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The Dirichlet problem for the Stokes system in a multiply connected domain of R" (n > 2) is considered in the present paper.
We give the necessary and sufficient conditions for the representability of the solution by means of a simple layer hydrodynamic
potential, instead of the classical double layer hydrodynamic potential.

1. Introduction

Potential theory methods have been employed for along time
in the study of boundary value problems. In particular they
were widely used in BVPs for the Stokes system, starting from
(1, 2].

Recently some papers have used the integral represen-
tations of solutions for studying some BVPs for the Stokes
system also in multiply connected domains [3-8]. All these
papers concern the double layer hydrodynamic potential
approach for the Dirichlet problem and the simple layer
hydrodynamic potential approach for the traction problem.

The aim of the present paper is to investigate a different
integral representation for the Dirichlet problem for the
Stokes system in a multiply connected bounded domain of
R" (n > 2). Namely, we consider the simple layer potential
approach for the Dirichlet problem in a domain

a=0,\J9, )
j=1

where Q; (j = 0,...,m) are suitable domains with connected

boundaries in C**, A € (0, 1].

We use a new method which hinges on a singular integral
system in which the unknown is a usual vector valued
function, while the data is a vector whose components are
differential forms.

The paper is organized as follows. In Section 2 we give
an outlook of the method with a brief description of some
previous results.

After the preliminary Section 3, in Section 4 we study
in detail the case n = 2, where some particular phenomena
appear.

Section 5 is devoted to determine the eigenspace of a
certain singular integral system in which the unknowns are
differential forms of degree 1 — 2 on 0Q. In the same section,
we recall some known results concerning the eigenspaces of
some classical integral systems.

In Section 6 we construct a left reduction for the singular
integral system under study. Such a singular integral system is
equivalent in a precise sense to the Fredholm system obtained
through the reduction.

Finally, in the last section, we find the solution of
the Dirichlet problem for the Stokes system in a multiply
connected domain by means of a simple layer hydrodynamic
potential.

The main result is that, given f € (WP (0Q)]", we can
represent the solution of the Dirichlet problem

ulAv =Vr in Q,
divv=0 in Q, 2)
v=f onodQ,



by means of a simple layer hydrodynamic potential if, and
only if, the conditions

j f-vdo=0, j=0,1,...,m (3)
20,

are satisfied (v being the outwards unit normal on 0Q).
Moreover, if the data f satisfies only the condition

LQ fovdo =0 (@)

(which is necessary for the existence of a solution of the
Dirichlet problem (2)) we show how to modify the integral
representation of the solution (see Theorem 23).

2. Sketch of the Method

The aim of this section is to give a better understanding of the
method we are going to use in the present paper.

We will do that by considering the Dirichlet problem for
Laplace equation in a bounded simply connected domain Q) ¢
R", whose boundary we denote by X as follows:

Au=0 in Q,

©)
u=g on
Suppose that g € W"(2),1 < p < oo. If we want to
find the solution in the form of a simple layer potential whose
density belongs to L?(Z), we have to solve an integral equation
of the first kind on X as follows:

[Lomstrde, =g, xex  ©

where s(x, y) is the fundamental solution of Laplace equation

_zil !
v
s(xy) =

Ogﬁ, ifn=2,
x —
1 ! 7)

if n>3.

w, (n-2) |x - yln_z ’

In [9] a new method for discussing such an equation was
proposed. Namely, the first step is to consider the differential
(in the sense of the theory of differential forms) of both sides
in (6). In this way we obtain the equation

[Lod.lstr)do, =g, xex @

in which we look for a solution ¢ € L?(Z).

The integral on the left hand side is a singular integral
and it can be considered as a linear and continuous operator
from LP(X) to Lﬁ’ (X) (we denote by L‘Z(Z) the space of the
differential forms of degree h whose coeflicients belong to
LP(Z) in every local coordinate system).

It must be remarked that, if n > 3, the space in which we
look for the solution of (8) and the space in which the data is
given are different.

We recall that, if B and B’ are two Banach spaces and
S:B — B'isa continuous linear operator, S can be reduced
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on the left if there exists a continuous linear operator S :
B' — Bsuch thatS'S = I + T, where I stands for the identity
operator on B,and T': B — B is compact. Analogously, one
can define an operator S reducible on the right. One of the
main properties of such operators is that the equation Sa = 8
has a solution if, and only if, (y, 8) = 0 for any y such that
S*y = 0, S being the adjoint of S (for more details see, e.g.,
(10, 11]).

Let us denote by S the left hand side of (8). In [9] areduc-
ing operator S'was explicitly constructed. This implies that
there exists a solution of (8) if, and only if, the compatibility
conditions

Jdg/\h:O ©)
p

are satisfied for any h € LZ_Z(Z) (g = p/(p — 1)) such
that S*h = 0. Moreover one can show that S*h = 0 if, and
only if, h is a weakly closed form. Therefore the compatibility
conditions (9) are satisfied, and there exists a solution ¢ €
LP(Z) of (8).

A left reduction is said to be equivalent if N(S') = {0},
where N(S') denotes the kernel of S (see, e.g., [11, page
19-20]). Obviously this means that Sx = y if, and only if,
§'Sx = S'y. In [12] it was remarked that if N(S'S) = N(S),
we still have a kind of equivalence. Indeed the coincidence of
these two kernels implies the following fact: if y is such that
the equation Sx = y is solvable, then this equation is satisfied
if, and only if, $'Sx = §'y.

Since N(S'S) = N(S), then we have (8) equivalent to the
Fredholm equation S'Sp = S'(dg). These results lead to a
simple layer potential theory for the Dirichlet problem (5).

As a consequence one can obtain also a double layer rep-
resentation for the Neumann problem for Laplace equation
[12].

A characteristic of this method is that it uses neither
the theory of pseudodifferential operators nor the concept of
hypersingular integrals.

This method has been used also for studying other BVPs.
In particular in [13] it was used to study the Dirichlet and the
Neumann problems in multiply connected domains. Among
other things, an interesting by-product of these results was
obtained as follows (see [13, Theorem 6.1]).

Let u be a harmonic function of class C(Q), where Q
is the multiple connected domain (1). There exists a 2-form v
conjugate to u in Q if, and only if,

ou
—do =0,
Janj Fiad

An explicit integral expression for v was also given. We
recall that the 2-form v is conjugate to u if du = dv, dv = 0.

The method has been applied to different BVPs for several
PDEs (see [12-19]).

j=0,1,...,m. (10)

3. Preliminaries

In this paper Q denotes an (m + 1)-connected domain of R"
(n > 2), that is an open-connected set of the form (1), where
each Q; (j = 0,...,m) is a bounded domain of R" with
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connected boundaries X; € C™ (A € (0,1]), and such that
ﬁj C O, and ﬁj NQ =0, jk=1,...,m j#k. Letvbe
the outwards unit normal on the boundary £ = 0Q.

We consider the classical Stokes system for the incom-
pressible viscous fluid

uhu =Vp, .
diviu=0, (1)
where the unknowns u = (u,...,u,) and p = p(x) are

the velocity and pressure of the fluid flow, respectively, and
the constant ¢ > 0 is the kinematic viscosity of the fluid. A
fundamental solution for this system is given by the pair of
fundamental velocity tensor and its associated pressure vector

1 1
18 log ———
4 [6” B

x: =V )lx:— v
+(l |yl)( |]2 )’,)j|) ifn=2,
xX-y
X, = 3
¥ (%, 9) BRE X
2,4 n—2|x_y|”‘2
Xi = YVi)\Xj = Vj
S )
x =5l
(12)
1 X =Y
€\ X, = no
j(%y) P (13)
(i,j = 1,...,n), w, being the hypersurface measure of the

unit sphere in R". For a solution (u, p) of (11) we consider the
following classical boundary operators:

Tju= [—Sijp +u (aju,. + a,-uj)] Vi
, j=L...,n  (14)

Tju = [Sijp +u (ajui + al-uj)] v,

Through this paper, p indicates a real number such that
1 < p < +0o. We denote by [LP(X)]" the space of
all measurable vector-valued functions u = (uy,...,u,)
such that |u]-|P is integrable over £ (j = 1,...,n). If h
is any nonnegative integer, L‘Z(Z) is the vector space of
all differential forms of degree h (briefly h-forms) defined
on X such that their components are integrable functions
belonging to Lf(Z) in a coordinate system of class C' and
consequently in every coordinate system of class C'. The
space [Lfl(Z)]" is constituted by the vectors (vy,...,v,) such
that v; is a differential form ofL‘Z(Z) (j=1,...,n). WP ()]
is the vector space of all measurable vector-valued functions
u = (uy,...,u,) such that u; belongs to the Sobolev space
WYP(2) (j=1,...,n).

The pair (v, r) with components

n
,n, x €RY,

(15)

v (%) =~ L Vi (% 7)¢;(y)do,, i=1,...

r(x) =~ L &(x.y)9;(y)do, xeR"  (16)

is the simple layer hydrodynamic potential with density

The pair (w, q) with components

w; (x)=‘[z TJ'-,y [yi (x,y)] vi(y)do,, i=1,...,n x€eR",
17)

0 n
16) =20 | 5o [ey ()] vy )y xR
is the double layer hydrodynamic potential with density y.

4. On the Bidimensional Case

It is wellknown that there are some exceptional plane
domains in which no every harmonic function can be
represented by a simple layer potential. The simplest example
of this kind is given by the unit disk, for which one has

JI I log |x - y] ds, =0, |x|<Ll (19)
yl=1

It is also known that such domains do not occur in higher
dimensions. For similar questions for the Laplace equation
and the elasticity system, see [13, Section 3] and [16, Section
4], respectively.

In this section we show that also for the Stokes system
there are similar domains. We say that the boundary of the
domain Q is exceptional if there exists some constant vector
which cannot be represented in Q) by a simple layer potential.

Denoting by X the circle of radius R centered at the
origin, we have the following lemma.

Lemma 1. The circle £y with R = exp(1/2) is exceptional for
the Stokes system.

Proof. Keeping in mind that (see, e.g., [16, Section 4])
J log |x - y| ds, = 2nRlogR,
Zp

(20)

dsy = SijnR, |x|] <R,

j (xi_)’i)(xj_)’j)
o eyl
we find

R
LR v (x,y)ds, = @817 (2logR-1), |x|<R (21)

Taking R = exp(1/2) we obtain the result. O

Let us consider now the exceptional boundaries of not
simply connected domains.

Proposition 2. Let Q) C R? be an (m + 1)-connected domain.

Denote by P the eigenspace in [LP(Z)]* of the singular integral
system

9] .
L ¢; () 5 Vi (x,y)ds, =0, aexeXi=12 (22)

Then dim & = 2(m + 1).



Proof. As in the proof of [16, Lemma 12], one can show that

1 0 h-1
midia logbe =1+ 0 Iy =),

2y y) =
gs, Vi oY) = A
(23)

deduce that system (22) can be regularized to a Fredholm one,
and see that its index is zero. Since the vectors e; X, (by xx we

denote the characteristic function of the set X) (i = 1,2, j =
0,1,...,m) are the only eigensolutions of the adjoint system

5} .
J %; () 5 Vi (x,y)ds, =0, ae xeZ i=12 (24)
3 Sy

we have dim & = 2(m + 1). O

Theorem 3. Let Q ¢ R? be an (m+1)-connected domain. The
following conditions are equivalent

(1) There exists a Holder continuous vector functiong # 0
such that

L y(x.y)e(y)ds, =0, xeZ. (25)

(2) There exists a constant vector which cannot be repre-
sented in Q by a simple layer potential;

(3) Z, is exceptional.

(4) Let ¢y, ...,9,,,,, be linearly independent vectors of &
(see Proposition 2), and let ¢ = (otjy, Bji) € R? be
given by

J Y (% y)@; (y)ds, = cir
x (26)
xeX, j=1....,2m+2, k=0,1,...,m.
Then det € = 0, where
Ao " %mi2,0
a ... (x
(g — 1,m 2m+2,m . 27
Bro *+ Bamero @)
ﬁl,m ﬁ2m+2,m

Proof. The proof runs as in [16, Theorem 1] with obvious
modifications. We omit the details. O

5. Some Eigenspaces

We determine the structure of the kernel of a particular
singular integral system. Namely, let us denote by ./, the

space of y € [L‘fl_z(Z)]" such that

Ll//j (y)nd, [)/ij (x,y)] =0, ae on X, i=1,...,n
(28)

We begin by proving the following result.
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Lemma 4. Let u € [C°(R")]". Then, for any x € R",

azuj(J’)
u(x)=p RnAuj(y))/ij(x,)/)d)’+ R 0,0y
i)

s(x, ) dy,
(29)
where y(x, y) and s(x, y) are given by (12) and (7), respectively.

Proof. By the well-known Stokes identity we have

u; (x) = Jw Au; (y) s (x,y)dy = JW Au; (y) Oys (x, y) dy.

(30)
Since, for every n# 2,4,
(i =) (x5 - ;) _ 1 o? eyt
|x = y[" (4 —n) (2 - n) 9y,0y,
= 8;jw,s (%, 9
5, - ) (x -y
Vij(x,)/)=—15(x,y)— L y)( . y])) Yn > 2,
# 260, x|
(31

we can rewrite
1 1 o’
2pw, (4 —n) (2 - n) 0y;0y; (32)

Yij (x,y) = 75(% y) -

% |x _ y|471’l‘
Then
1 o*

4-n
" 2w, (4-n) (2-n) 0y;0y; ey

5:';'5 (x, )’):#Yij (x,y)

u; (X) =4 JW Au; (y) vy (% y) dy

1
" 2w, (4—n) (2—-n)

aZ 4-n

A x—y|[""dy.

jRn 0) 5, T

(33)

Integrating by parts, it follows that the last integral is equal to
1 Ou;(y) i

Aylx— d
2w,(4-n)(2-n) JRn ayiayj ylx )’| y

(34)

_ J o’u; (y)
RrR" a)’ia)’j
since A [x — y|* = 2(4 — n)|x — y|*". Then the claim holds
forn+2,4.

In the same manner it is possible to show formula (29) for
n =2 and n = 4 after observing that, if n = 2, we have

s (x ) dy,

(x; =) (Xj - J’j) _1 o’
Ix -y 2 0y,0y;

k= y[loglx =y (35

1
- d;;log |x - y| - E(Sij’
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Aylx - yl2 log|x — y| = 4(log|x — y| + 1), while, for n = 4,

(x: =) (xj_)’j) : 51‘; 0*

1
+ — log [x — y|,

(36)

2k yf

2
Aylog|x—y|=2/|x—y|. O

Lemma 5. Let {,...,{, be differential forms in Lflfz(Z) such
that d{; = (—1)"_1vjd(r on X. One hasy € N, if, and only if,

Y= ZCthh(j +1p j=L.on (37)
h=0
where ¢y,...,¢,, € Randn,...,n, are weakly closed forms

belonging to LY _(%).

Proof. It is easy to construct the differential forms (i, ...,
(,. For example, one can take the restriction on X of
the following forms: {; = (=1)""'x,dx®---dx", ¢ =
(1) x,dx? - - j---dx" (j = 2,...,n). We remark that (37)
holds if, and only if, the weak differentials dy; exist and

dy;=(-1""Y gz, vido, j=1...n (38
h=0

that is,

JZI//]/\dM] = ZChJ

h=0 7

u-vdo, Yue[CP(RM]". (39)

Let us prove that (39) holds if, and only if,

J ijduj=ckJ u - vdo,
M 2k (40)
Vue [CP(RM)]", k=0,...,m.

It is obvious that (40) implies (39).
Conversely, suppose that (39) is true. Define U} = {x €
R” | dist(x, %) < €}, where 0 < & < mingy, e, dist(Z;, Z;).

Let v, € C°(Uy) be such that v, = 1in Ul‘:/z. Since vu €
[C5°(R™)]", we may write

J 7 /\d(vkuj) = ichj vu - vdo, (41)
z h=0 “Za

and (40) follows immediately.
Suppose now that (39) is true. From (40) it follows that

| v 0)ad, [y o] = | w2 )v () do,

Vx ¢ Zk.
(42)

An integration by parts shows that

L vi(y)nd, [Yij (x,y)] =0, Vx¢Qp  (43)

Taking the exterior angular boundary value (for the
definition of internal (external) angular boundary values see,
e.g., [20, page 53] or [21, page 293]), we have

J, v 0)ndy Ly ()] =0 (49

a.e. on X. Arguing as in [9, pages 189-190], this implies that

L v;(y)nd, [Yij (x,y)] =0 (45)

also in Q. Summing over k we find

[Lvnd, [y ()] =0 (46)

for every x € R" \ X and a.e. on X. In particular v is the
solution of the singular integral system (28).

Conversely, suppose (28) holds. Arguing again as in [9,
pages 189-190], from (28) it follows that

[ vmnd, [yn]-0 xex @)

Since s]-(x, y) = —axjs(x, y), system (11) implies that
Ax[y,-]-(x, )] = —(l/y)(az/ax,-axj)s(x, y). Hence,

aZ

9x,0x; L yi (D) Ad,[s(xp)] =0, x¢x  (48)

Therefore, there exist some constants a,, a,, . .., g, such that

-a, xey, h=1,...,m,
aj‘I’j x)=1-a, x€Q, (49)
0 x e R"\ Q,

where

Y@= [ pOnd 5@l 60

Then, on account of Lemma 4, for every u € [C°(R™)]",

L yiNdu; = p JW Au; (x) dx L v;i(y)nd, [y,j (x, y)]

aZ
+JR” 0x;0x ; u; (%) de Vi (y)/\dy [s (%, y)] -
(51)



The first term of the right hand side vanishes because of
(47). As far as the second one is concerned, integrating by
parts we get

aZ
JRn Ix a ——u; (x) ¥ (x) dx

—u; (x) ¥ (x) dx

iJ

+

aZ
JQ 0x;0x u; (%) ¥ (x) dx

2

+
JR”\QO 0x,0x;

——u; (x) ¥ (x) dx
(52)

m

=Y [ vy m[
P;J; u ]v] 0+I;1

h

0u;0,¥;dx

v [ dunyvdo— | dudyvdx

_ J Ju;¥jvdo + JRn\Q 0,u;0,¥;dx

Ouudy¥ydx — | 0uud W

S

h=1
Hence, by (49),

2

JW axa —u; (x) ¥ (x) dx

= —Zah J;) ou;dx + ay J-Q o;u;dx
(53)

m
:Zahj u-vd0+aoju-vd0
PN b>

:%J u- vda+Z(ao+ah)J u-vdo.
2 h=1 Zy

By setting ¢, = ay and ¢, = a; + a5, (h = 1,...,m) we get the
claim. O

Remark 6. Lemma 5 shows that the dimension of the kernel
N, is inﬁnite However, if we consider the quotient space
N /8, E, being the space of weakly closed differential forms

in Lnfz(Z) we have dim(// /_,p) =m+ 1.
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We conclude this section by recalling some properties
concerning the following eigenspaces:

1
7, = {gok €17 (2) 5 459 ()
+LFkl-(x,y)<p,-(y)d0y=O, k= 1,...,n},
1
W, - {gok €17 (D) 759, ()

+I Fy (9, x) 9 (y)do, =0, k= 1,...,n},
b

(54)
where (see, e.g., [22])
Fki (X, y) = Tll,y [yk (x,y)]
n (xk - }Vk) (xi - J’i) (xj - }’j) (55)
=-— 3 vi (%)
@n |x =y

For the proofs of the following two results see [7, Lemma 3.3]
and [8, Theorem 3.2], respectively.

Proposition 7. The sets 7", and W _ are linear subspaces of
L'(2) and

nn+1)m

dim(7,)=dim(7"_) =1+ (56)

A basis of W'_ is expressed by the fields {wy,v : i =
L+ 1)/2, h = 1,...,m}. The simple layer potentials

vy, whose densities are ;. such that: vylg = Ouep;
i =1,...,nn+1)/2, hk = 1,...,m, where p; are rigid
displacement in R", specifically p;(x) = e;, i = 1,...,n, and,

fori = n+1,...,n(n+ 1)/2, p(x) = (e, Ne)x, h =
L..,on=1, k=h+1,...,n, hn—(h+1)/2] + k=1

In addition, every y € 7/ _ has the property that vlz =0,
where v is the simple layer potential with density .

Proposition 8. The sets 7"_ and W', are linear subspaces of
L'(2) and

+1
nin+tl)

dim(7_) = 3

dim (7",) = (57)
A basis for W, is expressed by the fields {y;,vxs, @ i =
L,...,n(n+1)/2, h=1,...,m}, wherey,, i =1,...,n(n+1)/2
are zero on X\ X, and such that the simple layer potentials
with density y; are n(n+1)/2 rigid displacement in Q, (linearly
independent forn > 3).

Finally, every function ¢ which is the restriction to X of a
rigid displacement belongs to 7"_.

One recalls that if ¢ € [L'(Z)]" belongs to one of the
eigenspaces 7,, %', then ¢ € [C}(Z)]". This follows from
general results about integral equations (see [8, Lemma 31]
and [7, page 81]).
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Remark 9. We can make the statement of Proposition 8
slightly more precise, saying that the simple layer potentials
with density y; are n(n + 1)/2 rigid displacement in Q linear
independent for any n > 2, unless n = 2 and % is exceptional.
Indeed, let us show that if n = 2 and X is not exceptional,
such rigid displacements are linearly independent. Let ¢; be
such that

3

Yo | w0)y(endo, =0 o, 68

i=1
We have also

[, Sew0)ves o, =0

2y j=1

a.e. x € X. (59)

Let ¢ = Zl L GV;. In view of the equivalence between (1)
and (3) of Theorem 3, ¢ has to vanish. Therefore ; = 0
(i = 1,2,3) because of the linearly independence of ;. On
the other hand, if n = 2 and %, is exceptional, Theorem 3
shows that the potentials with densities {y;},_, , ; are linearly
dependent.

6. Reduction of a Certain Singular
Integral Operator

For every y € L¥(Z), let ®, be the operator defined by

0, () () = (|| dulsuz (e )] Aw () nl),

x € Q),

(60)

where * and d denote the Hodge star operator and the
exterior derivative, respectively, and s,(x, y) is the double h-
form introduced by Hodge in [23] as follows:

Z s(x, y)dxt - dxlrdy - dy.

sp (%) =

L (61)
J1<<Jn
Note that the operator @, satisfies the equation
0
0], 40 5o doy =0y, xen
for each u € WP(X), since (see [9, page 187])
* dJ u(y) is(x,y)dcr
> avy 4
(63)

=dxj du(y)As,,(x,y), xe€Q.
z

Moreover we introduce the operators 7 ;;, defined as

123-n

8’“3'“ jn
(v) - 55

x L 3, Hy; (%, ) Ay (y) Ady” - ndy™,
(64)

Z in(y) (x) = O,

7
for every v € [Ifl’(Z)]", where
()’l ) (}’ X j)
H;: (x,y) = . (65)
lj ( y) wn |y _ X|n
In the sequel du denotes the vector (du;, ..., du,) whose

Sy, € [LEE)]™.

elements are 1-forms, and y = (y,..

Lemma 10. Let (w,q) be the double layer hydrodynamic
potential of (17)-(18) with density u € [WEP(2)]". Then, for
x ¢ 2,

pw; (x) = I j, (du) (x), (66)

q(x) =2u0, (duy,) (x), (67)
where I ;;, and ©,, are given by (60) and (64), respectively.

Proof. Note that, even if one could prove (66)-(67) directly, it
seems easier to deduce them from the similar results we have
already obtained for the elasticity system (see [16, Section 3]).

k
For k > (n—2)/n, let (w) be the double layer elastic potential
with density u, that is,

(k)
(wk) (x) = J u; () L,y [F] (x,y)] do,, (68)

(k)
where [ and F are the stress operator and the Kelvin's

matrix associated to the Lamé system —Au — kVdivu = 0,
respectively.
Thanks to [16, Lemma 1], we know that

0,0, (1) = 7, (dw) (x)., (69)
where
(k) 11333]2
i (v) (x) = O, ( )(x) (n-2)!

(k) . )
x L 0, Hyj (%, y) Ay () Ady” - dy™,

- X)) (yj - xj)

ly - "

) ok
Hlj ('x’y) - w, (k+ 1)

1
- mazjs (%),
(70)
and Oy, is given by (60).

From [16, formula (5)] (where we set & = 1), letting k —
+00, we get

® [©
axh {Li,y |:r (x’y)]}

_iaxh {(J’i‘xi) (J’j‘xj) (Ve = xi

w, |X _ y|n+2

o <y>} 7

o, Ti, [V (v »)]



x ¢ X, from which 8;1(1,]3 — Jywask — +oo. Therefore we
obtain formula (66) by letting k — +o00 in (69). Formula
(67) is an immediate consequence of (62) because ej(x, y) =
—axjs(x, y).

For the next lemma it is convenient to recall here two
jump formulas proved in [16, Lemmas 2 and 3].
Let f € L'(Z). If 7 € T is a Lebesgue point for f, we get

(i -x) ()’jn_ xj)doy
|x - y]

tim [ ()2,

x—n

= (3= 2y v ) v ) f () ()

. J F0)a. (= m) (yjn- ;) o,

> [x =]
where the limit has to be understood as an internal angular
boundary value, and the integral in the right hand side is a
singular integral.

Further, let y € L (Z) and write y as y = v, dx" with

Vi = 0. (73)

Assumption (73) is not restrictive, because, given the 1-form
Y on X, there exist scalar functions y, defined on X such that
Y= whdxh and (73) holds (see [24, page 41]). Then, for almost
everyn € 2,

1
lim®, () () = =Sy (n) + €, () (), (74)

where @, is given by (60), and the limit has to be understood
again as an internal angular boundary value.

Lemma1l. Lety € LE(X). Let one write y as y = v, dx" and
suppose that (73) holds. Then, for almost everyn € Z,

i I (123m - .
illnq(n - 2)!51,'1-3...]-” L 0, Hyi (%, y) Ay (y) Ady” --- ndy

= [, 0w (o) + v, () vy ()] v ()

1 123-n

2] Spijons, L 0, Hy; (11, y) Ay (y)Ady” - -ndy™,
(75)

+

where Hy; is defined by (65), and the limit has to be understood
as an internal angular boundary value.

Proof. We have

1 . . <
m&;,f] L O Hyj (%, y) Ny (y) Ady” -+~ Ady”

1 e -
= e | oty (e v ) v, () doy,

= 8, | 0 Hy (4. ) v, () v, () doy.
(76)
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Hence, by (65) and (72),
lim 1 123-n

R L 3 Hyj (x:y) Ay (y) Ay - nddy™

= 67;;1 (8 = 2v; () vi () Vs () v, (1) i, ()

1 123-n

+m6’i"3"‘j” L 0, Hy; (1, y) Ay (y)Ady” - -ndyh.
(77)

Keeping in mind (73), we find

(Sli 1
%h (5Zj - 2"]"’1) VoV Yy, = (551]“’5 - VszVs> (iy; = viw)
1 1
= TRV ViV T SV
(78)
and the result follows. O

Lemmal2. Lety = (y,,...,y,) € [LY(2)]". Then, for almost

everyn € 2,
J}ianl" [28ij®h (i) () + 735 (y) () + Z j; (v) (x)] v; (%)
=y [251']'@11 (vn) () + 2 (w) () + Z ;3 (y) (’1)] vi (1),
(79)

©,, and  being as in (60) and (64), respectively, and the limit
has to be understood as an internal angular boundary value.

Proof. Let us write y; as y; = y;,dx" with

vhl?[/il’l = 0, i= 1,. Y (X (80)

On account of (72) and (74), we infer
Jim p (26,04 (y1) (0) + 735 () () + Z 33 (y) ()] v, (%)
= p¥; (v) () v; (1)
tu [28ij®h () (1)

+ (w)(n) + x ji (v) (’7)] v; (1)

where

1 1
¥ (y) = - 8V — SV + 5 (Vivss + Vi¥s) v

2 (82)

1 1
Vit (Vj‘/’ss + Vs‘//sj) Vi

By (80) we get Wy (¥)v; = =y, v = ¥iVil 2+ YV +Viy/2 =
0. O

Remark 13. Whenever we consider external boundary values,
we have just to change the sign in the first term on the
right hand sides in (72), (74), and (75), while (79) remains
unchanged.
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Lemma 14. Let w be the double layer potential (17) with den-
sity u € [WHP(2)]". Then T, jw=T_w = u[26,;0,(du,) +
%ij(du) + %ji(du)]vi a.e. on X, where T, w and T_w denote
the internal and the external angular boundary limits of Tw,
respectively, and ©,, is given by (60) and F by (64).

Proof. It is an immediate consequence of (66), (67), (79), and
Remark 13. O

Proposition 15. Let R : [LP(2)]" — [LIIJ(Z)]" be the follow-
ing singular integral operator

Rp() == [ d.ly (e D)g()da,. 63

Let one define R’ : [LII’(Z)]" — [LP(Z)]" to be the singular
integral operator

R () (x) = 14 [28,0, (y,) (x) + % (¥) (x)

(84)
+% i (v) (9] vi (x) .
Then
R'Rg = }qu - K%, (85)
where
Ko@) == | Tly()le()do,.  (36)

Proof. Let v be the simple layer potential (15) with density ¢ €
[LP(2)]". In view of Lemma 14, we have a.e. on =

R; (Rp) = [251‘]'@}1 (dvy) + % ;; (dv) + X j; (dv)] v; = T;w,
(87)

where w is the double layer potential (17) with density v.
Moreover, if x € Q,

wy (x) = L u ()T, [v (x.)] do,
(88)

= 0@+ |y ()T ()] d,,
and then, on account of (86),
1 1/1 1
Tw = ETU—K(TU) = E(E‘”K‘P)_K(EWK‘P)

1

= -9 - K.
P~ K¢

(89)
O

7. The Dirichlet Problem

Let us consider the Dirichlet problem for the Stokes system

ulAv =Vr in Q,
divo=0 in Q, (90)
v=f on 2

where the given data f € [WEP(2)]" satisfies the compatibil-
ity condition (4).

The aim of the present section is to study the repre-
sentability of the solution of this problem by means of a
simple layer hydrodynamic potential (15)-(16).

By the symbol $¥ we mean the class of the simple layer
hydrodynamic potentials (15)-(16) with density in [LP(Z)]".
Whenever n = 2 and X, is exceptional (see Section 4), we say
that (v, ) belongs to §”? if, and only if,

v(x) = —Ly(x,y)q)(y)day +tco x€Q,
(91)
r(x)=- L g (x,y)9;(y)do,, xeQ,
where ¢ € [LP(Z)]* and ¢ € R
We will see that condition (4) is not sufficient to prove
the existence of the solution in the class &7, but it must be

satisfied oneach X, j =0,1,...,m.
We begin by proving the following result.

Theorem 16. Given w € [LII (2)]", there exists a solution ¢ €
[LP(2)]" of the singular integral system

[ Ce(»do, =00, aexex o
if, and only if,
J v, Aw; =0, (93)
b

foreveryy = (y,...,y,) € [L’Zlfz(Z)]" (q=p/(p-1))such
that the weak differentials dy; exist and (38) holds for some
real constants ¢y, . . ., Cy,.

Proof. Consider the adjoint of R (see (83)), R*: [L1_,(£)]" —
[L1(Z)]", that is, the operator whose components are given by

Ry@=-[ w0nd, ] o

Proposition 15 implies that the integral system (92) has a
solution ¢ € [LF(X)]" if, and only if,

L ViAW =0, (95)

foreachy = (y,,...,y,) € [L1,(2)]" such that R*y = 0.
The result follows from Lemma 5. O

Proposition 17. Given f € [WYP(2)]", there exists a solution
of the BVP

@,7) € SP,

ulAv = Vi in Q,

(96)
divi=0 inQ,
dv=df on?Z,

if, and only if, conditions (3) are satisfied. The density ¢ of
the pair (0,7) (see (15)-(16)) solves the singular integral system
Re = df, where R is given by (83).
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Proof. Clearly, there exists a solution of this BVP if, and only
if, there exists a solution ¢ € [LP(Z)]" of the singular integral
system

[ a e mde, = df @, aexex o)

In view of Theorem 16, there exists a solution ¢ of this
system if, and only if,

| wnas-o (98)
z

for every y = (yy,...,y,) € [L1 ,(2)]" satisfying R*y =
0, that is, such that the weak differentials dl//j exist and (39)
holds for some real constants ¢, ..., c,,. Equation (39) being
true for any u € [WEP(2)]", we can write

L v ndf, = ;ch Lh £ -vdo, (99)

because of a density argument. In view of the arbitrariness of
Cp> - - >G> (98) is satisfied if, and only if, (3) holds. O

Proposition 18. Let a, € R" (h = 0,...,m). Let ¢y, i =
L,....,n k=1,...,m, be the elements of the basis of W _ given
by Proposition 7. The pair

0 (=Y Y (df-ai) [ v (5. 2) v ) doy vy, xeq,
k

=1i=1

(=YY (6 -d) [ e(n)vi()do, xeca,

k=1i=1

(100)
is the solution of the BVP
(vg: 7o) € SP,
UAvy = Vry, in Q,
(101)
divu, =0 in Q,
vy=a, onX, h=0,...,m.
Proof. The pair (vy,7,) belongs to & (for n = 2, see

Remark 9). Obviously it satisfies the Stokes system, and it sat-
isfies the boundary conditions since, thanks to Proposition 7,

m n
i
Yolz, = ZZ (ak _ao)viklzo + ay = dyps

k=1i=1

m n
i
Yoly, = ZZ(“k ‘ao)Uz‘kEh )

k=1i=1

(102)

Mz
M=

i
(ak - ao) S + ap = ay,

k=1i=1

foranyh=1,...,m. O
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Theorem 19. Given f € WP ()", the Dirichlet problem
(v,7) e SP,
ulAv =Vr in Q,

(103)

divv=0 inQ,

v=f oni,

is solvable if, and only if, conditions (3) are satisfied. Moreover
the solution (v,r) is unique (r is unique up to an additive
constant).

Proof. Suppose conditions (3) are satisfied. Let (U,7) be a
solution of the problem (96). Since dv = df on %, 0 = f + a,
onX, (h = 0,...,m) for some g, € R". The pair (v,r) =
(0,7) — (vy, 1), where v, and 7, are given by (100), solves the
problem (103).

Conversely, if there exists a solution (v,7) of (103), the
compatibility condition (4) has to be satisfied. Moreover, for
any j = 1,...,m, (v,r) is the solution of the Stokes system
also in Q;. Therefore conditions (3) are satisfied for j =
1,...,m. These, together with (4), imply (3) also for j = 0.
The uniqueness is known [7, Theorem 5.5]. O

Remark 20. The density (¢,€) of (v,r) can be written as
(@, &) = (¢py + Ay, €), where ¢, solves the singular integral
system (97), and (A, ¢) is the density of a simple layer
potential which is constant on every connected component
of Z.

Remark 21. If n > 3 orn = 2 and X is not exceptional,
denoting by ¢ the density of the simple layer potential (15)-
(16) obtained in Theorem 19, we have ¢ that solves the integral
system of the first kind

- L y(x. )¢ (y)do, = f(x) (104)
on X. Therefore, Theorem 19 can be seen as an existence
theorem for the integral system of the firstkind (104) in L?(X).
If n = 2 and X is exceptional, we have the existence of a
solution (¢, c) € [L? (2)]? x R? of the integral equation

- L y(x.y)¢(y)do, = f(x)+c on X (105)
Remark 22. Observe that the solvability of the Dirichlet
problem (90) by means of a simple layer potential hinges on
the singular integral system (97). Thanks to Proposition 15,
the operator R’ provides a left reduction for such a system.
This reduction is not an equivalent one, but, as in [25,
pages 253-254], one can show that R’ is a weakly equivalent
reduction (see definition in Section 3). Since the system R¢ =
df is solvable, we have Rg = df if, and only if, ¢ is solution
of the Fredholm system R'Rp = R'df. In this sense, such
Fredholm system is equivalent to the problem (103).

In order to obtain a similar integral representation for the
solution of the Dirichlet problem (90) when f satisfies the
only condition (4), we need to modify the representation of
the solution by adding an extra term.
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By S? we denote the space of all pairs (v, r) written as
v (x) = - L ¥ (% 9)9; () do,
+J‘z T]’,)y [yi (x,y)] vi(y)do, i=1,...,n, xeQ,
r(x) = - L g (%, 9)¢;(v)do,

0
+2u L a_vy [sj (x, y)] vi(y)do, xeQ,
(106)
where ¢ and v belong to [L?(2)]".

Theorem 23. Given f € (W) satisfying (4), the

Dirichlet problem
(v,r) € 8P,
pAv =Vr in Q,
(107)
divv=0 inQ,
v=f on,
has one, and only one, solution (v, r) given by
v (x)= - L ¥ (%) 9; (y)do,
(108)
" L T, [V (2 9)] f;(0)do,, xeQ,
r(x)= - L g (x.y)9;(y)do,
(109)

+2u L % [e; (v, 9)] f;(y)do,, x€Q,
y

where ¢ € [LF(Z)]" is solution of the integral system of the first
kind

- [ 1529, do,
1 i
= Efl (x) - L T;)y [V (x.9)] f;(y)do,, ae. on %
(110)
Proof. Let v be given by (108); imposing the boundary

condition, we get (the symbol w, (w_) stands for the interior
(exterior) value of the double layer potential (17) on X)

- L Vij (%) Pj () do, = fi(x)—w,; (x), ae x€eZ
(111)

In view of Remark 21 such a system is solvable if, and only if,

J (fi—w,;)vdo=0, h=0,...,m. (112)
Zy

1

On the other hand, because of the jump formulas, we have
fi (%) —w,; (%)
1 .
- 0= (5@ [ T [ )] £ () doy )

= %f: (x) ~w; (x) = ~w_; (x), ae x€Z.

(113)

Therefore, conditions (112) become — _[2 w_-vdo = 0,h =
h

0,...,m. Since w_ can be considered as the datum of the
interior Dirichlet problem in Qy,, for h = 1,...,m, we have
J w_-vdo=0, h=1,...,m. (114)
Zy

As far as h = 0 is concerned, first we remark that (4) implies
Iz w - vdo = 0, because

0:Ler-vdU:L(%f+w>-vda:Lw-vda. (115)

Keeping in mind (4) and (114), this leads to

LO (%f—w)-vda

f-vda—J w-vdo

Zy

Il
N | —
™M
S

I
M=
™

S

2
QU

Q

I
.

Finally, assume that (v, r) is the solution of (107) with the data
f = 0. The integral representation (108) shows that (v,r) €
S*, and then the uniqueness follows from Theorem19.  [J
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