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Hopf bifurcation of a delayed predator-prey system with prey infection and the modified Leslie-Gower scheme is investigated.
The conditions for the stability and existence of Hopf bifurcation of the system are obtained. The state feedback and parameter
perturbation are used for controlling Hopf bifurcation in the system. In addition, direction of Hopf bifurcation and stability of
the bifurcated periodic solutions of the controlled system are obtained by using normal form and center manifold theory. Finally,
numerical simulation results are presented to show that the hybrid controller is efficient in controlling Hopf bifurcation.

1. Introduction

The dynamics of epidemiological models have been inves-
tigated by many scholars [1-7] since Kermack and McK-
endrick [8] proposed the classical SIR model. Based on the
classical SIR model, Chattopadhyay and Arino [9] proposed a
predator-prey epidemiological model with disease spreading
in the prey, and they studied the boundedness of the solutions
and the existence of Hopf bifurcation for the model. In order
to study the influence of disease on an environment where
two or more interacting species are present, Zhou et al. [10]
proposed the following ecoepidemiological system consisting
of three species:
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where S, I, and y denote, respectively, the population density
of the susceptible prey, the infected prey, and the preda-
tor. It is assumed that the predator eats only the infected

prey with the modified Leslie-Gower scheme [11-14]. The
coeflicients r, K, B, ¢, ¢, Ky, a,, ¢,, and K, in system (1)
are all positive constants, and their ecological meanings are
interpreted as follows. r and K represent the intrinsic birth
rate and the carrying capacity of the prey population in the
absence of disease, respectively. 8 represents the transmission
coefficient. ¢ represents the death rate of the infected prey.
¢, represents the maximum value of the per capita rate
of the infected prey due to the predator. ¢, represents the
maximum value of the per capita rate of the predator due to
the infected prey population. K, and K, represent the extent
to which environment protection to the infected prey and the
predator, respectively. Zhou et al. studied the boundedness,
stability, and the permanence of system (1). The effect of
the transmission coefficient and the predation rate on the
dynamics of the system were also investigated.

However, an important aspect which should be kept in
mind while formulating an epidemiological system is the
fact that it is often necessary to incorporate time delays into
the system in order to reflect the dynamical behaviors of
the system depending on the past history of the system,
and epidemiological systems with delay have been studied
extensively [4, 5, 15-17]. Zhang et al. [5] formulated a
delayed predator-prey epidemiological system with disease



spreading in predator. Hu and Li [15] considered a delayed
predator-prey system with disease in prey, and they studied
Hopf bifurcation and the stability of the periodic solutions
induced by the time delay. Motivated by the work above,
in the present paper, we incorporate the feedback delay of
the predator into system (1) and get the following delayed
system:
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where 7 is the negative feedback delay of the predator. The
main purpose of this paper is to consider the effect of the
delay on the dynamics of system (2). We will study the
local existence of Hopf bifurcation and the properties of
periodic solutions. In addition, in order to delay the onset of
Hopf bifurcation, we will incorporate the state feedback and
parameter perturbation into system (2).

The initial conditions for system (2) take the following
form S(0) = ¢,(0), I(0) = ¢,(0), y(0) = ¢5(0), 0 € [-1,0],
where (¢,(6), $,(6), 5(0)) € C([-7,0],R?) and ¢,(0) > 0,
¢,(0) > 0, and ¢5(0) > 0.

This paper is organized as follows. In Section 2, we will
study the stability of the positive equilibrium and the exis-
tence of local Hopf bifurcation of system (2). In Section 3, the
state feedback and parameter perturbation are incorporated
into system (2) to control the Hopf bifurcation. The direction
and the stability of the bifurcated periodic solutions are
also determined for the controlled system. Some numerical
simulations are given to support the theoretical prediction in
Section 4.

2. Stability of Positive Equilibrium and
Hopf Bifurcation

According to [10], we can know that if the condition (H,):
aa,K, < ¢, K(BK - ¢) holds, then system (2) has a unique
positive equilibrium E, (S,,I,, y,), where

- [eKi(B+ BKir) +am - 6 (BK - )] + VA,
' 2¢, (B + B*K/r)
_ a, (I* + Kz)

Vo= ———
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with
A= [OzKl (ﬁ+ ﬁzTK> +qa, _Cz(/gK_C)]
, (4)
—4c, (;8 + ﬁTK> (qaK, — 6K, (BK —¢)).

The variational matrix at E, takes the form

a9 0
J(E,)=|an ax ay3 , (5)

0 bye™ bye™

where

r r

a; =-=S,, a =—S*< +—>,
11 K 12 B K

Cll*y* CII*
a,, = pl,, a,, = ———, ayy = — ,
21 ﬁ * 22 (I* +K1)2 23 I* +K1 (6)
2

_ QY. ___ Q)

” (I, +K2)2, 33 I, +K,

The characteristic equation corresponding to J(E,) will be

N+ AN+ Ad+ (BA + BA+By)e ™, (7)
where

Ay =—(ay +ay), Ay = ayay — apdy,
B, = -b;;, By = (ay, +ay,) bys — aysbyy, (8)
By = ay,ay3b55 + (a150, — ay,0,) bss.

For 7 = 0, characteristic equation (7) reduces to

A+ (A, +B)A + (A, +B)A+B,=0. 9)

Obviously, if the condition (H,): A, + B, > 0 and (A, +
B))(A, + B;) > B, holds, then the positive equilibrium
E.(S,,1,,y,) is locally asymptotically stable in the absence
of delay.

For T > 0, substituting A = iw(w > 0) into (7) and sepa-
rating the real and imaginary parts, one can get

. 2 2
B,wsin tw + (BO - Bw )cos Tw=A,w,

(10)
B,wcosTtw - (BO - Bzwz) sinTw = w° — Aw,
which leads to
W’ + p0w4 + q0w2 +1,=0, 11)
where
2 52
po=A5-B; =244,
(12)
go =A%~ B +2ByB,,  r,=-B.
Let z = w’. Equation (11) can be written as
h(z) =2+ pyz” +qpz + 15 = 0. (13)
Obviously, r, = —BZ < 0. Discussion about the roots of

(13) is similar to that in [15], so we have the following lemma.
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Lemma 1. For the polynomial equation (13), since r, < 0, one
has the following results:

(i) if ry < 0, then (13) has at least one positive root;

(i) if ry = 0 and p} — 3qy < 0, then (13) has no positive
roots;

(iii) if ry = 0 and p; - 3q, > O, then (13) has positive roots

if and only if z; = ((—=py + \[P: —39,)/3) > 0 and
h(z}) < 0.

Suppose that the coeflicients in h(z) satisfy the following
condition (H,): 7y < 0 orry = 0, p; — 3q, > 0,2} > 0, and
h(zy) < 0.

If the condition (Hj;) holds, then (13) has at least one
positive root. Without loss of generality, we assume that (13)
has three positive roots that are denoted as z;, z,, and z;.
Then, (11) has tree positive roots w, = /z, k = 1,2, 3, and for
every fixed wy, the corresponding critical value of time delay
T]ij) is

4 2 .
G 1 (A,B, + B))w; — (AB, + A,By)w;  2jm
Tk = —arccos > 4 > 2 2 e
wk Bzwk + (Bl — ZBOBZ) (Uk + BO wk

k=1,23 j=0,1,2,....
(14)

Let

=1 =min{r”}, w0y =w, k=123 (5)

Next, we give the transversality condition by the following
Lemma.

Lemma 2. Suppose that z, = w; and N (zy)#0. Then
dRe A(ty)/dt #0.

Proof. Taking the derivative of A with respect to 7 in (7), we
obtain
_ardA

) dA
(31 +2A2/\+A1)dT+(ZBZ)L+B1)e -
" (16)
~(B,A*+B,A+B ‘“(A —):0,
( LAT+ BiA + o)e +TdT

which yields

dA7h 342450+ 4,

dr AP+ AN+ AN

(17)
2B, + B, dr

T ABA 4B A+ By dA

Hence, a direct calculation shows that

dA () 3wp +2(A]-24,)w) + A
NTdr ) TS (A-24) 0+ A

2Blw; + B} - 2B,B,
Biw} + (B? - 2ByB,) w} + B’

3
From (11), we have
W) + (A22 - 2A1)wg + Al
(19)
= Bowy + (B} - 2B,B,) w; + B;.
Thus,
dA(z,)\ "
Re ( ( o))
dr
4 2 2 2 2 2
_ 3w +2 (A3 - B -2A,)w; + A} - B} +2B,B, 20)

w§ + (AL -24)) w} + A% w?

K (zo)
w§ + (A% -2A,) wh + A2w?’

Obviously, if H'(zy)#0, then Re(dA(zy)/dr)™" #0. In
addition, sgn(d Re A(7,))/dT) = sgn Re(dA(1,)/dT).
Thus, the proof is completed. O

By Lemmas 1 and 2 and Corollary 2.4 in [18], we have the
following theorem.

Theorem 3. For system (2), if the conditions (H,)-(H;) hold,
then

(i) the positive equilibrium E . (S,, 1, y.) is asymptotically
stable for T € [0, );

(ii) the positive equilibrium E (S, 1, y,.) is unstable when
T > Ty

(i) ifh'(zo) #0, then system (2) undergoes a Hopf bifurca-
tion at E,(S,,1,, y,) when v = 1. That is, system (2)
has a branch of periodic solutions bifurcating from the
zero solution near T = 1.

3. Hopf Bifurcation Control

In this section, we will incorporate the state feedback and
parameter perturbation into system (2) in order to delay
the onset of Hopf bifurcation in the system or make the
bifurcation disappear. Then we get the following system with
controller:

%za[rS(l——S;I>—ﬁSI]+)}S,

dl . aly ]

dt—cx[[)’Sl cl T+K, ) (21)
dy _ Gy (t-1)

dt oc[<a2—1(t_r)+K2)y]+y2y,

where «, p, and y, are parameters, which can control the
system to relocate the onset of an inherent bifurcation.



Similar as in Section 2, we can easily get that if the
following condition (H,) holds (H,): ¢rK,(a,a + y,) +
coraK, < KK, (ra + ), then, system (21) has a unique
positive equilibrium E*(S*, 1%, y*) where

I = = [B, - B,] + VA,

B 2ac, (B+ BK/r)’

5y = (@ +9,) (I" + K;) (22)
ac

* 1 Cly* )
§* = e+ 22 ),
ﬁ<c+1*+K1

with

2

B°K
B, = agK, <ﬁ+T +¢ (a+y,),

K
Bz=occz(ﬁK—c)+Q—ﬁy,
r

A, = [“QK1 (ﬁ + ﬁZTK> +¢ (a+y,)
e, (pc ) - 21 |
- doc, (/3 + ﬁTK) (cle (@ +7,)

~a6,K, (BK - ¢) - 2KK,py).
(23)

Using Taylor expansion to expand the right-hand side of
system (21) at the positive equilibrium E*(S*, I*, y*), we have

das
E = a{IS + a{zI + f1>
dl
p =5’2’15+a2,2[+5’2,3+f2’ (24)
d
d—f —bLI(t—1) + by (t—1) + fs
where
, arS” , . r
nT g ay, = —as <ﬁ+f)>
) . ) ac I*y* ag I
ay, =apl’, = , =- ,
21 22 (" + Kl)z b3 I+ K,
%2 %
YOGy Gy
32 (I* n K2)2 33 I* + KZ
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f1 = a;38* +ay,SI,
= (1245'I+(12512 +(1261)/+¢12712y+(12813 SRR
fy=Cuyy(t—1)+ eyl (t—1) + eI (t - 1)
+c341(t—‘r)y(t—r)+c3513(t—‘r)
+ ol (t—r)y+c37I2 t-1)y(t-1)
+ogylt-T)yt-1)+---,

(25)
with
or or
a3 = ——, =—— —af3,
13 14 K B
oKay”
a’24 = (Xﬁ’ a25 = L 3
(1" +K,)
oK« 2K«
a26 == 2 a27 = 3
(I" + Ky) (I* +Ky)
aKiay® )
g = — 2 G = T >
(I* +K;) I" + K,
Gy _ ey
Gy = 2 G3= T 3
(1" +Ky) (1" +Ky)
* %2
_ ey _ ey
Gy =" — Gs =T 1
(I* + K,) (I* + K,)
.5 A _ %y
36 = > = >
(I* + K,)’ (I* +K,)’
aG
Gg= 3
(I + K)
The linear system of (24) is
ds ! !
I =a;S+ap,l,
dI
b ay S+ ayl +a,, (27)
d
d—f LIt -T) + by (t-1).
The characteristic equation of system (27) is
N+ A0+ AL+ (BoA + BA+By)e ™, (28)
where
! ! ! ! ! ! ! !
A, =- (au + azz) > A} = ay,ay, — a0y,
! ! ! ! ! ! ! !
B, = -b;;, B, = (a“ + azz) by, — aybsy, (29)

! ! ! ! ! ! ! ! !
B, = a),a5b;, + (a12a21 - 61110122) bs;.
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Obviously, the characteristic equation of system (27) is
similar to (7). As the analysis method is similar to Section 2,
we omit the linear stability and Hopf bifurcation analysis of
system (21). By the similar computation as in Section 2, we

can get that the critical value of time delay T,Ej ) for system (21)
is

G 1 91 (“’ilc) 2jm

Tk = —,arccos 7 + 7
Wy 9 (@) @ (30)

k=1,2,3 j=0,1,2,...,

with

g () = (A,B, + B}) @' - (A\B} + A}B)) w)’,

9 () =B @ + (B{2 ~ 2B;B) ) W, +B), o
where w,'( is a positive root of the following equation:
W'+ p(')w’4 + q(’)w'2 +79=0, (32)
with
py =AY — By —24,
(33)
q,=A"-B’+2BB, r =-B
Let
T = T,i(o) = min {T,i(o)}, wy = w,'%, k=1,2,3. (34)

In the following, we will use the normal form method and
center manifold theorem introduced by Hassard et al. [19] to
determine the property of the bifurcated periodic solutions of
the controlled system (21) at T(;.

Let 7 = 7 + ph, p € R. Then y = 0 is the Hopf bifurcation
value of the controlled system (21). Rescaling the time t —
t/7, then system (21) can be written as

u(t)=L,u +F (1), (35)

where u(t) = (S(t), I(t), y(t))T e C([-1,0], Ri) and L, and F
are given respectively by

L= (r+u)(A'¢0)+B¢(-D),
(36)

F(u¢) = (T(,) +//‘) (Fl)F27F3)T>

5
with
a, a, 0 00 0
A= a£1 ‘1;2 a;3 > B'={00 0],
0 0 0 0 by, b,
Fy = a;3¢7 (0) + a8, (0) 4, (0),
F, = a5, (0) §, (0) + ays6h; (0) + arehy (0) 5 (0)
+ 927‘/’; (0) ¢ (0) + azs‘/); o) +---, (37)

Fy = ¢35 (0) s (=1) + cipby (~1) 5 (0)
+ s (<1) + Gy (-1 5 (-1)
+ e85 (1) + s (—1) 5 (0)
+ ey (1) 5 (-1)
+ G5, (1) P53 (0) b5 (=1) +--- .

Thus, by the Riesz representation theorem, there existsa 3 x 3
matrix function #(0, ) : [-1,0] — Ri whose elements are
of bounded variation such that

0
LH¢::J;1dn(6,y)¢(6), ¢ eC(l-1,0],R}). (38)
In fact, we choose
(0 p) = (19 + ) A'8(0) - (r + ) B'S@O+1).  (39)

For ¢ € C'[-1,0], we define

d¢ (0)
W, —139<0,
AWeo=19 ,
| an.mso. oo, (w0)
0, -1<6<0,

R(”)¢:{F(u,¢>, 6-0.

Then system (21) can be transformed into the following
operator equation:

u(t) = A(p)u + R () u,. (41)
The adjoint operator A* of A(0) is defined by

—M, 0<s<1,
A (p)=1 .09 . (42)
J—l di’] (E) 0)¢(_S)7 s=0,



and the bilinear inner product:
(9 (s),¢(6)) =9 (0)¢(0)

0 0 (43)
[ [ se-0mosod

=—1 Je

with 7(0) = 5(0,0).

By the previous discussions, we know that +izyw, are
eigenvalues of A(0) and A*(0). We assume that g(f) =
(1"12»Q3)T‘5”{]wé
eigenvalue +itjw), and ¢*(s) = D(1,q;, 43 )e “% is the eigen-
vector of A*(0) belonging to —iz,w,. Then we have

% is the eigenvector of A(0) belonging to the

P
1T,

A(0)q(0) = iTjwyg (0), AT (0)q" (0) = ~irywpq” (6).

(44)
By a simple computation, we can get
. ! . !
0 - iwy — ay, . by, (zwo - au)
S ] 3~ . N 4
a{z a{Z (zw(’)e”o“’o _ b3’3)
(45)
g = _iw('] +aj, g = a5 (iw(') + ail)
? a, } ay, (iw(’) + b3’3e"73“’5)‘
Then from (43), we can obtain
.1 111
= — — ! ! —% | - 0
D= [1 + @G, + q3q; + (b32‘Z2 + b33‘13) qy1ee ]
(46)

such that {(g*,q) = 1,(q",q) = 0.

Next, we can get the coeflicients determining the direc-
tion of the Hopf bifurcation and the stability of the bifurcated
periodic solutions by the algorithms given in [19]:

920 = 2165 [a13 + a14q(2) (0)
+q, (“24‘1(2) (0) + azs(q(z) (0))2
+a,,q” (004 (0))
+4, (531‘1(3) 0) g% (-1)
+eq® (-1 () + e5(q? (1)’
+697 (-1)4% (-1)],
g1 = 7D [2‘113 +ay (q(l) ©) +3? (0))
+3, (24,547 (07% (0)

+a (37 (047 (0) + 4% (0)3? (0)))
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+3; (5 (¥ @3 (-1 +3% (0) ¢ (-1))
+¢, (@7 (-1 4% (0)+4% (13 ()
+26,4% (-1 (-1)
+64 (7% -1 g% (-1)

+9% (-7 (-1))],

9oz = 21(;5 [a13 + a14ﬁ(2) (0)
+3; (0,3 0) + (7 ©))
+ag” (037 ()
+3; (0™ 077 (-1)
+6,3? (-1 (0) + Css(qm (_1))2

teuq” (D7 (D)),
9 = 21D [013 (2W1(11) 0) + Wz(é) (0))
ray, (W ©4% © + 5w ©7° 0)
+ W2 (0) + %WZ%) (0))
+3; (o (W ©4% @37 ©7% ©)
+ W2 (0) + %w;(? (0))
+as (207 (04 (0)

+ w3 (003 (0))
+ay <Wff) 04 (0)
w2 07 ©
+ W (0)4% (0)
W 07 0)
+ay ((¢® )7 ©
+24” 03” 04” ©))
+3a(4? ) '7% 0)
+3; (en (W ©4” (-1

1 _
+3 Wy 077 (-1)
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+ W (147 (0)
W 07% 0)
+6 (Wl(f) (-1 g (0)
W%) (_1)21(3) (0)
+ W 0 g% (-1)
WS 07 ()
+G3 (2W1(12) (-1)g® (-1)
W3 (-3 (-1))
+ ey (Wff) -1q% (-1)
+ W (-1 (1)
+ W (-1)q® (-1)

W (17 (1)
+365(¢® (-1)'7? (-1)
+as((4? -0)7? )

+24? (-D3” 14" @)
+ ey (( @ (- 1)) 7® (-1
+24?(-D3% -1q” (1))

+65 (4% -1 g (03 (-1)

+4? (13 (0)q® (-1)

+7% (-1g” 4% 1) )],

(47)
with
R s
070
+ Elezﬁéwée’ »
W (0) = - 99O o, 818O o

oW ToWo

+ E,,

where E, and E, can be computed as the following equations,
respectively,

N ! !
2iw, — ay, —a,, 0
_ 0 diw! — a' 0
E =2 a1 Wy — dyy A3

' _9i o . ! i 97 o
0 ~bj,e %N iy — bl A%
G
x| Gy |
Gs,
E,=-

! ! 0

a5 G Hy,

! ! !

dy Gy Gy x| Hy |,

0 B, by
(49)

with
Gy =a;;+ a14q(2) (0),
Go1 = a4 (0) + a5(4 (0))” + a50™ (0) ¢ (0),
Gs1 = g™ (004% (-1) + cg® (147 (0)
+as(d® (D) + eug® (-1 g (1),
V0 +77 ),

Hy, = 2a,59” (00 (0) (50)

Hy =2a;3+ay, (ﬁ

+ay (37 (0 4% 0) +9” (003 (0)),
Hy = ¢ (47 077 -1 +77 (047 (-1)
+¢, (37 -1 q? () +9? -7 (0)
03”1

+64 (7% -1 g% 1) +4? -1DF® (-1)).

+ 26339

Therefore, we can calculate the following values:

2
(911920 2|911| - lg(;' >+%,
Re {Cl (0)}
Re{)' (z9)} (51)
o =2Re{C, (0)},

Im {C, (0)} + g4, Im {/\' (Té)}
76 '

G (0) =

I !
21'0w0

o=-

Based on the previous discussion, we can obtain the following
results.
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FIGURE 1: E, is locally asymptotically stable for 7 = 1.05 < 7, = 1.0877.

Theorem 4. For system (21), when T = T(;, the direction
of the Hopf bifurcation and stability of periodic solutions are
determined by the formulas (51), and the following results hold.

The Hopf bifurcation is supercritical (subcritical) if § >
0 (6 < 0); the bifurcating periodic solutions are stable
(unstable) if 0 < 0 (00 > 0); the period of the bifurcating
periodic solution increases (decreases) if T > 0 (T < 0).

4. Numerical Simulation Examples

In this section, we give some numerical simulations to
illustrate our theoretical analysis in Sections 2 and 3. As an
example, we consider the following particular case of system

(2):

s _ 53(1 - %) ~ 0581,

dt

dl Iy

— =0.581-0.3] - ———, 2
dt I1+0.6 52)
dy y(t-1) )
Zo(1-—2— )y

dt ( Tt-1)+05)"

By a simple computation, we have ¢;a,K, = 0.5, ¢,K;(SK -
¢) = 0.72. Obviously, ¢;a,K, < ,K;(BK - c). Namely, the
condition (H,) holds, and we can get that system (52) has
an unique positive equilibrium E, (3.4102, 0.4537, 0.9537).
Then, we obtain A, + B, = 4.6273 > 0, (A, + B,)(A, + B)) =
133390 > B, = 2.1102. Thus, the condition (H,) holds.

Further, we have w, = 0.7284, 7, = 1.0877, and h'(z,) =
15.7784 > 0. That is, the transversality condition is satisfied.
By Theorem 3, we can get that the positive equilibrium
E,(3.4102, 0.4537, 0.9537) is locally asymptotically stable for
T € [0,1.0877), which can be seen from Figure 1, and
E.(3.4102, 0.4537, 0.9537) is unstable when 7 > 7. This
property can be illustrated by Figure 2.

Next, we choose & = 0.5,y = 0.3, and y, = 0.2 to control
the Hopf bifurcation, and we get a particular case of system
(21):

@ =258 (1 - %) —0.2581 + 0.3S,

dt
0.51
aT _ o551 - 0.151 - 22D (53)
dt 1+06
dy y(t-1) )
D _os(1- 22T )02y
dt ( Tt-n+05)7 0

Then, we can easily get the unique positive equilibrium of
system (53) E*(3.0619, 0.2291, 1.0206). From the analysis in
Section 3, we get w, = 0.2603 and 7, = 1.8034. By choosing
T = 165 and v = 1.92, the dynamical behavior of the
controlled system (53) is illustrated in Figures 3 and 4. From
the two figures we can see that, when 7 = 1.65 < 7, =
1.9034, the positive equilibrium E* is asymptotically stable
(see Figure 3). However, once the time delay passes through
the critical value 7, the system loses stability and a Hopf
bifurcation occurs (see Figure 4).
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FIGURE 4: E* is unstable for 7 = 1.92 > 7, = 1.8034.

Comparing Figures 3 and 4 with Figures 1and 2, it shows
that the onset of Hopf bifurcation is delayed when controller
has been incorporated into the system, and the critical value
of the delay increases from 7, = 1.0877 to 7; = 1.8034.

In addition, from (51), we get y, = 271.5206 > 0, 3, =
-33.2968 < 0,and T, = 113.2090 > 0. Thus, from Theorem 4,
we know that the Hopf bifurcation is supercritical, the
bifurcated periodic solutions are stable, and the period of the
bifurcated periodic solutions increases. Since the bifurcated
periodic solutions are stable, then the species in system (53)
can coexist under some conditions in an oscillatory mode
from the viewpoint of biology.

5. Conclusions

A delayed predator-prey system with prey infection and the
modified Leslie-Gower scheme is investigated. Regarding the
negative feedback delay of the predator as a parameter, the
local stability of the positive equilibrium and the existence of
Hopf bifurcation are analyzed. The results show that, when
the delay crosses a critical value, the system will lose its
stability and a Hopf bifurcation occurs. To delay the onset
of the Hopf bifurcation, we incorporate the state feedback
and parameter perturbation into the system, and simulation
results show the effectiveness of the controller. In addition,
the direction of the Hopf bifurcation and the stability of the
bifurcated periodic solutions for the controlled system are
also determined by the normal form theory and the center
manifold argument.
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