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We will give the a-Lipschitz version of the Banach-Stone type theorems for lattice-valued «-Lipschitz functions on some metric
spaces. In particular, when X and Y are bounded metric spaces, if T : Lip(X) — Lip(Y) is a nonvanishing preserver, then T is a
weighted composition operator Tf = h- f o, where¢ : Y — X is a Lipschitz homeomorphism. We also characterize the compact
weighted composition operators between spaces of Lipschitz functions.

1. Introduction

The classical Banach-Stone theorem tells us that, when X
and Y are compact Hausdorft spaces, every linear surjective
isometry from C(X) onto C(Y) can be written as a weighted
composition operator; that is, it is of the form

(TF) (») =T () f (@ (¥)) 0))

where ¢ is a homeomorphism from Y onto X and J €
C(Y) with [J(y)] = 1 for all y € Y. The theorem has
many variable extensions concerning isometries, algebra iso-
morphisms, and disjointness preserving mappings between
continuous function spaces; and we refer the surveys [1, 2]
for more history about Banach-Stone theorems. Moreover,
Kamowitz [3] gave the representation and spectrum of the
compact weighted composition operators on the continuous
functions.

Cao et al. stated a lattice version of the classical Banach-
Stone theorem in [4]. Later, Chen et al. [5], Ercan and Onal
[6, 7], and Miao et al. [8] generalized this result. When X, Y
are compact Hausdorff spaces and E, F are Banach lattices,
by the main results of [5, 7], we can see that every vector
lattice isomorphism T from C(X, E) onto C(Y, F) preserving
the nonvanishing functions must be a weighted composition
operator.

Garrido and Jaramillo [9, 10] and Weaver [11] tackled
the Banach-Stone type theorem for lattices of real Lipschitz
functions. Later, Jiménez-Vargas and Villegas-Vallecillos [12]
proved that two little Lipschitz algebras are order isomorphic
if and only if the corresponding compact metric spaces are
Lipschitz homeomorphic. Recently, Jiménez-Vargas et al. [13]
presented a Lipschitz version of the result in [5], in which the
underlying spaces should be compact.

Our first goal of this paper is to prove the Banach-Stone
type theorem in the setting of lattice-valued a-Lipschitz func-
tions. Section 2 is devoted to the preliminaries about vector
lattices and a-Lipschitz functions. Then we will give the a-
Lipschitz version of Banach-Stone theorem in Section 3. In
particular, when X, Y are bounded metric spaces, if T
Lip(X) — Lip(Y) is a nonvanishing preserver, then we
will show that T' is a weighted composition operator Tf =
h- foq@, where 9 : Y — X isa Lipschitz homeomor-
phism. Our second aim is to give the characterization of
compact weighted composition operators on the a-Lipschitz
functions.

2. Preliminaries

An ordered vector space E is said to be a vector lattice if
max{x, y} exists for any x, y in E. A vector lattice E is said



to be a Banach lattice if it is complete under its norm || - || and
satisfies the Riesz law:

Ix| < |[y] = lxll < |y]

; 2)

where |x| = max{x, —x}.
Let (X, d) be a metric space and E a Banach space; if 0 <
a < 1, a function f from X to E is said to be a-Lipschitz if

If - F

R

1x,y €X, x:#y]»<oo.
(3)

The «-Lipschitz function space Lip (X, E) is the space of all E-
valued a-Lipschitz functions on X. LipZ(X, E) is the Banach
space of all bounded «-Lipschitz functions f : X — E with
the a-Lipschitz norm

11 = max{La (£), ] fleo} 4)

where | fll., = sup{llf(x)l|l : x € X}. Furthermore, the
little Lipschitz space lip, (X, E) is then defined to be the closed
subspace of Lip,, (X, E) of these functions f with the following
property: for every € > 0, there exists § > 0 such that || f(x,) -
FO)Il < ed®(x;,x,) whenever d(x;,x,) < 0. lipZ(X, E)
is the subspace of lip, (X, E) consisting of all bounded
functions. Notice that when & = 1, Lip, (X, E) is just Lipschitz
space Lip(X, E). Moreover, if E is a Banach lattice, then
Lip, (X, E) is a vector lattice with the usual pointwise order

f<ge= fx)<gx), VxeX (5)
However, LipZ(X, E) is not a Banach lattice since || - || does not
satisfy the Riesz law in general.

A mapping ¢ from Y to X is said to be a a-Lipschitz
homeomorphism if it is bijective and ¢ and ¢~ are both «-
Lipschitz. If f is in Lip,(X) and e is a vector in E, denote by
f®ethe function x — f(x)ein Lip, (X, E). In particular, 1®e
denotes the constant function x + e on X. For any function f
in Lip, (X, E), the zero set {x € X : f(x) = 0} of f is denoted
by z(f) and its cozero set {x € X : f(x)#0} is coz(f),
and f is said to be nonvanishing if z(f) = 0. An operator
T : Lip,(X,E) — Lip,(Y,F) is said to be a nonvanishing
preserver if

z(f) =0 z(If) =0, Vfelip, (X,E). (6)
T is said to be a Riesz isomorphism if T(f V g) = Tf V Tg and
T(f Ng) =Tf NTg for any f, g € Lip, (X, E).

3. Nonvanishing Preservers on
Lipschitz Functions

In this section, our results will be valid (with the same proof)
for different kinds of spaces. For this reason we first consider
several situations to work in. Throughout this section we will
assume that 0 < « < 1, X, Y are metric spaces and E, F are
Banach lattices.

Context 1. A(X,E) = Lip(X, E), A(Y, F) = Lip’(Y, F).
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Context 2 (0 < « < 1). A(X,E) = lip’(X, E), A(Y,F) =
lip? (Y, F).

This means that when we refer to X, Y, A(X, E), A(Y, F),
we assume that all of them are included at the same time in
one of the above two contexts.

Suppose that X is a metric space and 0 < « < 1, for any
X, # x, € X, the function

7)

f<x>=max{o,1_ d* (%) }

as (xl’xz)

belongs to LipZ(X). Moreover, if 0 < « < 1, then we can find
B > 0 such that « < 8 < 1, and the function

dP (x,x,) }

df (xl’xZ) ®

f(x)=max{0,1—

belongs to lipZ(X). The function f defined in (7) or (8) has

the property: 0 < f < 1, f(x;) =0, f(x,) = 1 and z(f) =
{x e X:d(x,x,) = d(x;,x,)}

Theorem 1. Let T : A(X,E) — A(Y,F) be a Riesz isomor-
phism preserving nonvanishing functions. Then T carries the
form

(T () =) f e (),

Here, ¢ is a homeomorphism fromY onto X and all fiber linear
maps Jy : E — F are isomorphisms.

VfeA(X,E), yeY. (9)

Remark 2. When « = 1, the previous theorem is not valid for
the little Lipschitz space lip, (X, E), where X is a connected
Banach and E is a Banach lattice. Note that if X is a connected
Banach spaces, we have that lipll’(X, E) = lip, (X, E) consisting
of all E-valued constant functions defined on X. Let ¢ be any
map from R*toRand T : lip,(R,E) — lipl([RZ, E) alinear
bijection operator defined by

TF () = fle (),

It is obvious that the operator T is a Riesz isomorphism pre-
serving nonvanishing functions with a weighted composition
representation, but R and R? are not homeomorphic.

It is easy to prove the following lemma.

Vy e R%, (10)

Lemma 3. T preserves common zeros, that is,

ﬁz (f)) #0 = ﬁz (Tf;) +0 a1

forany fi,..., f, € A(X,E) andn € N.

Proof of Theorem 1. In the above contexts, A(X,E) and
A(Y, F) contain constant functions, so E, = E and Fy =F,
where E , F,, are defined in [14, Definition 3.8]. Therefore, by
[14, Theorem 3.1] we can derive the result. O

Lemma 4. In the Contexts 1 and 2, T is automatically contin-
uous.
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Proof. We are going to use the Closed Graph Theorem to
prove this lemma. Suppose that the sequence of functions
{f,} converges to f, in A(X, E) and {Tf,} converges to g, in
A(Y, F); then for any x € X and y € Y, we have that { f, (x)}
converges to f(x) in E and {(Tf,)(y)} converges to g,(y) in
F, respectively. Notice that, for any x € X, Jo '(x) : E — F
is continuous; then one can derive that

(Tf,) (7' ) = (Jo ™' (%)) £, () — (Jo ™' (%)) fo (%)
= (Tfo) (¢ (%))

(12)

for all x in X. Since ¢ is a bijection from Y onto X, we get that
the sequence {(Tf,)(y)} converges to (Tf,)(y) forall yinY,
and hence g, = Tf,. This means that T is a closed operator
from A(X, E) to A(Y, F), and then T is continuous. O

In order to prove that ¢ is a «-Lipschitz map from Y onto
X, we need the following lemma, and some idea of the proof
comes from [15, Lemma 5.8].

Lemma 5. For any fixed element e € E with |le| = 1, we have
that

inf |(7y) (@)] = inf [T (1@ e) (5)] > 0. (13)

Proof. By Theorem 1 we can also find a map J from X to
Iso(F, E) (which is the set of all linear isomorphisms from F
to E) and a bijection ¢ from X onto Y such that

(T79) (%) = (Tx) 9 (7 (x)) (14)

forall x € X and g € A(Y, F). From the definition of y, ¢,
and @, we can see that 9 ' = ¢ = y.

Suppose on the contrary that there exists a sequence
{y,} € Ysuchthat [T(1®e)(y )l = Tyl < 272 for all
n € N.If {,} has a limit point y' in Y, notice that T preserves
nonvanishing functions, then we can see that (J y')(e) =0and
hence e = 0. This leads to a contradiction. On the other hand,
if there exists a positive scalar 7 > 0 such that d*(y,,, y,,) > T
for any n,m € N with n#m, when we take the norm one
element

T(1®e)(y,)

= PGV 15
"= ree ()] "
then we can derive that

[T (T (ee)](p(r,) =1e)(9(5,)) =e )
16

[T (T ®e)] (9 (3) = (To () T(1@e) ()

for all n € N. Therefore, for any n € N, we know that

. |(Fo (7)) T @) (3,)
|G () 8,)] =
IT(1®e) (5] 1)
_ 1 2n
IT(1®e)(y)]

Moreover, for any n € N, by the similar manner of (7) and (8)
we can define the function y,(y) € Ab(Y) such that 0 <y, <
1, L, (y,) < mfor somem > 0, y,(y,) =1and y,(y) =0 for
all y such that d(y, y,,) = 7/2. When put

— n ® bn
hy = Z"’Z—n, (18)
n=2

we can see that h belongs to A°(Y, F) and hy(y,) = b,/2" for
n > 1. Then one can conclude that

(T7'h) (9 () = (T (3,)) (o [3 (@ (3,))])

= (7o (1)) (0 (1)) = 55 (70 () (8),
(19)

and hence

[Ge ) @],

, VYn=2.
2"

(20)

[(T7ho) (@ ()] =

This is a contradiction in Contexts 1 and 2 since || Tflholl oo <
00. ]

Theorem 6. Suppose that X, Y are bounded metric spaces in
the Contexts 1 and 2; then ¢ is a a-Lipschitz map from'Y onto
X.

Proof. We can define the linear map T from A(X) to A(Y) by

(TF) () =fe(y), VyeY. (21)

We have to show that T is well defined at first. For any fixed
element e € E with |e|| = 1, from Lemma 5 we can choose a
positive scalar v such that [|[T(1 ® e)(y)[| = v > 0 for all y in
Y, and then it is easy to see that the function 4 which maps y
tol/ || T(1®e)(y) | belongs to A(Y).

Assume that f is a positive function in A(X); one can get
that, for any y,, y, € Y,

(T) ODIT A ee) () = (TF) ) IT A @ e) (1)
= 1Uy1) £ (@ (1)) el = [U52) f (@ (32)) €|
<[Uy) fle(r))e=Up) f (@ (12))e]
=T (foe)(n)-T(fee) ()l

<Ly (T(f®e))d (y1,y,) < "T (f®e)|| d* (v, 1)
(22)

that is, (Tf)(y)IIT(l ® e)(y)ll is a bounded «-Lipschitz func-
tion. Moreover, in Context 2 we can derive that (T HMITA®
e)(»)| is also a little Lipschitz function. This means that the

function (Tf)(y)~ = (Tf)(y)IIT(l ® e)(y)lh(y) belongs to
A(Y). Therefore, T is a well-defined bijective linear operator
from A(X) onto A(Y), and T is also a nonvanishing preserver.



Suppose that {f,,} is a sequence which converges to 0 in
A(X) and the sequence (T f,} converges to g, in A(Y). For any
neNandy €Y, (Tfn)(y) = f,(¢(y)), and hence we have
that {f,(¢(y))} converges to g,(y) for all y € Y. Notice that
{f.,} converges to 0; one can conclude that { f,,(x)} converges
to 0 for all x € X, and, since ¢ is a bijective map from Y onto
X, we have that go(y) = 0 for any y in Y. Therefore, T is a
closed operator and hence T is continuous.

For any y, and y, in Y, there exists a function f, €
A(X) such that || foll < D(X) + D(X)'™ and fo(e(y,)) =

d(p(y1), ¢(y;)) and fo(e(y,)) = 0 (in fact, fo(x) =
d(x,9(y,)) has the properties that we need). Here D(X)
denotes the diameter of X. Then we can derive that

(Tfo) 1) = (Tfo) 51| < Lo (T£p) @

s ”T" "fo“ a* (v y)-

(y1>9,)

Furthermore, we have that

|f0 ‘P(}’l)) (‘P(}’z))l
- |(Tf0) ) - (T1) (J’z)'

= ”T" (D (X) + D(X)l_a) d* (y1 )
(24)

d(e ()9 (n)) =

and this means that ¢ is a «-Lipschitz mapping from Y onto
X. Similarly, we can see that ¢ ™" is also a-Lipschitz, and then
@ is a a-Lipschitz homeomorphism. O

For the spaces of scalar-valued Lipschitz functions, we
give a complete characterization of nonvanishing preservers.
But at first we need to recall a special case of [16, Lemma 25].

Lemma 7. Let A(X), A(Y) be in Contexts 1 and 2. Suppose
that T : A(X) — A(Y) is a linear nonvanishing preserver;
then the map S : A(X) — A(Y) given by

S =Tf oo (3)

is a Riesz isomorphism preserving nonvanishing functions.

Proof. For completeness, we will sketch the proof. Observe
that T'1 is never vanishing. If f € A(X) and A € R, then
A € range f if and only if 0 € range(f — A) if and only if 0 €
range(Tf —AT1) ifand onlyif A € range Tf/T'1.In particular,
if f>0,thenTf/T1>0.LetY, ={yeY: (T1)(y) > 0}and

={y eY: (T1)(y) < 0}. ThenY, UY_ is a partition of Y
into two open sets.

Suppose that f € A(X)and f > 0. ThenTf > OonY,
and Tf < 0onY_. Hence Tf - T1/|T1| = |Tf| € A(Y). For
any f € A(X), we have that f,, f. € A(X), and |T(f,)| =
T(f,)-T1/IT1| and |T(f_)| = T(f_) - T1/|T1|. Then we can
derive that

Sf=Tf - |T1|
= |T (f+)| -

=(T(f)-T(f))-

IT(f)l e A®).

i 26)
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This means that S is well defined. Moreover, it is easy to check
that S is bijective.

From the previous paragraph, if 0 < f € A(X), then Sf =
ITf| = 0.1If f € A(X) and g = Sf > 0, then by the above,

0<Sf=Tf X = [T(F-IT(F). @)

|T1 l

By [17, Lemma 2.3], T is biseparating, and hence T(f,)

T(f.) = 0.It follows that T(f_.) = 0 and thus f. = 0.
Therefore, f > 0. Thus S is a Riesz isomorphism. It is trivial to
check that 0 € range f if 0 € range Sf forany f € A(X). O

Theorem 8. Suppose that X, Y are bounded metric spaces and
T is a nonvanishing preserver between the following function
spaces:

(i)0<a<landT:Lip, (X) — Lip, (Y);
(i) 0 <a<landT:Lip,(X) — Lip,(Y).

Then T is a weighted composition operator of the form

(Tf) () =h(y) f(9(»))- (28)

Hereh=T1land ¢ :Y — X isa «-Lipschitz map.

Proof. By Lemma 7 we have that T is a Riesz isomorphism.
Then by Theorem 6 we can derive the conclusion. O

In Theorem 8, the boundedness of the metric spaces can
not be dropped.

Example 9. Let N, be the positive integers with the discrete
metric, and we can derive that N; is not Lipchitz home-
omorphic to N. By [18, Example 1.6.4] we can derive that
Lip®(N) = Lip’(N,) = €%, and then the identity map I :
Lip?(N) — Lip’(N,) is a nonvanishing preserver. However,
the underlying metric spaces are not Lipschitz homeomor-
phic.

4. Compact Weighted Composition Operators
on Lipschitz Spaces

Suppose that X, Y are metric spaces, 0 < a« < l,and T :
LipZ(X ) — LipZ(Y) is a weighted composition operator, that
is,

(Tf) (y) =h(y) f (@ (¥)),

Here h = Tland ¢ : Y — X is a a-Lipschitz mapping.
PutY, = {y € Y : h(y) = 0}. Recall thatgp : ¥ — X is
supercontractive on Y' C Y if for each & > 0 there exists 8 > 0
such that d(p(y,), 9(1,)) < ed(y;, y,) whenever y;, y, € Y’
and 0 < d(y,, y,) < 0. In this section, we will characterize
the compact weighted composition operator T' and consider
its spectrum.

VyeY, felLip(X). (29)

Theorem 10. Suppose that T is compact. For any y, € Y \
Y,, there is an open neighborhood Uy, of y, such that ¢ is
supercontractive on U, and ¢(U,) is totally bounded.



Abstract and Applied Analysis

Proof. Since h(y,) # 0, we can find an open neighborhood U,
of y, such that |h(y)| > |h(y,)|/2 > 0 for all y € U,. Suppose
on the contrary that there exist {x,},{y,} ¢ U, such that
d(x,,y,) — 0and

d(e(x,),9(y,) N
d (X, Y)

for some ¢, > 0. Without loss of generality we can assume

that d* (x,, ¥,) < 1/n.
Let

& (30)

1- efnd“(x,qn(yn))

_ . 31
fo (%) " ; (31)

we can derive that || f, [, < 1/mand |f,(x;) = f.(x;)] <
d®(x;,x,) for any x;,x, € X. This implies that {f,} is a
bounded sequence in LipZ(X). If T is compact, then there

exists a subsequence {f, } such that Tf, — g, € LipZ(Y).
Since f, — 0 uniformly, for any y € Y, we have that

(T£,) )] = |1 () £, (9 ()] < Il | £, (2 ()| — O,
(32)

and then g, = 0. This means that Tf,, — 0in LipZ(Y).
On the other hand, for any n € N, by the Mean Value
Theorem we have that

|(Tfn) (xn) B (Tfn) (yn)| _ |h (xn) fn (gD (xn))l

d® (x> ¥) d® (x,, ¥,)
—nd” (¢(x,),9(¥,))
_ R ()| 1 — e oot
2 nd® (x,, y,)
_ B G0l e, 4% (9 () 9 (7))
2 d® (x,, ¥,)
h o
> | (Z)IO)IE_L“((P)SSC.

(33)

Here 0 < &, < d%(e(x,),9(y,) < Li(9)d" (x,,y,) <
L? (¢)/n. Therefore, we can derive that L ,(Tf,)) - 0, and this
is a contradiction.

On the other hand, suppose on the contrary that ¢(U,)
is not totally bounded, then there exist a constant T > 0 and
z, = ¢(u,) € (U,) such that d*(z,, z,,) > T whenever n# m.
Let

fux)=1-e¥®™)  vyxeXx; (34)

then it is easy to see that f,(z,) = 0 and | f,|| < 1. Moreover,
for any »n # m, we can derive that

"Tfn - Tfm“oo = |h (un) fm (Zn)|

|h ()’ )| -d*(2,,2,)
> TO (1 —e )
|h ()’o)l

> B (1-6).

(35)

Therefore, {Tf,} has no Cauchy subsequence, and hence T is
not compact. This leads to a contradiction. O

Theorem 11. Suppose that ¢ is supercontractive on Y \ Y, and
o(Y \'Y,) is totally bounded; then the weighted composition
operator defined by (29) is compact.

Proof. Let {f,} < LipZ(X) be a bounded sequence, that is,
I f,ll < M for some M > 0. Since p(Y'\ Y;) is totally bounded,
there exists a subsequence of {f,}, which is also denoted by
{f,}, such that {f,} is convergent uniformly in ¢(Y \ Y).
Denote the limit by f;(x) for all x € ¢(Y \ Y). It is easy to
verify that f, is a bounded Lipschitz function in (Y \ Y). By
the similar argument of [18, Theorem 1.5.6] we can extend f;
to be a bounded Lipschitz function in Lipf;(X ), which is also
denoted by f,. It suffices to show that {Tf,} converges to T'f,
in Lip?(Y).

Since T is a weighted composition operator, it is easy to
see that {Tf,} converges to Tf, uniformly on Y. Let ¢ > 0 be
given. Since ¢ is supercontractive on Y \ Yy, there exists § > 0
such that

d(p ()9 ()
d (1)
whenever y;, ¥, € Y\ Y and 0 < d(y,, ¥,) < 6.

We will show that L (Tf, - Tf,) — 0 by dividing into
four cases as the following arguments. For any y,, ¥, € Y with

Y # Yo

<e (36)

Case 1. If y,, y, € Y, we have that (Tf,,)(y;) = (Tf)(y;) =0
fori=1,2.

Case 2.1f y;, y, € Y\ Y, and 0 < d(y,, ¥,) < &, we have that

T (fa=£o) 01) =T (fu = fo) (7))
<|[h () =h ()] (fu = fo) (9 (1))]
+1h () [(fu = £0) (0 (1) = (fu = fo) (@ ()]
< Lo () d* (31, 32) [(fa = fo) (9 (1))

+ 1Al (Lo (fu) + Lo (f6)) A% (9 (1) ¢ (32)) -
(37)

Moreover, by (36) we can derive that

d“ (¢ (11),9(32)) «
a*(y1, y,) 0 2) (38)

<&%d* (y1 3,).

d* (e (31). ¢ (1)) =

Case 3.1f y,, y, € Y \ Y, and d(y;, y,) > 8, we have that
T (fa = fo) 01) =T (fu = fo) )]
d*(y1, 72)

_ 21, Thil,
¢ At~ Thls

(39)



Case 4.1f y; € Y\ Y, and y, € Y, we have that h(y,) = 0 and
then

|T(fn - fo) ()’1) - T(fn - fo) ()’2)|
= |h () (fu = fo) (9 )]
= [h () =h () [(fu = fo) (@ ()]

<L, (h)d* (y,y,) I(fn - fo) (¢ (yl))l

Hence we derive that L ,(Tf,—-Tf,) — OandthenTf, —
Tf,. This means that T' is a compact operator. O

By the similar argument, one can conclude the following
results for the scalar-valued little Lipschitz function spaces.

Theorem 12. Let « € (0,1). Suppose that T : LipZ(X) -

Lipi(Y) is a nonzero weighted composition operator of the form
(29).

(1) If T is compact, then, for any y, € Y \'Y,, there
is an open neighborhood U, of y, such that ¢ is
supercontractive on U, and ¢(U,) is totally bounded.

(2) If g is supercontractive on Y \ Y, and (Y \Y,) is totally
bounded, then T is compact.

Also here, the result of [19] also refers to the case where T
is a composition operator.

Corollary 13. Suppose that X, Y are compact metric spaces,
and T is a weighted composition operator of the form (29)
between the following function spaces:

() 0<a<landT:LipS(X) — Lip’(Y);
(ii) 0 < w < Land T : Lip’(X) — Lip(Y).

Then T is compact if and only if ¢ is supercontractive on Y \ Y.

When T is a composition operator, thatis, h = T1 = 1 in
the form (29), then Y;, = 0 and we can establish the following
results in [20, Theorem 1.1].

Corollary 14. Suppose that X, Y are metric spaces and T :
Lip‘bx(X) — LipZ(Y) is a composition operator; then T is
compact if and only if ¢ is supercontractive and @(Y) is totally
bounded.

In the following part of this section we have X = Y. Define
@o(x) = xand @,(x) = ¢(¢,_,(x)) for all x € X by induction.
A point x,, € X is said to be the fixed point of ¢ of order #,
neN,ife,(x,) = x,and ¢;(x,) # x, foranyi = 0,1,...,n—1.

Theorem 15. Let X be a complete metric space and T
Lip®(X) — Lip®(X) a weighted composition operator of form
(29) satisfying: ¢ is supercontractive on X \ X, and (X \ X))
is totally bounded. Then we can derive that o(T) = {0} U S,
where

$ = {)‘ DAt = h(xo)h(‘P (xo)) : "h(%—l (xo)) >

X, is a fixed point of ¢ of order n}.

(41)
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Proof. Suppose that x, is a fixed point of ¢ of order n. If
h(gy(x,)) = 0 for some k, we can see that T is not surjective
and hence 0 € o(T).

Assume that h(¢y(x,)) # 0 forany k = 0,1,2,...
A" = h(xg) - h(@,_1 (xg)).

When n = 1, we have that A = h(x,) and ¢(x;) = x,.
There exists g € Lip”(X) such that g(x,) = 1. There is no
f € Lip?(X) such that (A = T) f = g. Indeed, if such f exists,
we can derive that

0 =Af (x0) = h(xo) f () = Af (x0) = h (%) f (¢ (o))
=g(x) =1,

,n—1and

(42)

and this is impossible. This means that A € o(T).
Whenn > 2, let § := min{d(¢;(x,), ¢;(x()) : 0 < i#j <
n — 1}, and define

= 1
9= L ) h o o)

)]

Here h(p_,(x,)) := 1. Then, similar to the argument of [3,
Proposition 3], we can derive that A € o(T).

On the other hand, for each f € Lip’(X) with Af = Tf,
for some A ¢ {0} U &, we will prove that f = 0. This implies
that A ¢ o(T) and completes the proof.

From the assumption Af = Tf = h- f o @, forall x € X
and n € N, we derive that

M f(x)=h)h(p () (@, () f (9, (x)) . (44)

Given any z € X, let = {¢,(z) : n € N U {0}} and
N =1{n e N : |h(g,(2))| = §,}; here §, is any fixed number
with 0 < §, < |A|. We provide that f(z) = 0, which implies
that f = 0, by dividing into the following cases.

xmaX{O,l—

Case I (F N X, #0). If there exists i, such that h((pio (z)) =0,
by (44) we can see that

A f(2) = h(2) k(9 (2)) (g, (@) f (i (2)) = 0.
(45)
This implies that f(z) = 0.
Case II (¥ < X \ X, and & is finite). Let ¥ =
{z,9(2),..., Pn, (2)}. Then there exists 0 < k < n, such that

@n,+1(2) = @ (2). This means that ¢, (z) is a fixed point of ¢
of order n, — k + 1. By (44), we have that

X (4 (2))
= h (9 @) 1 (9111 ) -1 (9, @) f (P @)
(46)

and f(g(z)) = 0since A ¢ {0} U &. Once again, by (44), we
derive that

Nf@)=h@h(p@) h(p, (@) f (g (2) =0,
(47)

and f(z) = 0.



Abstract and Applied Analysis

Case III (¥ ¢ X\ X, # is infinite and ./ is infinite). Notice
that {p,(z) : n e N} c (X \ Xy) Ne(X \ X,). Since p(X \
X,) is totally bounded, we can derive that {¢,(z) : n € 7}
converges to a point X € X. Moreover, ¢,(z) — X since ¢ is
supercontractive. Then we have that |h(x)| > §,and ¢(X) =
By (44) we can see that f(x) = 0. Since ¢ is supercontractive,
there exists §; > 0 such that

d(¢(z1),9(2)) < s0-—d (21, 2,)

2||h|| (48)

when 0 < d (z;,2,) < 8.

Choose N € N such that d(¢,(z),%) < 6, foralln > N, and
we have, for any n € N, that

V' f (on @)] = |h (9 () h(oni1 (2) -+
h(@nin1 @) f (Puin (2)]
<Al | f (@nen ()]
=Bl | f (9in (2) = £ ()]
< Ml L (f) d (@uen (2), %)

< IhleL(f) 2|||i)zt|: d(Puin-1 (2),X)
< < HIL(S) (2"'2|: ) d(pn (2),%)

15 aten@ 5.
(49)
That is,
f (on @) < LN dlgn@.5). (50

Since nis arbitrary, we can derive that f(¢y(2)) = 0, and then
f(z) = 0 since (44).

Case IV (# ¢ X \ X, F is infinite and /' is finite). We can
choose N,, € N such that |h(¢g,(z))| < &, for n > Nj. From
(44), we have that

A f(2)
=h(@)h(9 () k(9,1 (2) f (9, (2)),

and then

F () < ||h||N°6*N°( ) 17 (52)

for all n > N,. This implies that f(z) = 0as §, < |A|. O
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