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This paper is concerned with blow-up phenomena and persistence properties for an integrable two-component Dullin-Gottwald-
Holm shallow water system. We give sufficient conditions on the initial data which guarantee blow-up phenomena of solutions in
finite time for both periodic and nonperiodic cases, respectively. Furthermore, the persistence properties of solutions to the system

are investigated.

1. Introduction

In 2001, Dullin et al. [1] derived a new equation by using the
method of asymptotic analysis and a near-identity normal
form transformation in water wave theory to describe the
unidirectional propagation of surface waves in a shallow
water regime, it reads as follows:

m, + 2wu, + um, + 2mu,, = —yu x€eR, t>0. (1)

XxXX?

Since (1) was derived by Dullin et al., we call it DGH equation.
Let m = u — a’u,.; then we can rewrite (1) as the following
form:

xXx>

X.X,'X) 4

2)

2 2
Uy — O Uy + 20U, + Uty + iy, = o (Qu iy, +uu

where o and y/2w are squares of length scales, the constant
w = +/gh/2 is the critical shallow water speed for undisturbed
water at rest at spatial infinity, / is the mean fluid depth, and g
is the gravitational constant. This equation is connected with
two separately integrable soliton equations for shallow water
waves.

When o? = 0, (2) becomes the KdV equation as follows:

Uy + 20u, + 3un, = =Yl (3)

Bourgain proved that solutions to the KdV equation are
global as long as the initial data is square integrable [2], which

is also shown in [3]. Another remarkable property is that it is
integrable and the solitary waves are nonlinearly stable, and
when w = 0, there exists a smooth soliton solution [4].

Instead, taking y = 0in (2), it turns out to be the Camassa-
Holm equation:

U, — U, + 2wu, +3uu, = o Quou,, +uu,), (4)

which was derived by Camassa and Holm in [5] by approxi-
mating directly the Hamiltonian for Euler’s equations in the
shallow water regime in 1993. Many researches have been
carried out on the Camassa-Holm equation in recent years.
Local well-posedness has been proven by several authors;
see [6-9]. Blow-up phenomena have been investigated in
[10-15]. Besides, in [11], global solutions were also discussed.
In [16], global existence of weak solutions was proved, but
uniqueness was obtained only under a priori assumption.
Furthermore, the authors in [17] studied the persistence
properties of solution to the Camassa-Holm equation. In [18-
20], the soliton solution was studied.

It is very interesting that (2) still preserves the bi-
Hamiltonian structure and complete integrability. Indeed, (2)
can be rewritten in two compatible Hamiltonian forms in
terms of m = u — a’u,_ [1] as follows,

OE OF
m, = _BZ% = _31%) (5)



where

B, =0, -’03,
B, :ax(m+w)+(m+w)ax+yai,

E(u) = % J (uz + (xzui) dx, ©

1
F(u) = 3 J (u3 + oc3uu32( + 20 — yui) dx.

E(u) and F(u) are two conserved quantities.

In [21], Tian et al. studied the well-posedness of the
Cauchy problem and the scattering problem of the DGH
equation. The issue of passing to the limit as the dispersive
parameter tends to zero for the solution of the DGH equation
was investigated, and the convergence of the solutions to
DGH equation as &> — 0 was studied. Besides, data of
the scattering problem for the equation could be explicitly
expressed. The blow-up phenomenon of solutions to the
DGH equation was the subject of [21-24].

In this paper, we are interested in the following Cauchy
problem for an integrable two-component DGH equation. It
reads as

2
Uy — & Uy, + 20U, + UL, + YUy,

= o (Ut +utty,) —0pp, x€R, t>0,
p+(pu), =0, xeR, t>0, )
u(0,x) =uy(x), xeR,
p(0,x)=p,(x), xeR.

The variable u(x,t) describes the horizontal velocity of the
fluid, and p(x,t) denotes the horizontal deviation of the
surface from equilibrium, all measured in dimensionless
units. This model can be derived by Constantin and Ivanov’s
approach [25] from shallow water theory, which includes the
two-component Camassa-Holm system [26-32] as its special
case with « = 1 and y = 0 in (7). From a geometric point of
view, (7) is the model for geodesic motion on the semidirect
product Lie group of diffeomorphisms acting on densities,
with respect to the H'-norm of velocity and the L*-norm
on the density. Mathematically, (7) admits not only breaking-
wave solutions but also global in time solutions. In view of the
context of hydrodynamics, we have the assumptions u — 0,
p — lasx — o0, atany instant t. For convenience of later
discussion, letting p = p—1,& > 0,and o = 1,wehavep — 0
as x — oo. Then it follows that

U, — (xzutxx +2wu, + 3uu, + YU, — 20¢2uxuxx
—cxzuuxxx+ppx+px =0, xeR,t>0,
p+(pu), +u, =0, xeR,t>0,
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u(0,x) =uy(x), xeR,

p(0,x)=py(x), xeR.

(8)

Define A = (1-a*32)""; then the operator A can be expressed
by

Af=Gef=[ Ga-fdy  ©

where G(x) is the Green function for A and * denotes the
convolution. It is easy to get G * (1/2) = 1/2. For the periodic
case, G(x) = cosh((x/a) — ([x]/a) — (1/2«))/2a sinh(1/2)
is the Green function for A in the unit circle. While, for the
nonperiodic case, the Green function for A in R is G(x) =
(1/2a)e”*/, Using this identity, we can rewrite (1) as the
following nonlocal form:

Y
ut+ux<u—;>

2
1
=-0,G * (u2+%ui+<2w+ %>u+zp2+p>,

xeR, t>0,
p+(pu), +u,=0, xeR,t>0,
u(0,x) =uy(x), xeR,
p(0,x)=py(x), xe€R.
(10)

We note that less deep results exist yet for this model except
for the recent ones [33, 34]. Our motivation here is to explore
some new blow-up conditions especially for the initial data
were added on some different quantities. This paper is
organized as follows. In Section 2, we recall some preliminary
results on local well-posedness and blow-up scenario and
present some useful conversation laws. In Section 3, we
study the blow-up phenomenon of strong solutions in both
periodic and nonperiodic cases. In Section 4, persistence
properties of solutions to the system are studied.

2. Preliminaries

We can use Kato’s theory [35] to establish the following local
well-posedness theorem for (10); its proof is referred to in the
discussions of [33, 34], so we omit it here.

Theorem 1. Assume an initial data (u,, p,) € H® x H s>
2. Then there exists a maximal T = T(||(ug> po)l pyssegs1) > 0
and a unique solution

(w,p) € C([0,T);H  x H ) nC' ([0, T); H ™ x H?)
(1)

of system (10). Moreover, the solution (u, p) depends contin-
uously on the initial value (uy, p,), and the maximal time of
existence T > 0 is independent of s.

Next, we will give some useful conserved quantities,
which are important to discuss the blow-up criteria.
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Proposition 2. Suppose (uy, p,) € H* x H', s > 2; then
the solution (u, p) of the system (10) guaranteed by Theorem 1
satisfies

J (uz + oczui + pz) dx = J (ug + oczugx + pg) dx. (12)
R R

Proof. Consider

% J (uz + oczui + pz) dx
R

= J (2uut + 20U U, + prt) dx (13)
R

= JR [Zu (ut - (xzuxxt) + 2ppt] dx.

From the first equation of (10), we have

JR 2u (ut - oczuxxt) dx

= jR 2u (—2wu,, — 3utl, — Yy (14)
20U, + &Cun,, — pp, — px) dx.
Similarly, from the second equation of (10), we can get
jR 2ppdx = JR -2p ((pu), +u,)dx. (15)

So we can obtain

% J (u2 +alul + pz) dx
R

= J [2u (—Zwux = 3uu, — YUy, + 2oc2uxuxx
R

+‘x2uuxxx ~PPx— Px) - 2P ((pu)x + ux)] dx
= JR [—Zw(uz)x - 2(u3)x + y(ui)x

+2a2(u2uxx)x -2(pu), - 2(ppu)x] dx

(16)
This completes the proof. O

We also note that the quantities IR u(x,t)dx and
JR p(x,t)dx are also conserved for py(x) € L, uy(x) €
L'. These conservation laws will play important roles in
considering the behavior of solutions. In what follows, we
denote jR(u2 + oczui + pz)dx by II(u, p)llé;xLz.

Moreover, using the techniques in [36], one can get the
following criterion for finite time wave breaking to (10).

Theorem 3 (see [34]). Let (u,, py) € H® x H with s > 2,
and let T > 0 be the maximal time of existence of the solution

(u, p) to the model (10) with initial data (u,, p,). Then the
corresponding solution (u, p) blows up in finite time if and only

if

plges)-e o

We will then need to introduce the standard particle
trajectory method for later use. Now consider the following
initial value problem:

g, =u(t,q), telo,T),
(18)

q0,x)=x, x¢€R,

where u € CY[0,T), H™) is the first component of the
solution (u, p) to system (10) with initial data (u, p,) € H® x
H*', (s >2),and T > 0 is the maximal time of existence. By
direct calculation, we have

Qo (£ %) = u, (£,9 (£, %)) q, (1, %) . (19)

Then,

t

qy (t,x) = exp(J' u, (‘r,q(‘r,x))d‘r> >0, t>0, x€R,
0

(20)

which means that g(t,-) : R — R is a diffecomorphism of
the line for every t € [0,T). Consequently, the L*-norm
of any function v(t,-) is preserved under the family of the
diffeomorphism g(t, -); that is,

”V(t> ')"L°° = "V(ta Q(t, '))"LOO) te [0> T) . (21)

Similarly,

irelngv(t,x) = irelugv (t.q(t,x)), te[0,T),

(22)

supv(t,x) =supv(t,q(t,x)), te[0,T).

x€R xeR

3. Blow-Up Criteria

In this section, we establish sufficient conditions to guarantee
the formation of singularities for the corresponding solutions
to (10) in periodic and nonperiodic cases. These sufficient
conditions are different from each other.

Hereinafter, we investigate the blow-up phenomenon
with periodic setting; that is, x € S = R/Z. First, we
introduce the following lemmas for later use.

Lemma 4 (see [23]). For all f € HY(S), the following
inequality holds:

2
G*<f2+%f§)(x)zcof2(x), (23)



4
with
Co
_ l arctan (sinh (1/2a))
2 2sinh (1/2a) + 2 arctan (sinh (1/2«)) sinh? (1/2a)

(24)

Moreover, C,, is the optimal constant obtained by the function

fo= (1 + arctan (sinh(f - m N L))

o o 20

xsinh(f—m—i>> (25)

o o 20

-1
X <1 + arctan(sinh<i>> sinh <L>> .
2« 2«

Lemma 5 (see [23]). For all f ¢ HY(S), the following
inequality holds:

I,Ic?gxfz (x) <C L (f2+(x2fj)dx, (26)

where

cosh (1/2«x)
15 5o (27)
2« sinh (1/2a)
Moreover, C, is the minimum value, so in this sense, C, is
the optimal constant which is obtained by the associated Green
function

cosh ((x/a) — ([x] ) — (1/205))‘

Gx) = 2« sinh (1/2a)

(28)

Lemma 6 (see [37]). Assume that a differentiable function
y(t) satisfies
y' (1) < -Cy* (t) + K (29)

with the constants C, K > 0. If the initial datum y(0) = y, <
-V K/C, then the solution to the previous equation goes to —co
in finite time.

Lemma 7 (see [24]). Assume f(x) € H(S), s > 2. If
Js f(x)dx = 0, then

J f (x)dx,

1
"f(x)”i(”(S) S B

L f2(x)dx, (30)

j 20 12 (x)dx<—(j £ (x)dx) |

Now we give some sufficient conditions on the initial data
to guarantee finite time wave breaking for the periodic case.
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Theorem 8. Assume that the initial data (uy, p,) € H® X
H', s> 2, satisfies

" (”0’ Po

2
J’ 3 172
u dx < ——m——
s 0x 063

where C, is defined as in Lemmab, and constant A is
determined later. Moreover, for convenience, we suppose that
2w + y/oa* = 0. Then the corresponding strong solution to (10)
blows up in finite time.

34+ 6 ()
(31)

Proof. By assumption and Theorem 1, there exists a solution
(u,p) to system (10) corresponding to the initial value
(ug»py) € H® x H', s > 2. Suppose that the statement is
not true; that is, the corresponding solution does not blow up
in finite time, and then due to Theorem 3, there exists M, > 0,
such that

(t,x)ei[%,fT) B (£, x) = =M. (32)
Let
M) =u (tqt.x), y®) =p(tq(tx),
(33)
tel0,T),

with g(t, x) determined in (18). Then we have the following
inequality for each x € Rand t € [0, T):

M(t) = -M,. (34)
Since
Y (©) ==y () M (1), )
we have, by solving it,
ly @) = |y 0)] ol M@y 6

So we can get

Ip (64 620)] = [y (0] = [y ©)] b ™ < [ ce™,
(37)
then we have
Ip € < Dpoloe™. 69

Therefore, the following inequality holds:

[+ 1] = Ul + 177 < (lpollme™ +1)72 4. (39)

With the notation of ai(G x f) = (1/6®)G * f - f),
differentiating both sides of the first equation of (10) with
respect to variable x, we obtain

utx+ui+uuxx+2a)uxx
1 2 o 5 1,
== |u+—u.+=-p +
a2( TP TP (40)

1 2 0(2 2 1 2
- —G + — + — + .
2 *(u 2ux 2P P
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We note that G * (1/2) = 1/2; then (40) can be rewritten as
follows:

utx+ui+uuxx+2wuxx
1 2 o? , 1 2
== |u"+—u_+-(p+1
1 2 062 2 1 2
-=Gx|u +—u +=-(p+1)" |.
o (e Sa o)

Multiplying 1> on both sides and integrating by parts with
respect to x, one obtains

4 J wdx
S

1 3
=—= J uidx + = J. wou’dx
2Js s

(X2

+ % J.S ui <%(p+ l)z)dx

3

5 | (42)
- L UG+ (u2 + %ui + E(p+ 1)2>dx

(04

1 3
< —= J uidx +—= J uiuzdx
2 Js o Js

3 2 1 2
+;Lux< (p+1) )dx,

2
where we have used the following identity:

1
J woundx = —= I uldx. (43)
s 3Js

Since

(I ”id")z < ([ wtax) ([, oruiax), @0

it follows that

2

‘X—(L uidx)z. (45)

J utdx >
s " ||(”0>Po)”§1;xL2
We can also get
3 3
= L wildx < “_4C1n(u0’p0)”iléxL2’

% L u (%(p + 1)2> dx

o

= % L ul(p+ 1) dx (46)

< %”(p + I)ZHLO0 L oCuldx

< %N(p 17l et 20 i

So we obtain

d 3
T L u,dx

062 J’ 3 2 3 .
= o “dx> +=C || (o> po)
2”(%”)0)"?1;&2 ¢ X ot 1” 0> Po "H‘}‘XLZ
3 ) i
# 5ol 0+ el )
2

. - (J usdx>2 + : C ”(“ P )"4
= ol o x 1 0> ;0 1512
2”(”0»/?())";;%2 S at HyxL

3
+ ZT#A"(%,P())H;;XLL
(47)

Due to the theory of Riccati type differential equations in
Lemma 6, if (31) holds, then we have

J- uidx — —00, (48)
s

as t tends to some T,.
On the other hand, the majorization

J uidx > infu, (x,t) J uidx
s s

(49)
> ¢ (o) inf 1, (1) [[(ugs o) 0,2
implies that
ngIg infu, (x,t) = —co. (50)
It contradicts the assumption
inf  u (t,x) > -M,. (51)

(t,x) €[0,T)xR
By Theorem 3, we know that the solution must blow up in
finite time. O

Next, we find if the initial velocity has zero mean and
initial energy is sufficiently large, wave breaking can occur.

Theorem 9. Suppose z, = (uy, py) € H* x H', s> 5/2, and
« satisfies 0 < sinh(1/2a)/a < 3. If the initial energy satisfies
Is (ug +aPul_+pt)dx > C, for some positive constant C,, and

then IS uy(x)dx = 0 holds for nontrival z,. Besides, assume

that 2w + y/a® = 0 just for convenience. Then the solution to
the system (10) with initial value z, blows up in finite time.

Proof. From the first equation of (10), we know that

d 3
— d
dt Jg HxX
= —% L uidx + % L uiuzdx + % L ui (%pz + p) dx
2 1
- % LuiG * (u2 + %ui + Epz +p)dx.

(52)



On the other hand, we know that Ig u(x,t)dx = 0 in view of
the hypothesis, and the following inequality holds:

1 cosh (1/2«)

2asinh (1/2) =G <

~ 2asinh (1/2a) (53)

Using Lemma 7 and (53), we obtain

3 22
;Luxudx
1
+%Lui<5(p+l)2>dx
2 o 51 2
——JuxG* u+?ux+5(p+1) dx
s

ol

IN

|

|

4
<
'

QU
=
+

2
(5~ s ) ([, 52)

Similar to Theorem 8, assume that the solution (u,p) of
system (10) does not blow up; that is, there is M, > 0, such
that

inf t,x) > —-M,,
(t,x)elf}),T)xRu"( X) 1 (55)

then
lp (&M < llpoll e exp (M) = . (56)

So we can get

1 3 2\
" <E ~ 4acsinh (1/20) > <,L uxdx> (57)

1( . 3(;z+1)zj 5
<—=| udx+—-— | uldx
2 Jg x 202 s =

*ﬁ%‘aaimaﬂL@”f
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If 0 < sinh(1/2a)/a < 3, then (1/4a?) — (3/4a sinh(1/2«)) <
0. Since IS(u(Z) +a’ul_+ pi)dx > C, for some constant C,,
due to Lemma 7, there is some §* > 0 such that

— 2 2
MJ- uidxsé*(J uidx) ,
S S

20
(58)
3 1 %
————-§"]>0.
< 4acsinh (1/2a) 402 )
Moreover, Lemma 7 also implies that
2 12 2
J; dex > m"u (x)"H;(S)‘ (59)
Hence,
d [ 3
— | u.dx
dt L x
1 J . 144
<——| udx-———
2)s 7 (1202 4+1) (60)

3 1 ) .
e .
8 (406511’11](1/20() 402 >||M (x)"Ha(S)

Note that ||u(x)|| Hi(s) i bounded. In view of Holder’s inequal-

ity, there exists
4/3
J utdx > (J uidx) . (61)
s S

For simplicity of notations, we denote by ¢(t) and y the
following quantities:

Iu3dx 144 < 3 —i—6*>
s © (12“2_,_1)2 4acsinh (1/2a) 40 ’

(62)
respectively. Therefore we have
dp(®) 1 4 4
B2 < 20" 0 - il o (63)

First, we can easily get ¢(t) < ¢(0) — yllull}l{;(g)t, and it is not
difficult to find that there exists a time t,, such that ¢(,) < 0.
Then for all t > t,,, we have

do(t
W L) withg(t) <0, (64)
dt 2
Solving this inequality yields
13 1 -
p< (9 W)+ -1)) . (6
-1/3

which goes to —oco as t tends to —6¢~ /" (t,) + t,; that is, there
exists a time T < —6¢ /3 (t,) + t, such that

limJ uidx = —00. (66)
T Js
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Since

J uidx >infu, (x,t) J uidx > c(a)infu, (x,t) ||u||§{1 sy
s S «

(67)
it shows that
ltiTr? irelugux (x,t) = —00. (68)
Then it contradicts the assumption
inf  u, (x,t)>—-M,. (69)

(t,x) €[0,T )xR

By Theorem 3, we know that the solution must blow up in
finite time. This finishes the proof. O

From now on, we give some blow-up criteria for the
nonperiodic case.

Theorem 10. Assume that the initial data (uy, py) € H°® X

H', s> 2, satisfy
uy (x0) < =2K,, (70)

where K, is a constant determined later. And assume that 2w +
y/a* = 0 just for convenience. Then T is finite and the slope of
u tends to negative infinity as t goes to T while u is uniformly
bounded on [0, T).

Proof. Let (u, p) be the solution to system (10) with the initial

data (u,, p,) and let T be the maximal existence time of
solution. Defining

m(t) = irélug [uy (£, %)) = u, (£,E(1)),
* (71)
y(®) =ptEM),

one can get that m is almost everywhere differentiable on
[0, T) with

B0 = (50 72)
Note that u,,,.(¢,&(¢)) = 0, and with (40), we have
m, = —m2+$(u2+%2ui+%p2+p)
1 o’ 1 7
—;G* <u2+7ui+§p2+p),
and with the relation 1/2 = G * (1/2), we can get

2 1, a5 1 2
m=-m+—|u +—u_+-(p+1
t 0(2 2 x 2(p )

1 ? 1
- =G (”2+%“i+5(/’+1)2> (74)

“2

<—-m’+ % <u2 + %(p + 1)2).

Since u and p are both bounded, then there exists a K, > 0,
so that (1/a)(u® + (1/2)(p + 1)%) < K,, and thus we have

1
m, < —Em2 + K,. (75)

Note that if m1(0) < —+/2K,,, then m(t) < —+/2K, for all ¢ €
[0,T). So there exists a T such that

li t) = —oo.
t1TnT1 m (t) 00 (76)
This completes the proof of the theorem. O

The authors in [25] claimed that the corresponding
solution to the two-component Camassa-Holm equation
exists globally in time provided that some initial data satisfy
smallness conditions. However, we find surprisingly the
smallness of initial energy can also lead to breaking wave
solutions. This is stated as follows.

Theorem 11. Let (1, p,) € H(R)xH* Y (R) with s > 5/2 and
let T > 0 be the maximal time of existence of the solution (u, p)
to (10) with initial data (u,, p,). Assume there is some x, € R
such that py(x,) = —1, and there holds 0 < y < 1 — 2wa’ for
suitable o and y. Moreover,

o (1 - 2wa’ — y)

i W (77)
20 + 2wa? +y

||(”0’P0)||§—1;xL2 <

Then the corresponding solution to (10) blows up in finite time
in the following sense, and there exists a T, with

0<T,
40’ + 40’
caa o +4a |ug . (x0)| .
o® = 2wa” — ya® — (20 + 2002+ p) | (g, po) |l 57112
(78)
such that
i (i, (0) =0 9)

Proof. As in Theorem 8, we define
M(t) = )1(161['% [, (6, X)) =u, (LEW®), te[0,T), (80)

so that

U, (LE@E) =0, ae tel0,T). (81)

We recall that g(t, -) defined by (18) is a diffeomorphism of the
line for any t € [0, T), so there exists an x(¢) € R such that

qtx (1) =§(), te[0,T). (82)



Differentiating the first equation of (10), we can get the
expression of M, as follows:

M, (t,q (t, x (t)))

2 1[5 &5 1 2
=-M +;(u +—”x+5(P+1)

2

1 2 (X2 2 1 2
__2G*(” +—ux+5(p+1)>

o 2
Y\ A2
- <2w + ;) 0,G*u (83)
1. 5 2 2
__EM Ut s(p+1)
—LG* 1,12+oc—2u2 —LG*( +1)2
o? 2" 202 P

- <2w+ %)aﬁc -
Besides, along the trajectory of q(t, x(t)), we have

d((p(t.q) +1)q,)

dt =4x (Pt + Pt + PU + ux) =0. (84)

Then choose £(0) = x, and p(£(0)) = py(x,) = —1, which
implies that

p(LE®) = -1. (85)

Therefore we can obtain

1., 1 5 1 o,
Mt:—EM +;M —EG*(L{ +7ux>
—T;G*(p+1)2—<2w+%>aiG*u
S—1M2+iu2—%u2—%G*(p+l)2
—<2w+lz>82G*u
1 2 1 2 1 2
:—EM +2—1/l —EG*(p*—l)
—<2w %)BZG*M
where we use the fact
2
2 A o 15
G * (u +?ux) > Eu. (87)
We define
f:i Gx*(p+1) <2w+l>azG*u (88)
202 o?
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For any x € R, then

u? (x) = J ' uu,dx + J ' uu, dx

00 (o)
1 X0 X0
< £<J_Oo(u +ou )dx+jOo (u +ou )dx)
1 1
= a””"fw; < a“(”’P)"?{;xLZ‘
(89)
We also have
|G * p| < IGlI2|lp] 2 = 2\/—"P”LZ = + _” u, P)||H1><L2>
|a>2cG * ”| = |Gx * ”xl < "Gx"Lz ””qu2
1 1 1
= Z—WHWHLZ e [ P erz-
(90)
Thus, we can get
1 1
Uit e
1 Y
- 27“2 —<2w+ ?>aiG*u
Y
S—2u2+—2|G*p|—?+<2w+;>|aiG*ul
1
; 1xL? + E"(u’ P)";}(XLZ
1 4 2 1 1 Y
2 (200 NPl = g5+ 5 (20 )
=-a<0.
1)

Therefore, when ||(M0,P0)||§41X1_2 < (& = 2w’ — )/065)/(2064 +
2wa’ + ) holds, we always have f < 0. In this case, we can
obtain

1
M (t)g—EMz—a<0, teltT), (92)

so M(t) is decreasing strictly in such interval. Assume that
the solution (u, p) of (10) does not blow up; that is, it exists
globally in time; that is, T = oo. Then integrating (92) over
[0,£,] with ) = (1 + [ug . (x)])/a yields

M(tl)zM(O)—LIM'

() dt < |ug, (x,)| —at, < -1.
(93)

We can also find that M'(t) < —(1/2)M?, which leads to

d 1 1
__<M(t)) Mz(t)dt M) = - " telt,T). (94)
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Integrating both sides, we have

1 1 1

1
_M—(t)—IS—M—(t)+mS—E(t—tl), (95)

where we use the result M(t,) < —1 obtained previously. Solve
the inequality

2
M(t) S ———— — —00, ast—t, +2.  (96)

(—t)-2
That implies that T < t; + 2 < 00, which leads to a
contradiction ast — 0. This completes the proof. O

4. Persistence Properties

Attention now is turned to determining the persistence
properties of solutions to the two-component DGH equation.
We show that certain decay properties of the initial data
persist in corresponding solution in later time as long as it
exists. Precisely, we prove that the corresponding solution
(1, p) and its first order spatial derivatives preserve the
exponential decay as their initial values do. This is a very
important investigation since we can obtain the detailed
asymptotic behavior of solution from the initial values. The
main idea comes from the recent works of Zhou et al. [17, 38].
Now, we state our result as follows.

Theorem 12. Assume that for some T > 0 and s > 5/2,
(u,p) € C([0, T]; H® x H Yisa strong solution of the initial
value problem to the system (10) and 2w + y/a’ = 0 just for
convenience. If u, = u(x,0), p, = p(x,0) satisfy

|”0 (x)| > |axu0 (x)l > |P0 (x)| > IaxPo (x)| ~0 (eiex)

(97)
as x — 0o,
for some 0 € (0, 1). Then
—6x
lu (x5, 1)) |uy (5 0)], |p (6 0)], [py (1)) ~ O (e77)
(98)
as x — 0o
uniformly in the time interval [0, T].
Notation. Consider
u(x,t) ~ O(e_ex), as x — oo, if lim M =1,
X—00 o~ X
u(x,1) ~0(eiex) as x — oo, if lim ju ()] =0
> ’ > xS 00 efﬁx -
(99)

Proof. First, we figure out the estimates on [u(x, )|,
et (o, )l foos 1ok, D)l 0> and [|p (%, )]l ;0. Then we use the
weight function to obtain the desired result.

Step 1. Estimate for lu(x, t)[l 1o, (%, )00

Multiplying the first equation of (10) by u*"*"! withn € Z
and then integrating both sides with respect to x-variable, we
can get

J W dx
R
+ J " un dx + J " 2wu, dx
R R
o’ 1
+ J W p (U —ul v Zpi+p |dx=0.
R 2 2
(100)

The first term of the previous identity is

2n—1 1 d 2n 2n—1 d
u”  udx = — —|lu@®|m = lu@® 5 =l (@)]l20,
[ w7t = S SO = O Sl Ol
(101)
and the estimate of the second term is
2n-1 2n
”Ru uuxdx‘ < it O ol O1Z. (102)

In view of Holder’s inequality, we can obtain the following
estimate for the third and the last terms in (100):

J 200" i dx < 20u (8)2
R

Jux 0]

12>

2n-1 2 o’ 2 1y
Ju" Bxp*(u +—u, +=p +p>dx
R 2 2

(103)
o’ 1
< lu (t)"i’zln_l 0, p * '+ —ui + —p2 +p
2 2 .
Putting all the previous inequalities into (100) yields
d
21t Ol < e O ollte Ol 20 + 20|11, (B)]] 2
(104)

+

2
0,.p * (u2 + %ui + %pz + p)

L

Thus, according to the Sobolev embedding theorem, there
exists a constant

M = sup |lu(x,t)|gs

te[0,T] (105)
such that applying Gronwall’s inequality gives us
llee (O] 2
t
< <||u(0)||L2n + L 2w||ux (T)| 2
t 2
+J 0,p * u2+“—ui+lp2+p dr | ™.
0 2 2 2
(106)
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For any f € L'(R) N L°(R), we know that

A f e = 7] e (107)
Thus, taking the limits in (106), we get
llee ()1l
t
< (1 Ol + [ 20l (]
t 2
+J 0,p * (u2 + (X—ui + lp2 + p) dT) M
0 2 2 1o
108)
Similarly, for the second equation of (10), we have
J P2n—1ptdx +J p2n—1pxudx
R R
(109)
+ J 2" pudx + J " dx =0,
R R
and using the same method, one can get
d
i1 Ollian < s lp Ol + el el + e o
(110)
Using the Gronwall’s inequality, one gets
lp ®ll2»
t
< (”p(O)le“ N L (el o] o + ||ux|m)d,) it
an)
Taking the limits, one gets
lp ®ll
(112)

t
< (1o @l + [, (el + ) e )

Step 2. Estimate for [|u, (x, £)[ ;o5 [| o, (26, )| oo

We will establish an estimate on [[u,(x,t)||;c using the
same method. Differentiating the first equation (10) with
respect to x-variable produces the following equation:

2
Uy + Ul + U + 20U,

2

(113)
+O2p * <u2+ %ui+ %p2+p) =0.

Then, multiplying (113) by u2"~" with n € Z", integrating the

result in the x-variable, and considering the second term in
the previous identity with integration by parts, one can get

u2n 1
2n—1 X 2n
uu, v, dx=| ul = dx=——Juu dx,
JR e JR (21’1 >x 2n R xox

(114)
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so we have
2n—-1 1 2n 2n—1_2
J u, Ugdx - — J u i, dx + j u, u.dx
R n Jr R

2n-1
+ JR u. 2wu,,dx

2
+ J Wl p « <u2 + (x—ui + lp2 + p) dx = 0.
R 2 2
(115)

Similarly, we can get the following inequality:

S 2||ux (t)”L00 "ux (t)| 2t 2w||uxx (t)l ol

@ 0)

2 .S
+ 0P * WA U opTp

2
(116)

Using Gronwall’s inequality, we can similarly get

o, )]

I

<M (nux )|
t
o,

Taking the limits, one gets

t
ot [ 20l e
0

2
2 2, & 5 1,
axp*(u Ut SP +p>

dr) .
L2n

(117)

e ®

t
< Mt ("”x O)]| 0 + L 20|ty (T)|| odT

t
+J
0

2
o%p * (uz + %ui + %pz +p)

dT) .
LOO

(118)
Differentiating the second equation of (10), one has
Prx & Pxth + 2Py + plhy + Uy, = 0, (119)
and using the same method, we can obtain
IR P P + JR P Pt +2 JR P pttydx
(120)

+ J P pudx + J P dx = 0.
R R

In a similar way, we should deal with the second term as

follows:
2n
px ’ 1 J 2n ‘
—= dx| = |— dx|,
,[R ( 2n )xu x‘ 2n Jo P 0

(121)

l j Pyzcnilpxxudx’ =
R
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thus we can get the estimates of [|p, (x, )|} as follows:
lox O]l

t
(e Ol + [ Qb ol + il ).
(122)

In what follows, we use the weight function to get the
desired result. We shall now introduce the weight function
@n(x) with N € Z*, which is independent of ¢ as follows:

1, x <0,
on(x) = 1%, xe(0,N), (123)
eeN, x> N.

Note that 0 < ¢ (x) < @y (x). Multiplying the first equation
of (10) and (106) by ¢, we have

PNU; + PNULy + 209N,
2
o 1
+ QNOL P * <u2 + ?ui + Epz +p> =
5 (124)
PNUxt + PNUU .y + (PNux + 2w(/)Nu.xx

2
1
+(pNaip * (u2 + %ui+ £p2+p) =

In order to get the estimate of u, ¢y, we need to eliminate the
second derivatives as follows:

2n— 1
| J PNUU s (ux(PN) x|

= |JR u(uypn)™ ™ (o), -

2n
J u( (ux(PN)
R 2n

<2 (I ®)ll oo + et O] o) J1txpn ][220

ux(p;\,) dx|

) dx—J ut, @y ()" dx
R

X

(125)
where we use the fact 0 < (p;\,(x) < @n(x). Hence, as in the

weightless case, we get the following inequality in view of the
estimates of [|u(x, )l ;e and e, (x, )| ;0

@ pxlies + et © ] o

M (Ju 0) ol + 1t 0) o)

t 2 1
+62MtJ ¢Naxp*(u2+“—ui+—p2+p
0

2 2
t
LMt J
0

dr

®

dr.

L®

2
(pNaip * <u2 + %ui + %pz +p)
(126)

1

Similarly, we get estimates for pg, and p,. ¢, as follows:

lpenll e + llpx el oo

2Mt (127)

(lp @ onll o + llpe (0) o]l o) -
On the other hand, a simple calculation shows that there

exists C > 0, depending only on 6 € (0, 1) such that for any
N e 7",

10) (x)J (e-y /“I—dy <C. 128
N on () 29
Therefore for any appropriate function g, one can get
P0G (x) * g° ()|
_|L Iyl 2 I
= |2(X§DN (x)J e g (ndy
x o 1
= on(x )J P ———on () g (7) 9 () dy
on ()

1 l-pfel 1
® (x)J s dy) 9PN oo 9] 1o
(N — 5ty Il ol

< C,”g(PN"L"O 190 -

(129)
and using the same method,
|ondiG () * ¢* ()] < C'lgonlpellgl o (130)
Besides,
|londip * p|
) (131
= lewps = pel < lonl el lpel iz < Cllowpel oo
In a similar way, we have
0. * pl < C'llonpll - (132)

Then we can get the following estimate:
[ ® pxlies + et © ol + o @) Pl oo + o () Pl
< o (|40 oo + et (0) o]

+p ©) ol + o (0) v 1e0)

t
e (], U@l + e O e

o O xli + o O gl ).
(133)

Using Gronwall’s inequality of integral form, one can get
[u® onllio + s O onillieo + 1P O onillieo + o ) Pl o
< o (40 o + et (0) o]

+Hp @ el + llox ©) gnls)
(134)
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Taking the limit as N goes to infinity, we can obtain
|u (x,1) eex| + |ux (x,1) e9x| + |p (x,1) e9x| + |px (x,1) eex|
<K, (Hu (0) eeX" + "ux (0) eex“

tle @]+ o @e]).
(135)

This completes the proof. O

Acknowledgments

This work was partially supported by Zhejiang Provincial
Natural Science Foundation of China under LQ12A01009 and
LY12A01014 and NSFC under Grant no. 11226172.

References

(1] H. R. Dullin, G. A. Gottwald, and D. D. Holm, “An integrable
shallow water equation with linear and nonlinear dispersion,”’
Physical Review Letters, vol. 87, no. 19, Article ID 194501, 4 pages,
2001.

[2] J. Bourgain, “Fourier transform restriction phenomena for
certain lattice subsets and applications to nonlinear evolution
equations,” Geometric and Functional Analysis, vol. 3, no. 3, pp.
209-262,1993.

[3] C. E. Kenig, G. Ponce, and L. Vega, “Well-posedness and scat-
tering results for the generalized Korteweg-de Vries equation
via the contraction principle,” Communications on Pure and
Applied Mathematics, vol. 46, no. 4, pp. 527-620, 1993.

[4] P. G. Drazin and R. S. Johnson, Solitons: An Introduction,
Cambridge University Press, Cambridge, Mass, USA, 1989.

[5] R. Camassa and D. D. Holm, “An integrable shallow water
equation with peaked solitons,” Physical Review Letters, vol. 71,
no. 11, pp. 1661-1664, 1993.

[6] A. A. Himonas and G. Misiotek, “The Cauchy problem for
an integrable shallow-water equation,” Differential and Integral
Equations, vol. 14, no. 7, pp- 821-831, 2001.

[7] Y. A. Liand P. J. Olver, “Well-posedness and blow-up solutions
for an integrable nonlinearly dispersive model wave equation,’
Journal of Differential Equations, vol. 162, no. 1, pp. 27-63, 2000.

[8] G.Misiotek, “Classical solutions of the periodic Camassa-Holm
equation,” Geometric and Functional Analysis, vol. 12, no. 5, pp.
1080-1104, 2002.

[9] S. Shkoller, “Geometry and curvature of diffeomorphism
groups with H' metric and mean hydrodynamics,” Journal of
Functional Analysis, vol. 160, no. 1, pp. 337-365, 1998.

[10] A. Constantin and J. Escher, “Wave breaking for nonlinear
nonlocal shallow water equations,” Acta Mathematica, vol. 181,
no. 2, pp. 229-243,1998.

[11] A. Constantin and J. Escher, “Well-posedness, global existence,
and blowup phenomena for a periodic quasi-linear hyperbolic
equation,” Communications on Pure and Applied Mathematics,
vol. 51, no. 5, pp. 475-504, 1998.

[12] Z. Jiang, L. Ni, and Y. Zhou, “Wave breaking of the Camassa-
Holm equation,” Journal of Nonlinear Science, vol. 22, no. 2, pp.
235-245, 2012.

[13] H. P. McKean, “Breakdown of a shallow water equation,” The
Asian Journal of Mathematics, vol. 2, no. 4, pp. 867-874, 1998.

Abstract and Applied Analysis

[14] Y. Zhou, “Wave breaking for a periodic shallow water equation,”
Journal of Mathematical Analysis and Applications, vol. 290, no.
2, pp. 591-604, 2004.

[15] Y. Zhou, “Wave breaking for a shallow water equation,” Nonlin-
ear Analysis: Theory, Methods & Applications, vol. 57, no. 1, pp.
137-152, 2004.

[16] Z.Xin and P. Zhang, “On the weak solutions to a shallow water
equation,” Communications on Pure and Applied Mathematics,
vol. 53, no. 11, pp. 1411-1433, 2000.

[17] A. A. Himonas, G. Misiotek, G. Ponce, and Y. Zhou, “Persis-
tence properties and unique continuation of solutions of the
Camassa-Holm equation,” Communications in Mathematical
Physics, vol. 271, no. 2, pp. 511-522, 2007.

[18] E Cooper and H. Shepard, “Solitons in the Camassa-Holm
shallow water equation,” Physics Letters A, vol. 194, no. 4, pp.
246-250, 1994.

[19] L. Tian and X. Song, “New peaked solitary wave solutions of
the generalized Camassa-Holm equation,” Chaos, Solitons and
Fractals, vol. 19, no. 3, pp. 621-637, 2004.

[20] L. Tian and J. Yin, “New compacton solutions and solitary
wave solutions of fully nonlinear generalized Camassa-Holm
equations,” Chaos, Solitons and Fractals, vol. 20, no. 2, pp. 289-
299,2004.

[21] L. Tian, G. Gui, and Y. Liu, “On the well-posedness problem
and the scattering problem for the Dullin-Gottwald-Holm
equation,” Communications in Mathematical Physics, vol. 257,
no. 3, pp. 667-701, 2005.

[22] Y. Liu, “Global existence and blow-up solutions for a nonlinear
shallow water equation,” Mathematische Annalen, vol. 335, no.
3, pp. 717-735, 2006.

[23] Y. Zhou, “Blow-up of solutions to the DGH equation,” Journal
of Functional Analysis, vol. 250, no. 1, pp. 227-248, 2007.

[24] Y. Zhou and Z. Guo, “Blow up and propagation speed of
solutions to the DGH equation,” Discrete and Continuous
Dynamical Systems B, vol. 12, no. 3, pp. 657-670, 2009.

[25] A. Constantin and R. I. Ivanov, “On an integrable two-
component Camassa-Holm shallow water system,” Physics Let-
ters A, vol. 372, no. 48, pp- 7129-7132, 2008.

[26] J.Escher, O. Lechtenfeld, and Z. Yin, “Well-posedness and blow-
up phenomena for the 2-component Camassa-Holm equation,”
Discrete and Continuous Dynamical Systems A, vol. 19, no. 3, pp.
493-513, 2007.

[27] Y. Fu, Y. Liu, and C. Qu, “Well-posedness and blow-up solution
for a modified two-component periodic Camassa-Holm system
with peakons,” Mathematische Annalen, vol. 348, no. 2, pp. 415
448, 2010.

[28] C.Guan and Z. Yin, “Global existence and blow-up phenomena
for an integrable two-component Camassa-Holm shallow water
system,” Journal of Differential Equations, vol. 248, no. 8, pp.
2003-2014, 2010.

[29] G. Gui and Y. Liu, “On the global existence and wave-breaking
criteria for the two-component Camassa-Holm system,” Journal
of Functional Analysis, vol. 258, no. 12, pp. 4251-4278, 2010.

[30] Z. Guo, “Blow-up and global solutions to a new integrable
model with two components,” Journal of Mathematical Analysis
and Applications, vol. 372, no. 1, pp. 316-327, 2010.

[31] Z.Guoand Y. Zhou, “On solutions to a two-component general-
ized Camassa-Holm equation,” Studies in Applied Mathematics,
vol. 124, no. 3, pp. 307-322, 2010.

[32] Z. Guo and M. Zhu, “Wave breaking for a modified two-
component Camassa-Holm system,” Journal of Differential
Equations, vol. 252, no. 3, pp. 2759-2770, 2012.



Abstract and Applied Analysis

(33]

(34]

(37]

(38]

E Guo, H. Gao, and Y. Liu, “On the wave-breaking phenomena
for the two-component Dullin-Gottwald-Holm system,” Jour-
nal of the London Mathematical Society, vol. 86, no. 3, pp. 810-
834, 2012.

M. Zhu and J. Xu, “On the wave-breaking phenomena for
the periodic two-component Dullin-Gottwald-Holm system,”
Journal of Mathematical Analysis and Applications, vol. 391, no.
2, pp. 415-428, 2012.

T. Kato, “On the Cauchy problem for the (generalized)

Korteweg-de Vries equation,” in Studies in Applied Mathematics,
vol. 8, pp. 93-128, Academic Press, New York, NY, USA, 1983.

P. Zhang and Y. Liu, “Stability of solitary waves and wave-
breaking phenomena for the two-component Camassa-Holm
system,” International Mathematics Research Notices, vol. 2010,
no. 11, pp. 1981-2021, 2010.

Y. Zhou, “Blow-up of solutions to a nonlinear dispersive
rod equation,” Calculus of Variations and Partial Differential
Equations, vol. 25, no. 1, pp. 63-77, 2006.

Z.Guo and Y. Zhou, “Wave breaking and persistence properties
for the dispersive rod equation,” SIAM Journal on Mathematical
Analysis, vol. 40, no. 6, pp. 2567-2580, 2009.

13



