r T,

Sl t @ ) | (why @hy @l ) = @) € T, (16)

Ok,

3. Uniform a Prior Estimates of the Solutions

In this section, we derive uniform a priori estimates of the
solutions both in time ¢ and in symbols Y(x,t) = (y;, ¥,)
which come from the symbol space £ = #'(h,) x # (h,). First
we recall the following interpolation inequality.

Lemma 3. Let j,m € NU{0}, g,r € R, such that 0 < j < m,
1 < g, r < 0o. Then we have

[P, < A" wl el @)

foru € W™ (Q) N LYQ), where Q ¢ R' and j/m < a < 1,
1/p=j+al(l/r)-m)+((1-a)/q)

Lemma 4. Let Assumption 1 hold. If u_(x) € Lim(Q) and
Y(x,t) € Z, then the solutions of problem (5)-(8) satisfy

lu@® <Cy, VE=tg, (25)
where C, = C(y, h,) and t, = C(y, hy, R), whenever ||u.| < R.

Proof. Taking the inner product of (5) with u in Lier(Q) we
get that

(iut +U, —nU+iyu+g (Iulz) u,u) =(y, (. t),u). (26)
Taking the imaginary part of (26), we obtain that

1d

5 dtllul|2+yllullz =Im (y,,u). (27)

By Young inequality and Proposition 2 we have

d, 2 2 _ 1 2
el I < el
. (28)
2
S ;"hl(x’ t)"Li(R;H;cr)‘
Then by Gronwall lemma we can complete the proof. O

In the following, we denote by f cdx = fQ- dx, which
will not cause no confusions.

Lemma 5. Under assumptions of (9) and (10) and
Assumption 1, if W(tr) € Hllm X H,,, then solutions of
problems (5)-(8) satisfy

WOz, «rr,, SCo VE2 1y, (29)

where C, = C(y, 3, f, 9, Yy, hyy) and t, = C(y, B, f, g, Yo, hyps
R), whenever |W_ |l ;. < R.



Proof. Taking the inner product of (5) with 1, in H,

per(€2) and
taking the real part, we have

1d 1( d ,
- 55“”"”2 -5 Jnalmzdx + Re (iyu, u,)
(30)
1 a4 o
t3 Jg(lul )Elul dx =Re(y, (x,1),1,).
By (6) we know that

d d, o,
o Jnalul dx

d
=5 jn|u|2dx - J |u|2ntdx

= % J nlulPdx + J |u|2|u|idx +p J nlul*dx
(31)

+ Jf (|u|2) ul*dx — Jyz (x, 1) |ul dx

= % J nlulPdx + B J nlul*dx

e 7 () Pt - [y,

which shows that
1d 1(d
il =5 (G [as g [as

| 7 () i~ [ )

1d : d
ey IG(|u|2)dx + Re (iyu, u,) - o ke (y1>u)

+ Re J v (e, t)udx =0,
(32)

where G(s) is introduced by
G = [ 9@ (33)

Taking the inner product of (5) with u in H,,,(Q2) and taking
the real part, we get that

Re (i, u) — ||ux||2 - Jn|u|2dx + jg (|u|2) [ul*dx
(34)

- Re(y, (x,t),u) =0.
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Multiply (34) by y and add the resulting identity to (32) to get

1d, o 1d 5 1 )
Sl =55 [l =3 (84 2y) [ mutax
1 1
-3 Jf (|u|2) lul*dx + 3 J-yz (x, 1) [ul*dx

P JG(|u|2)dx - y||ux||2 +y J g(|u|2) [ul*dx
d
—yRe(a(x,t),u) - ERe(y1 (x,t),u)

+ Re J 1 (x, t) udx = 0.

(35)
That is,
» (P + Jnlulzdx - jG (Iuf) dx
de \"~
+ 2Re J ¥, (x, 1) ﬁdx)
vyl + Jnlulzdx - jc(|u|2) dx
+ 2Re J ¥, (x, 1) ﬁdx> + V"”xnz (36)

== [ £ () + [ 3, 0 i
—y |G (1) dx—(r+ ) [ muax
+2Re J 1 (6, t) udx.

In the following, we denote by C any constants depending
only on the data («, 3, f, g) and C(:,-) means it depends not
only on (y, 3, f, g) but also on parameters in the brackets. For
all p > 0, when ¢ is sufficiently large, by (9), Lemmas 3 and 4
we have

|_ J £ (1u?) |u|2dx|

<C [ dx+C [l

s¢ J (1ul®? + |ul*) dx + Cllull®

<Clulll + C < CJu1ul’ + C < plu | +C(p), 7
lJ. ¥, (x, 1) |u|2dx’

< v G Ol ) * ol

< ||h2||i§7([R;H1 y+C [EMIES P””x"2 +C, (p).

per
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By (9) we deduce that

\Y%
(=)

2
IG(s)| < S8 +¢,5, Vs
302 (%)

And then
2
o otee)ed
<C j (1 + |ul*) dx

3 2
< Cllull; + Cllul

< Clu "1™ + € < pllu > + C; (p).

|-+ B | s
Q
< plnl® + C (p) lull;
< plial® + plu| + Cy (p)

|2 Re J 1, (1) ﬁdx|
Q

2 2
< "ylt L2(RH],,) + [lull

<C (”hlt”ig(R;H;ﬂy ||u||2) .
By (36)-(41) we deduce that

d 2 ) R
E (ael? + [ i~ [ G () dx
+ 2Re J ¥ (x,1) ﬁdx)
vy (il + [ b - [ G () dx
+ 2Re [ yyidx ) + P

< plinl’ + 4pllu]* +C (p)

+C ("hlt"izb(R;H;er)» ||“||2) .

Similarly we can also deduce that
% (e J Aluldx J G (jul?) dx
+ 2Re J yﬁdx)
B <||ux||2 N J nluldx - J G (IuP) dx
+ 2Re J- yﬁdx) +(2y - B) ||u
< plinl’ + 4pllu]* +C (p)

+C ("hlt"izb(R;H;er)) ||“||2) .

Taking the inner product of (6) with n in Hper(Q), we have

(38) 1d
55””"2 + Jnlulidx + Bllnl* + Jf (jul*) ndx
(44)
- Jyz (x,t)ndx = 0.
By (5) we get that
(39)
J n|u|idx
= J, nu, udx + J nuu,.dx
(45)
=i J (wu, —uu,)dx +2Re J iyuu, dx
(40)
—2Re J ¥, (x,t) u,dx,
% J (iuu,, — iu,u)dx
(41) =i J (wthy + Ul — vl — w1, ) dx
(46)
=i J (wty, — u i, + U, — u, ) dx
=2i J (wu, — vyu,) dx.
It comes from (44)-(46) that
d 2 d - — 2
% [nl” + % Jz(uux uu)dx +2p|n|
(42) +iy J (ut, — u,u)dx
<iy J (ur, —u,u)dx —4Re j iyuu,, dx (47)
+4Re J (%) U dx -2 J f (|u|2) ndx
+2 J ¥, (x,t) ndx.
Dealing with the right hand side of inequality (47), by
Lemmas 3 and 4, we get
iy [ (u, = ) dx] < 2l o] < p ] + €. (o)
(48)
(43)
|—4 Re J iyun,dx| < 4y lull |luc| < plluc| + C, (), (49)
l—2 J f (|u|2) ndx|

SCJ|u|p|n|dx+CJ|n|dx



1 1
< 3ol + C(p) [ ldx + S plinl? + C ()
< plial* +C (p) | hul®™ + C (p)

< plial® + pllug|* + C5 (p).

(50)
l4 Re J yzﬁxdxl
<Al Il < plucd + Co (p Il )
(51)
’2 j Yoh dx’
<2l 1ol < Pl + Cs (o sl )
(52)
Therefore,
d 2 . _ d 2
7 Inl® +i | (v, —uu)dx )+ 2B|n
+iy J (utt, —u ) dx (53)
< 2P||n||2 + 4p||ux||2 +C (p, Yo (x, t)”Lzh(R;Z)) .
Analogously, we can also deduce that
d 2 . — — 2
— (||n|| +i J (v, —u ) dx) + 2Bl
dt
+if J (ut, — u,u)dx (54)
< 201" + tpfel + € (oY 5 Dl )
Set € = min{y, 8}, and
E = |lug|* + Inl* + j nlul*dx — JG (1u*) dx
(55)

+2Re J yudx +i J (utr, — u u) dx.

Then by (42) and (53) and (43) and (54) we can respectively
deduce that

d 2 2
SEHVE ]+ Bl

< 8plu [P + 3plal +C (¥ (6 )2y )
(56)

d
L E+BE+ vl + Blnl?

< 8plu |+ 3l + C (2. 1¥ (6 Ol )
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which shows that if we set p < min{«/8, 5/3}, we can deduce
that

d
EE +eE<Cy, Vt=t, (57)

where C, = C(p, [|Y,(x, t)”Lg(R;z)’ Ay, (x, t)"Li([R;Z))' By Gron-
wall lemma we have that
Cy

E(t) <E(t)e "™ +
€

vt > t,. (58)
Similarly to (39), (40), (51), and (48), for t > t, we have

” nlul*dx — J G (|u|2) dx +2Re J yudx
+i J (utr, — u,u) dx| (59)
2 2
< plial” + pllug” +C (P’ I G, t)”L;(R;E)) :

And then

B t0)] < o (o) + I (e
#|[ ) )Pt - [ 6 (u(t)
+2Re j yy (t)7 (tg) dx (60)
i [ (0 (t0) e (1) = 1 () (1)

<C(R),

where C(R) = Cl(p, [Y,(x, t)"LZh(R;z)’ Ay, (x, t)”L;(R;Z)’ R)
when W, ;1. < R. Then by (58) we infer that

iy C
EQ)SCR e ™ + 20 vr>yq,
€
c (61)
2
<= Vit
€

where t, = inf{t | t > t, and C(R)e "™ < C,/e}. By (55),
(59) and (61) we infer that

lex O + 101 < plnl® + pllug|” +Co. (62)
Choosing p = min{y/8, /3, 1/2}, we have
Jete P+ W @1 < € (1Yo (6 Oz sy e 5D sy )
Vit,,
(63)

which concludes the proof by using Lemma 4. O

Lemma 6. Under assumptions of Lemma 5, if W(t) € E; =

2 1 . .
Hper(Q) X Hper(Q), then solutions of problems (5)-(8) satisfy

IWOIE, <Cp Vet (64)

where C, = C(y,B, f,9,Ypay) and t; = C(y,B, £, 9, Yy
agp> R), whenever [W ||l < R.
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Proof. Taking the real part of the inner product of (5) with
U, in H . .(Q), we have

per

pr ||uxx||2 - Re J ., dx + Re (iyu, )

xxt

+ Re J g (|u| )uuxxtdx Re J ¥ (%, 1) Uy dx = 0.
(65)
By (5) and (6), we have

—-Re J nutd,,,dx
d
=-— JRe (nuu,,) dx
dt
+ Re | nuti, xdx + Re J nu i, dx

J
il
J .
J

(66)

Re nuu

1

—Re

uu |u| +/3n+f(|u|) ) x

+ Re

nu,, (—inu — yu+1g(|u| ) iyl)dx.

Since
Re (iu, u,,,) = Re I iutl,,, dx = —Re J iuau, dx, (67)
we know that

Re (iyu, uxxt)
2 _
= y|ltg]” — yRe J nul, dx (68)
+yRe J g (|u|2) ut, . dx —yRe J YUy dX.
Multiply (5) by u and take the real part, we find that

|u|f = 2Re (iu,, 1) - 2y|ul* - 2 Re (iy, ) . (69)

Therefore,
Re J g (lul ) Ul dx
1d
Jg (|u|2) EE|MX|2dx
= J g (|u| ) |u| Re (uui,) dx — ; % Jg (|u|2) |ux|2dx

+ Jg’ (1) |ee,|* (Re (iu0) = ylul® - Re (iyy70)) dx
(70)

= J g (|u|2) |ul? Re (uti,, ) dx —

Now we deal with (70) to get (78). Due to equalities
lul> =2 Re (u,),

% Re (uu,) = Re (u,u,) + Re (utt,,),

we deduce that

J g (|u|2) |ul? Re (uti,, ) dx

= % Jg' (|u|2) 2Re (uui, ) Re (uu,) dx

- J g" (Iulz) |u|?2 Re (uu, ) Re (uu,) dx (72)
- J g' <|u|2) 2Re (uﬁx)t Re (uu, ) dx

- [ () 2Re (i, Re )
We take care of terms in (72) as follows

[ " (1) b2 Re (i) Re (ui ) i

=4[ " (1) (Re o)) 73)
x (Re (i, 1) - ylul® - Re (i) dx,
I g’ (Iul?) 2 Re (ui,), Re (uit,) dx
= I (1ul*) 2 Re (u,12,) Re (i) dx
)2 Re (uiti,,) Re (uii, ) dx

=2

9

+ Ig lul?)
[ (1) Re (i)

x Re (ithy, (1, =+ iy + g (Jul’)u - y,)) dx

+ jg' (1) lul, Re (uid,,) dx,
(74)

J g (|u|2) 2 Re (uu,) Re (u,u, ) dx
=2 J g (|u|2) Re (uu,)

x Re (iﬁx (uxx —nu+iyu+g (|u|2) u-— yl)) dx.

(75)

It follows from (72)—(75) that

- [ o/ () 1 Re (s,
-2 | o (1P 2Re i) Re i)

+4 J g" (|u|2) (Re (uﬁx))2

X (Re (i, 1) — ylul* - Re (iylﬁ)) dx



+4 J g (|u|2) Re (uu,)
x Re (it (1t — e+ iyu+ g (u*) - y,)) dx

[ g (1) Re un )
(76)

And then
[ f (1) Re Gu )
= —% Jg' (1ul*) Re (uii,.) Re (uit, ) dx
+2 [ g" (1) (Re s, ))?
X (Re (it 1) — plul” - Re (iylﬁ)) dx
+2 J g (|u|2) Re (uu,,)

x Re (iﬁx (uxx —nu+iyu+g (|u|2) u- )’1)) dx.
(77)

From (70) and (77) we have

ReJ g (1ul?) ut,dx
- _% Jg’ (1ul®) Re (uit,) Re (uit,) dx
-2 () s
+2 " (1) (Re ()
x (Re (iuy, 1) — ylul® - Re (iy,1) ) dx
+2 [ g/ (1) Re i)

x Re (iﬁx (uxx —nu+iyu + g(|u|2)u - yl))dx

X (Re (i, 1) — ylul® - Re (iylﬁ)) dx
(78)
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By (65), (66), (68), and (78) we conclude that

% (“uxx"z —~2Re J- nu,,, — 2 I g (|H|2) (Re (ui,))’

[ g Py a2 - 2Re [ yim.)
2y (el - 2R [ it =2 [ (1) (Re (s, )
- J (1) Ju,|” - 2Re J ylﬁxx)
+2y J i, dx + 4y J g (1u) (Re (uii,))*dx
+2y J (1) Ju [ dx + 2y Re J i dx
_2Re J it (Juf + B+ f (lul?) - ;) dx
+2Re J ithy, (—inu = yu + ig (|ul*) - iy, ) dx
+2yRe J g (1) T dx
+4 [ 9" (14P) (Re 4" (Re () = lul
— Re (iy,11) ) dx
+4 [ g (1) Re ()
x Re (ithy, (1t — nu+ iy + g (lul’)u—y,)) dx
+2 J g (jul?) |u,*
x (Re (iu,, 1) — ylul® - Re (iy,) ) dx

+2Re J Vil dx =0,
(79)

where I = _[-dx.

For later purpose, we let

F(u,n y,)=-2Re J i, dx — 2 J g (|u|2) (Re (uzi,)) dx

- J g (|u|2) |ux|2dx - 2Re J Y1l dX,
(80)

-G (uny, ;)

=2y J nutd, dx + 4y J g (|u|2) (Re (uzi,)) dx
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+2y J g (1) |u,"dx + 2y Re J 1, dx
~2Re J it (jul> + B+  (ul) ;) dx
+2Re J thy, (—inu - yu +ig (|ul*) - iy, ) dx
+2y ReJ g (1u?) e dx

+4 ] 9" (1) (Re (1)) (Re i) — ylul’
—Re (iy,u)) dx
v4 [ g (1) Re (i)
x Re (ith,, (1t — nu + iyu
+g (lul*)u-y,))dx
+2 J g (jul?) |u,|*
x (Re (iuy, 1) — ylul® - Re (iy,u) ) dx

+2Re J Y1l dx.
(81)

Then from (79) we have

3 (e + )+ 2yl +F) =G (82

or

d
2 (el + )+ y (Joasl + F) + el = G- yF.
(83)

By Lemma 5 and Agmon inequality we have
@)l + I, + In)IE < 2C;,

VExt, o (84)

In the following, we denote C = C(«, B, f,g,Yy,ay). By
Lemma 3 and (84) we estimate the size of |G — yF| to get

d
= Ul + F) +y (el + F) + ylu
< CJ n|* |thr| dx + CJ |ux|2 [t1,| dx

+ CJ |ux|2 |nu|dx + C

< C flute | I}
+ C et et [3 + Cllll o Il s s + €
< C ot el 200 4+ Clot | e |2
+ Cllullo Il | sl + €
< C el e + Clluel* + €
<Ml + e
(85)

Taking the inner product of (6) with n,., in H, (), we see
that

1d 2 2 2
- EE””x“ * J lul dx = Bl
(86)
+ Jf (|u|2) nxxdx - ijHXde =0.
Since
I ul2n,dx =2 I Re (uti,n,,) dx
(87)

=-2 J Re (uﬁxxnx + |ux|2nx) dx,
by (86) we can deduce that
d 2 _ 2 2
E”n"" +4 J Re (uti, 1, ) dx + 4 J |u, | ndx + 2B|n,|
+2 J f' (Iulz) (i + v, ) ndx — 2 J Yy dx = 0.
(88)
From (5) we know that
iUy + Uy, — MU — MU+ TYU, + g' (|u|2) |u|iu
(89)
+ g(lulz)ux — Y1 (x,1) = 0.

Taking the real part of the inner product to (89) with u,, in
H_. (Q), we have

per
Re J iu, U, — Re J n.uu, dx — Re J nu i, dx
+ Re J iyu, i, dx + Re J g' (|u|2) |u|iuﬁxxdx (90)
+ Re J g (|u|2) u, U, dx — Re I Vil dx = 0.
Because of

% Re J iu i, dx =2Re J ity Uy, dX, (1)
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it holds that
1d

——Re J iu, U, dx — Re I nuu, dx — Re J nu, U, dx
2dt

+ Re J- iyu . dx + Re J g' (|u|2) |u|iuﬁxxdx

+Re J- g (|u|2) u U, dx — Re J Yyl dx = 0.
(92)

By (92) and (88), we find that

%"nxuz . 2% Re j i ii,_dx + 4 j lu, ", dx
# 2Bl +2 [ 1 (1) o =2 [ yrond
—4Re J nu, i, dx + 4y Re I iU, dx (93)
+ 4Re J g' (|u|2) |u|iuﬁxxdx
+4Re J g (|u|2) u,u, dx —4Re J. Yixlygdx = 0.

That is,

% <||nx||2 +2Re J iuxﬁxxdx)
+2p ("nx"2 +2Re J iuxﬁxxdx>
=4 Re J iu i, dx —4 J |ux|2nxdx
-2 J f’ (lulz) |u|inxdx +2 J Vo dx (94)
+4Re J nu, U, dx — 4y Re J iu i, dx
~aRe [ g (1uF) I
_4Re J g (1ul?) 7, dx + 4 Re J i, dx.

For later use, we let

F, (u,n) = ||nx||2 +2Re I iuu,..dx, (95)
G, (u,n, y;, y,) = the right hand side of (94).  (96)

Then identity (94) as being equivalent to

d
aF1 +2pF, = G,. (97)

Abstract and Applied Analysis

Similarly to (85) we estimate each term in (94) and then we
get

i n | +2Re | iuu, .dx
dt X XXX

+ B (Inl? + 2Re [ iitgdx) + Bl

< 2Re [ it + C el + Clis ] I

98
+Cln ]+l Wl o] o9

1/2

< C el + Cliec ™t el + C |

el

-l e[ 0l ot

< P + B P + .

N
Let e = min{y, 8}, and
E = |lug| +|ne]* + F+2Re J iu g dx. (99)

By (85) and (98) we deduce that

d
GEFEESC vzt (100)

which has the same form with (57) in the proof of Lemma 5.
Similarly to the study of (57) we can derive that

2
E(t) <C(R,), E®<2S, wist,, (0D
€

where t,, = inf{t | t > tZ*,C(Rz)e_e(’Z*_to) < Cy/e} and
C(R,) = C(y, B, f. 9, Yy hy Ry) when Wl oy n < R,. By
(80) we deduce that

IF +2Re J iuxﬁxxdx|
< 2fullgg lll ety
+ Ol | + sl s | (102)

7l sy et + 2 s el + €
1 2
< Clull +C < 5l + G,
and then by (99), (101), and (102), we deduce that

liw” + 2’ <€ VES 1y, (103)

which concludes the proof by Lemma 5. O

To study the AIM for the system, we construct the
following higher order estimate.
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Lemma 7. Under the assumptions of (9) and (10) and
Assumption 1, for each W, € H,, (Q) x H

(5)-(8) satisfy

per per

sup [+ sup Juliy, <C. VT >,
T<t<T T<t< (104)
"ntx” < Cp vVt > tos
where C = C(T, "uT"Hf,e,’ IIHTIIH;M,CO),C1 = C(Cy).

Proof. Taking the partial derivative of (6) with respect to x,
by (9) and (10) we have
Il = |-Bre = 1ully = £ (1) [l + hyy |

< Clinll, + Clul, (105)

+ "hZNL‘;(’(‘r,oo;HIl,er) <Gy

Taking the partial derivatives of (5) with respect to x and ¢,
we have that

Wy + Usxxt — (nxtu + e,y + My Uy + nuxt) + WUy

" 2 2 2 ! 2 2
+g" (1) lullulu+ g' (|ul) |ulu

= hlxt'
(106)

g (1ul®) lul?u, + g (jul®) [ullu, + g (lul*) uy,

Taking the inner product of (106) with u,, and taking the
imaginary part, we get

1d

W

< J. |(Myu + muy + nu,) U, | dox

jIg lul*)

x (wuid® + g |ul® + u i |ul® + w3 )| dx

+ [19/ (1)

X (Up U+ Uythy + U Uy + uﬁtx)' dx
+ J |g’ (|u|2) Uty (U + ﬁtu)| dx
(g2
+ J |g (|”| )utuxt

N J Iyt ] dx.

(u i + ﬁxu)' dx

(107)

(Q), solutions of

1
Since
[ el dx < oo [ Inci] ax
< ol W, e
< Cluy|’ +C
J |9I (Jul®) uﬁxt”mﬁ| dx < C"””iw(n)"”xt"z < Cllug ],
(108)

dealing with each term in (107) in the same way, we deduce
that

d
sl < Cllual + €. (109)

By Gronwall lemma and (5) it follows that

sup [lu| + sup Jullys, <C,
T<t<T T<t<T

vT > T, (110)

where C = C(T, |lu_ll g, 7]l 1 ), which completes the proof.
O

4. Unique Existence of the Solution

In this section, we show the unique existence theorem of
the solutions. Since uniform a priori estimates have been
established in the former section, one can readily get the
existence of the solution by Galérkin’s method (see [9, 14, 16,
19]) or operator semigroup method (see [6]). We show the
theorem and prove it briefly for readers’ convenience.

Theorem 8. Under assumptions of Lemma 6, for each W, €
E,, systems (5)-(8) has a unique global solution W(x,t) €
L®(1,T; Ey), forall T > 7.

Proof. We prove this theorem briefly by two steps.

Step 1. Existence. By Galérkin’s method, we apply the following
approximate solution

!
W (e, 1) = Yl (0 () (1)
j=1

to approach W (x, t) and the solution of the problems (5)-(8),
where {17;}7, is a orthogonal basis of H(() satisfying —Ar; =

/\]11]- (j=1,2,...). And W(x,t) satisfies, j = 1,2,...,1,

1] 1l . 112\ 1 -0
1ut+uxx—nu + 1au +g u u—a,nj =0,

(ni + B + |ul|i +f (|ul|2) -b, nj) =0, (112)

(W' x1)m;) = (W)

It is easy to see that system (112) is an initial boundary
value problem of ODE for the unknown coefficients (ui., n});

Wiy =0
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the solution of which is known to be unique. Like [19], by the
a priori estimates in Section 3 we know that {W'}%°, converges
(weakly star) to a W (x, t) which solves (5)-(8).

Step 2. Uniqueness. Suppose W, and W, are two solutions of
the problems (5)—(8). Let W = W, - W,; then W(x, ) satisfies

iUy + Uy, — MUy + Nyl + o
+ g(|u1|2)u1 - g(|u2|2)u2 =0,

n+ B+ gl = [l + £ (Jn]?) = £ (Ju3]) =0,
Wlt:'r = 0’

113)

W|BQ = 0:

which has nothing to do with symbols. Similarly to [19-21],
we can deduce that [W| = 0, which concludes the proof. [

Similarly to [16], by Lemma 7 we note that systems (5)-(8)
has an unique global smooth solution in Hser(Q) X H;er(Q),
and, moreover, it follows the following lemma.

Lemma9. Under the assumptions of Lemma 7, foreach W, €
Hfm(Q) X Hler(Q), problems (5)-(8) have a unique global
solution W(x,t) € L®(,T; H;er X H;er), forall T > 7,
satisfying

W@z «pr, <C Ve, (114)

where C relies on the data and t, relies on the data and R
whenever [W_|l s o ip <R
per per

5. Existence of the Compact Uniform Attractor

In this section, we derive the existence of the compact
uniform attractor for the system applying Ball’s idea (see
[16,17]). That is, first we construct the weak uniform attractor
(the convergences are taken in the sense of weak topology),
and then we show that the weak uniform attractor is actually
the strong one.

First we recall the following facts. Each solution trajectory
for systems (5)-(8) satisfie

% (Juosl? + F) + 20 (Jus P+ F) =G, (15)
d
& (IndP + )+ 28I +R) =G @0

where F, G, F;, and G, are given by (80), (81), (95), and (96),
respectively. Moreover, by the uniform boundedness and the
compactness embedding H*Q) — Hk’l(Q) (forallk e Z,)
we have that F, G and F}, G, are all weakly continuous in E; x
2.

Since we have uniformly estimated the size of solutions
by Lemma 6 and shown the unique existence of the solution
by Theorem 8, following the method of [8, 15] we have the
following theorem.

Abstract and Applied Analysis

Theorem 10. Under assumptions of Theorem 8, the family of
processes {U,(t, T)},c5 generated by systems (5)-(8) is weakly
(E, x X, Eg)-continuous and it admits a weakly compact
uniform attractor o5 in E, = HIZM(Q) X HIIM(Q).

Proof. Since by Lemma 6 we know there exists a bounded
uniform absorbing set, it suffices to prove that {U,(t, 7)} ;5 is
weakly (E, x %, E;)-continuous and the existence of the weak
uniform attractor follows.

For any fixed t;, > 7 € R, let

(Wo04) = (W,,0)  in Ejx 2, (117)
we will complete the proof if we deduce that
W, (t,) = W, (t;) inE, (118)

where Wak(tl) = (u(ty), m(t)))
W, (ty) = (u(ty), n(t,)) = U, (t;, T)W,.
By (117) and Theorem 8 we get the boundedness

Uy, (£, T)Wy, and

Wellg, <G, (119)
sup |W, ()] . <C.
te[r};]" O, (120)
By Agmon inequality ||v[lo, < Cl|vll;n we see that
W, 0], <C vr<t<T (121)

Note that

Upy = ~Upeyy + My — YU — g (|“k|2) U + Yii (%, 1),
(122)
2 2
e = ~|uel, = By — f (|”k| ) + Vo (3, 1), (123)
and o = (y1(x, 1), ¥ (x, 1)) € Z. By (120) and (121) we find
that o, W, (t) € L®(r,T;H) and
<C.

lo:w,, (124)

(t) "L"" (7,T;H)
Due to Theorem 8 and (124) we know that there exists W (¢) £
(u(t),n(t)) € L™(1,T;E,) and subsequences of {ng ")},
which are still denoted by {W,, (¢)}, such that

W, () =W () inL®(r,T:E,), (125)

oW, () =W () inL®(r,T:H).  (126)
Besides, for all t; € [7.T], by (120) we know that there exists
w2 w0 ) e E, such that

W, (t,) = W° in E,. (127)
By (125) and a compactness embedding theorem, we claim
that
strongly in L* (0, T;H).

u (1) — i (t) (128)
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In the following, we will show that W (¢) is a solution of
problems (5)-(8).
Forallv € H, Vy € C°(7,T), by (122) we find that

T

T
J (iug w (B) v) dt + J (thexr> ¥ (£) v) dt

T T

T T
- J (M, w (t) v) dt + J (iyu, w (t) v) dt

T , T
+j (g(|uk| )uk,t//(t)v)dt—J (yix (. 8) W (1) v) dt

T T

=0.
(129)

Due to

T T
j (Mg w (t) v) dt — j (A, v (t) v) dt

T T
- [ -y @wdes | @) w0
! (130)

and by (121), (128), and (125)
T
J- (g = &) m, w (1) v) dt < Oi‘:fT"”k Gl I20) V"U(O,T;H)

X e — a||L2(0,T;H) — 0,
T
j (@ (ny - ),y () v) dt

- jT((nk —7),y (t)vii) dt — 0,

T

(131)

we have

T T
J (nkuk,q/(t)v)dt—>J Gy (d.  (132)

Taking care of other terms of (129) in similar methods and
taking the limit, we have

T T
| @@y odes [ @unvod

T T
—J (7, v) v (t) dt+J (iyin,v) y () dt

T

T

T
+J (9(|ﬁ|2)ﬁﬂ)w(t)dt—J (3 (1), ) y () dit

T T

=0.
(133)
Therefore, in the sense of distributions it holds that
ity + i, — i + iyii + g ([7°) 7 = y, (x,1), (134)

which shows that (1, 77, y, (¢)) satisfies (5).
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For all v € H and for all y € C;°(z,T) with y(T) = 0,
y(7) = 1, by (122) we find that

T / T
- J (iug, v)w' () dt + J (thxr v) W () dt
T T
- J (M, v) v () dt + J (iyu, v) y (t) dt

T ) T
0 J (9 (Jue]”) o v) w (£ dt — j (Vi (6, 1),v) y () dt

=i(u (1),v).
(135)

Assumption (117) implies that

u (1) = Uy — u, in H. (136)

Then taking the limit of (135), by (136) we have
T T
- [ @ny e+ [ @y @

T T
- J (7L, v) y (t) dt + J (iyin,v) y () dt

T

T
+[ (o) an)y@di- [ (nwn.y @

T T

=i(u,v).
(137)
While from (134) we know that
T T
- J (iti, v) y' (t) dt + J (i v) v (£) dt

T T
- J (AE, v) w (t) dt + J (iyw, v) y (t) dt

T

T
+ J (g (1) it v)y () dt - J (y; (6, 8), v) w () dt

T T

=i(u(r),v).

(138)
It come from (137) and (138) that
(u,,v)=(@(r),v), VveH, (139)
and then
u(r) =u,. (140)
Equations (134) and (140) imply that
i) =u(). (141)

Forallv € H,Vy € C;°(t,t,), with y(7) = 0, y(t;) = 1. Then
repeating the procedure of the proofs of (135)-(138), by (127)
we deduce that

(142)
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It comes from (127), (141), and (142) that

w () = u(t,) in H, (Q). (143)
Similarly, we can also deduce that
m (t,) —=n(t) in Hy, (Q), (144)

which together with (143) proves (118) and then the theorem.
O

To prove the strong compactness of the attractor o/, we
recall the following two lemmas.

Lemma 11. Let (X, || - llx) be a uniform convex Banach space
(particularly, a Hilbert space) and let {x;};~, be a sequence in
X Ifx — xgand ||x lly — lxolly then x;. — x.

Lemma 12. Let {x;};, be a sequence in B* space X. If x;, —
X, then

sup"xk"X < 00,

Z

ol <lim inf sl as)

Theorem 13. Under assumptions of Theorem 8, the weak
uniform attractor oy in Theorem 10 is actually the strong one
for the system in E,.

Proof. Since a point (w,m) belongs to the weak uniform
attractor ¢fy if and only if there exist two sequences
{wp, 12, and {£,}$2, such that for all o(t) € Z, it uniformly
holds that

U, (te 1) (wg,mZ) — (w,m) in Ey, k — oo, (146)
where t;, — ocoask — co. The theorem is concluded if the
weak convergence is strong.

For each § > 7 fixed, since t;, — 00, we can consider
itas S < t; — 21, k € N,. By Lemma 6 we know U_(t; —
S, T)(wg, mZ) isbounded in E, and then there existsa (v, p) €
E, and a subsequence of U, (t, — S, 7)(wy, my), which is still
denoted by U, (t, — S, 7)(wj], m)), such that

Uy (6= $7) (whomy) = (vp) inEp.  (147)
Let
(wy (), my (1))
=Ur, 500 (DU, (t = $,7) (W my)
(148)

=U, (t+t,—S- 1,8, = S)U, (t; - $,7) (wimy)
:Ua(t+tk—S—T,T)(w2,m2),

where T(:) is the translation operator on X. Since o(t) is
quasiperiodic, there exists a 0™ € X such that

T(t,-S-7)o — 0" inZ. (149)

Abstract and Applied Analysis

Therefore, by (147) and (148) and the weak (E x X)-continuity
of U, .5 (t, T) we see that

(wy (t) ,my () = Uy (£, 7) (v, p)  in E,, Vt > 1, (150)
and by taking t = S + 7,
(w,m)=U, (S+1,7) (v, p). (151)

From the first equality of (148) we can consider
(wy(t), my(t)) as the solution trajectory, starting at U, (¢, —
S, 7)(wy, mY), created by Ur(t,—s-r)o(t> 7). Hence, by (115) and
from the boundedness that |U,(t; — S, T)w,glli,z < Cwe find

per
that

@iz, + F (wi (6),mi )

et 2
_ p20t-m) ("Ua(tk -8, T)wp e
er

+F (U, (t - S 1) wpo Uy (t — S, 7) m2)>

t
+ J e IG (wy (s), my (s)) ds
T
< el (C +F (Ua (te = S, 1) wp, U, (£ — S, 7) mg))

+ Jt e 270G (wy (s), my (s)) ds.
' (152)

Since F and G are weakly continuous in E,, by taking t =
S+ 7in (152), from (148), (147), (150), (151), and the Lebesgue
dominated convergence theorem we get that

lim sup“Ua(tk, T)wg' sz +F (U, (S+21,7) (v, p))
— 00 per

<e?™(C+F(np)) (153)

S+t
N j e—20¢SG (Uo* (5+T,T) (V,P))ds.

T

While (w, m) = U, (S+7, 7)(v, p), we can consider (w, m)
as the solution at S + T corresponding to the initial data (v, p)
and the symbol ¢*. Similarly to (152) we have

2
lwlp, + F (w,m)

=7 (I}, +F (v p))

(154)
S+1 2as
+ e “°GU, (s+1,7) (v, p)) ds.
Deducting (154) from (153), we see that
2
lim sup"Ua(tk, T)w2 "H2
k— 00 per

(155)

2 —2a8 —2aS 2
< wliy, +Ce™ = eyl

2 —2aS8
< "w”HSe, + Ce ™.
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Since S is fixed arbitrarily, let S — ©0; we conclude that
) 2
lim sup"Ua(tk, ‘r)w,g"Hz < ||w||§{z .
k— 00 per per

(156)

On the other hand, by Lemma 12, the weak convergence
U, (t,, Twy — w implies that

L 0% 2
lim infUy (6 Dy > ol - (157)
It follows from the previous two inequalities that
lim [U, (o D, = Il (158)
k— o0 ok k Hécr Hper'

Similarly to the previous arguments, by using (116) we can
derive that

. 02 2

Jim Ut [ = Il (159)
By (146), (158), and (159) and Lemma 11, we conclude that
U,(te, D(wy,m)) — (w,m) in Ey, which completes the
proof. 0

Remark 14. We remark that up to this point the quasiperiod-
icity of the forces is not essentially necessary. We have actually
used the uniform boundedness and the weak compactness
of the symbol space in H, which can be totally satisfied
by translation bounded external forces. In other words, if
h;(x,t)(i = 1,2) are relaxed to be translation bounded: /; €

Li(r, 00; H;er(Q)), then all the results here still hold.

6. Approximate Inertial Manifolds for (5)—(8)

6.1. Extending and Splitting the Phase Space. From
Theorem 13 we know the systems (5)-(8) create a family
of processes {U,.5(t, 7)}, which admit a compact uniform
attractor in E,,. Then from phase plane extension formula in
[18], there is a semigroup {S(t)}, where

S (t) (Wo, wp) = (U, (6:0) Wy, T (1) ) »

(160)
W, € E,, woeTk, t=0,
which is created by the following autonomous system:
iut+uxx—nu+iyu+g(|u|2)u =H, (x, w0, (1)), (@161)
ne+ B+ |ull + f (Jul®) = Hy (x,0, (1)), (162)
60 o =12, (163)
(W (x,0),w(x,0)) = (W, (x), @, (%)) (164)

Let B(u,n) = un be a bilinear operator: H?’x H' — H',
H(u) = IulfC a nonlinear operator: H?> - H'and A = —Oyye-
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Equations (161)-(163) can be transformed into the following
abstract differential form

iu, — Au— B(n,u) +iyu+g (|u|2) u=H, (x, 0, (1),

n,+ H (u) + fn+ f(|u|2) =H, (x,w, (1)),

dw; (t) i
= =1,2).
o o (i )

(165)

Since A is an unbounded self-conjugate compact operator,
there is a complete orthogonal set {rlj};fl of eigenfunctions
of A such that An; = A1, and
0<A <A< <A — 400, j— +o00. (166)
Forallm > 0,weletP: H — H,, :=span{y,,...,#,,} be
a projective operator and let Q := I - P : H — H,.. Taking
the projection of (165) we get

i% — Ay — PB(u,n) +iyy + P (g (Jul’) u) (167)

= PH, (x, w; (x)),
d

id—f —Az—QB(u,n)+iyz+Q(g(|u|2)u) (168)

= QH, (x, w; (x)),

dp + PH (u) + Bp + Pf (Jul*) = PH, (x, 0, (1)),

~ (169)

d
d—‘f +QH (u) + fq + Qf (lul’) = QH, (x,w, (1)), (170)

where y = Pu, z = Qu, p = Pn,and q = Qn.
By Parseval’s formula we can get the following propo
sition.

Proposition 15. For all v €
expansion:

H, there is the following

v=) (v n; (171)

j=1

and ifv e H',

M= S ()19 = Eaf(en)f oz
= j=

Moreover, because of (166), it holds that
IV@QWI? = A lQVI7, IVPI? < A IPvI?. (173)

From Lemma 9, Proposition 15 and Agmon inequality
IVlo < IV, we can deduce the following lemma.
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Lemma 16. If assumptions of Lemma 9 are satisfied, the
solution (u, n) satisfies

el gz Imll s 7lloos N1t < G

lAzl | A"z Dzl 2]l e < Al a74)

m+1°
VE>t).
6.2. Constructing the AIM. Now we are in the position to
show the AIM for (5)-(8).
Set®: H,, x H, xT" — H:xHZ,

@ (y,p0) = (Y1 v5), V(3 p.w) € H, x H, x T,

(175)
where (v, y,) satisfies
~ Ay, - QB(y, ) Q 2
1 = QB(y.p) +iyys + Qg (Iy[) ») )
= QH, (x,w, (t)),
QH (y) + By, + Qf (|y) = Qi (v, (1)) (177)

LetIl, : HXx HxTF — HxH,IL, : Hx HxT* — T be
orthogonal projection mappings.

The following theorem shows that Graph(®), the graph of
mapping @, is just an AIM for the autonomous system (165)
and IT; Graph(®) is for problems (5)-(8), which concludes
this paper.

Theorem 17. Under assumptions of Lemma 9, it holds that

distyepp (W, w) , Graph (®)) < CA /2 (178)

m+1° t> tl’

where Graph(®) = ((y, p, w), (v, ) is the graph of ® and
C depends only on the data. Moreover,

distyp, g (W ) ,H Graph (CD)) < C/\,—nlﬁ, t>t,
1

179)

which shows that 11, Graph(®) is an approximate inertial
manifold for problems (5)-(8).

Proof. From (176) and (168) we deduce that
Ay, — Az = Q(B(u,n) = B(y, p)) +iy (y; - 2)
+Q(g (1) u)-Q(a(]yI’) y) - iz
=Q(B(u,n) - B(y,n) + B(y,n) - B(y, p))
+iy (v —2) + g (Jul*) z - iz,
=Q(B(z,n) +B(y.q)) +iy (v, - 2)
+g(jul*)z-iz,

=Q(nz+qy) +iy (v, —2) + g (lul’) z - iz,
(180)
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which implies that
Ay, — Az|| < llnll, Izl + || y]o lal

+y v =2l + g 1zl + =] -

Since
v, 2l < A% by, - 4e] (182)
from (181) and Lemma 16, we get
Ay, - Azl < C2 4y, Ay, - Azl (89

Because /lj — +00 (j — 00), there exists 1, > 0 such that
for all m > my,

Ay, - Az| <CAMZ t>t. (184)
From (177) and (170) we see that
By, - Ba = Q(H (u) - H(y))

) , (185)

+Q(f (1) = £ (BI)) + 4
Whileu = Pu+Qu =y &z,
H (u) — H (y) = |ul} - |y[2 = lL,
£ ()= £ () = £ (8F) (el = ) ase)

S BIER

where { € H” and |y|* < |{|* < |ul*. Then from (185), we see
that

|42 (v, - q)|
<Clall| +ca” (£ (1K) 1=1°)] + [ A4 -
(187)

By Lemma 16 we can deduce that

Ja" (£ (1) 1=7))
<[ (A" (1g1)) 1= + € | A1)

< C|IlzPA"g*| + Cllz.l Izl

(188)

m+l*

<C|lzP| +Clall < Cr,?
While from Lemma 6 we know that

lAzl <A, a2 <ea
(189)
|a'72q,) < cx,ly

m+l*

Therefore,

m+1°

(190)

|AlzP| < Cllzll, Azl + C|A"2|  |A"2| < CA,,3
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By (187), (188), (189), and (190), we get

(191)

m+1°

|4 4, - ) < a2
Then from (184) and (191) we can conclude that

distzpy i (W, @), Graph (@) < CcA 2

m+12

t>t,. (192)

The estimate (179) follows from

dist (W ), H Graph (CD))
1
= dist <Uw (t, 7)W,, [ | Graph (cp))
1

= dist <HS (t) Wy, wp) H Graph ((D))
1 1

(193)

< dist (HS (t) (W, wy) H Graph (CD)>
1 1

+ dist (Hs (t) (Wy» w,), | | Graph (cp))
2 2

= dist (S (t) (W,, w,) , Graph (D))

= dist (W, @) , Graph (®)) < CA,, /2

m+1°

and we complete the proof. O

Acknowledgments

The authors thank an anonymous referee for his/her helpful
comments on the paper. This work was supported by the NSF
of China (nos. 11371183, 11271050, and 11071162) and the NSF
of Shandong Province (no. ZR2013AM004).

References

[1] R.H.J. Grimshaw, “The modulation of an internal gravity-wave
packet, and the resonance with the mean motion,” Studies in
Applied Mathematics, vol. 56, no. 3, pp. 241-266, 1977.

[2] D. R. Nicholson and M. V. Goldman, “Damped nonlinear
Schrodinger equation,” The Physics of Fluids, vol. 19, no. 10, pp.
1621-1625, 1976.

[3] D.J. Benney, “A general theory for interactions between short
and long waves,” vol. 56, no. 1, pp. 81-94, 1977.

[4] M. Oikawa, M. Okamura, and M. Funakoshi, “Two-dimen-
sional resonant interaction between long and short waves,’
Journal of the Physical Society of Japan, vol. 58, no. 12, pp. 4416
4430, 1989.

[5] X. Duand B. Guo, “The global attractor for LS type equation in
R!” Acta Mathematicae Applicatae Sinica, vol. 28, pp. 723-734,
2005.

[6] Y. Li, “Long time behavior for the weakly damped driven long-
wave-short-wave resonance equations,” Journal of Differential
Equations, vol. 223, no. 2, pp. 261-289, 2006.

17

[7] B. Guo and L. Chen, “Orbital stability of solitary waves of
the long wave-short wave resonance equations,” Mathematical
Methods in the Applied Sciences, vol. 21, no. 10, pp. 883-894,
1998.

[8] B. Guo and B. Wang, “Attractors for the long-short wave
equations,” Journal of Partial Differential Equations, vol. 11, no.
4, pp. 361-383, 1998.

[9] B. Guo and B. Wang, “The global solution and its long time
behavior for a class of generalized LS type equations,” Progress
in Natural Science, vol. 5, pp. 533-546, 1996.

[10] D. Bekiranov, T. Ogawa, and G. Ponce, “On the well-posedness
of Benney’s interaction equation of short and long waves,
Advances in Differential Equations, vol. 1, no. 6, pp. 919-937,
1996.

[11] D. Bekiranov, T. Ogawa, and G. Ponce, “Interaction equations
for short and long dispersive waves,” Journal of Functional
Analysis, vol. 158, no. 2, pp. 357-388, 1998.

[12] Z. Huo and B. Guo, “Local well-posedness of interaction
equations for short and long dispersive waves,” Journal of Partial
Differential Equations, vol. 17, no. 2, pp. 137-151, 2004.

[13] M. Tsutsumi and S. Hatano, “Well-posedness of the Cauchy
problem for the long wave-short wave resonance equations,”
Nonlinear Analysis: Theory, Methods & Applications A, vol. 22,
no. 2, pp. 155-171, 1994.

[14] R. Zhang and B. Guo, “Global solution and its long time
behavior for the generalized long-short wave equations,” Journal
of Partial Differential Equations, vol. 18, no. 3, pp. 206-218, 2005.

[15] H. Cui,J. Xin, and A. Li, “Weakly compact uniform attractor for
the nonautonomous long-short wave equations,” Abstract and
Applied Analysis, vol. 2013, Article ID 601325, 13 pages, 2013.

[16] B. Guo, Infinite Dimensional Dynamical Systems, National
Defense Industry Press, Beijing, China, 1st edition, 2000.

[17] J. M. Ball, “Global attractors for damped semilinear wave
equations,” Discrete and Continuous Dynamical Systems, vol. 10,
no. 1-2, pp. 31-52, 2004.

[18] V. V. Chepyzhov and M. 1. Vishik, “Attractors of nonauton-
omous dynamical systems and their dimension,” Journal de
Mathématiques Pures et Appliquées, vol. 73, no. 3, pp. 279-333,
1994.

[19] J.Xin, B. Guo, Y. Han, and D. Huang, “The global solution of the
(2+1)-dimensional long wave-short wave resonance interaction
equation,” Journal of Mathematical Physics, vol. 49, no. 7, Article
ID 073504, 13 pages, 2008.

[20] B. L. Guo, “The global solution for one class of the system of LS
nonlinear wave interaction,” Journal of Mathematical Research
and Exposition, vol. 1, pp. 69-76, 1987.

[21] B. Guo, “The periodic initial value problems and initial value
problems for one class of generalized long-short type equa-
tions,” Journal of Engineering Mathematics, vol. 8, pp. 47-53,
1991.



