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We give an overview on some recent results concerning the study of the Dirichlet problem for second-order linear elliptic partial
differential equations in divergence form and with discontinuous coefficients, in unbounded domains. The main theorem consists
in an L*-a priori bound, P > 1. Some applications of this bound in the framework of non-variational problems, in a weighted and

a non-weighted case, are also given.

1. Introduction

The aim of this work is to give an overview on some recent
results dealing with the study of a certain kind of the Dirichlet
problem in the framework of unbounded domains. To be
more precise, given an unbounded open subset Q of R”,
n > 2, we are concerned with the elliptic second-order linear
differential operator in variational form

n F) 0 n 0
L:_Zgj<aija_xi+dj)+;bia_xi+a )

i,j=1

with coeflicients a;; € L (Q) and with the associated Dirich-
let problem

uew’(Q),
)
Lu=f, feW " (Q).

As far as we know, were Bottaro and Marina the first
to approach this kind of problem who proved, in [1], an
existence and uniqueness theorem for the solution of problem
(2), for n > 3, assuming that

a; € L7(Q), iLj=1,....n (3)

bod, e I'(Q), i=1,...,n,
i 4)
ce I"*(Q)+ L®(Q),
c-)(d), =p peR, (5)
i=1

The study was later on generalized in [2] weakening the
hypothesis (4) by considering coefficients b;, d;, and ¢ satisfy-
ing (4) only locally and for n > 2. Further improvements have
been achieved in 3], for n > 3, since the b, d;, and ¢ are taken
in suitable Morrey type spaces with lower summabilities.

In [1-3], the authors also provide the bound

el wrzgqy < C|l ]| w-i2(q) (6)

giving explicit description of the dependence of the constant
C on the data of the problem.

In two recent works, [4, 5], considering a more regular
set Q) and supposing that the lower order terms coeflicients
are as in [3] for n > 3 and as in [2] for n = 2, we prove that
if fe L*(Q) N L®(Q), then there exists a constant C, whose
dependence is completely described, such that

leell Loy < C| £l Q) @)



for any bounded solution u of (2) and for every p > 2.
This can be done taking into account two different sign
hypotheses, namely, (5) and the less common

n

c=Y(b), zu peR, (8)

i=1

Successively, in [6], we deepen the study begun in [4, 5]
showing that to a bounded datum f € L2(Q) it corresponds
a bounded solution u. This allows us to prove, by means of an
approximation argument, that if f belongs to L2(Q) N LP(Q),
p > 2, then the solution is in L?(Q) too and verifies (7).
Putting together the two preliminary L-estimates, p > 2,
obtained under the different sign assumptions and adding the
further hypothesis that the g;; are also symmetric, by means
of a duality argument, we finally obtain (7) for p > 1, for each
sign hypothesis, assuming no boundedness of the solution
and for f € L*(Q) N LP(Q).

To conclude, we provide two applications of our final
LP-bound, p > 1, recalling the results of [7, 8] where our
estimate plays a fundamental role in the study of certain
weighted and non-weighted non-variational problems with
leading coeflicients satisfying hypotheses of Miranda’s type
(see [9]). The nodal point in this analysis is the existence of the
derivatives of the leading coefficients that allows us to rewrite
the involved operator in variational form and avail ourselves
of the above-mentioned a priori bound.

Always in the framework of unbounded domains, the
study of different variational problems can be found in
(10, 11]. Quasilinear elliptic equations with quadratic growth
have been considered in [12]. In [13-15] a very general
weighted case, with principal coefficients having vanishing
mean oscillation, has been taken into account.

2. A Class of Spaces of Morrey Type

In this section we recall the definitions and the main prop-
erties of a certain class of spaces of Morrey type where the
coeficients of our operators belong. These spaces generalize
the classical notion of Morrey spaces to unbounded domains
and were introduced for the first time in [3]; see also [16]
for some details. Thus, from now on, let ) be an unbounded
open subset of R”, n > 2. By £(Q) we denote the o-algebra
of all Lebesgue measurable subsets of Q. For E € Z(Q), xp
is its characteristic function, |E| its Lebesgue measure, and
E(x,r) = ENB(x,7) (x € R", r € R,), where B(x, r) is the
open ball with center in x and radius r. The class of
restrictions to Q of functions { € C®(R") is D(Q). For
q € [1, +ool, L?OC (Q) is the class of all functions g: Q- R
such that { g € LU(Q) for any { € D(Q).

For g € [1,+oo[ and A € [0, n][, the space of Morrey type
MP(Q) is made up of all the functions g in L?OC (Q) such that

lgl soray = 5P T gl Laaamy < +00 9)
7€]0,1]

x€Q

equipped with the norm defined in (9).
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The closures of C*(Q2) and L®(€2) in M%*(Q) are deno-

ted by Mf’A(Q) and M%4(Q), respectively.
The following inclusion holds true:

M* Q) c M (Q). (10)
Moreover,
MY (Q) c MM (Q) if q, < g,
doon _A-n (11)
4o q

We put M1(Q) = M?°(Q), MY(Q) = M?°(Q), and
MI(Q) = MP ().

Now, let us define the moduli of continuity of functions
belonging to Mq’A(Q) or Mf”\(Q). Forh € R, and g ¢
MP(Q), we set

Flg|(h) = su .
(4] Sup lgxel soo 1)
sup ,eqlE(x,1)I<1/h

Given a function g € M%**(Q), the following characteriza-
tions hold:

ge M (Q) = Jim F[g] () =0,
— +00
g € MP(Q) (13)

— hl—ig-loo (F [g9] (h) + ” (1- (h)g” M‘M(Q)) =0,

where {;, denotes a function of class C;”(R") such that
0< ch <1,

Mg = 1 (14)

supp {;, € B(0,2h).

Thus, if g is a function in M?*(Q), a modulus of continuity of
gin M (Q)isa map Gt [g] : R, — R, such that

Flg] (h) <3 [g] (W),

lim " [g] (h) = 0.

h— +oo

(15)

While if g belongs to MZ”\(Q), a modulus of continuity of g in
Mg”\(Q) is an application UZ’)‘ [g] : R, — R, such that

Flg](h)+ ” (1-34) g" Mar(Q) S GZ’A (9] (h),
(16)
hlim o [g] (h) = 0.

We finally recall two results of [4, 7], obtained adapting to
our needs a more general theorem proved in [17], providing
the boundedness and some embedding estimates for the
multiplication operator

u— gu, (17)

where the function g belongs to suitable spaces of Morrey
type.
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Theorem 1. If g € M?M(Q), with q > 2and A = 0 ifn = 2,
and q € 12,n] and A = n— qifn > 2, then the operator in

(17) is bounded from WI’Z(Q) to L2(Q). Moreover, there exists
a constant C € R, such that

“9”” @) < C”Q” M'M(Q)””" wizq) VU € V{]LZ (@, (8)

with C = C(n, q).

Let p > 1andr,t € [p,+oo[. If Q is an open subset of R"
having the cone property and g € M'(Q), withr > pifp=n,
then the operator in (17) is bounded from W"F(Q) to LP(Q).
Moreover, there exists a constant ¢ € R, such that

llgu| Q) = clgl wllwirqy VYue wh (@), (19)

withc =c (Q,n, p,7).

Ifg € M'(Q), witht > p if p = n/2, then the operator in
(17) is bounded from W>P(Q) to LP (). Moreover, there exists
a constant ¢' € R, such that

lgull ooy < c'lgl oyl wer ) Vu € WP (Q)  (20)

with ¢ = (Q,n, p>t).

3. The Variational Problem

Consider, in an unbounded open subset Q of R",n > 2, the
second-order linear differential operator in divergence form

w0 0 J C b 0

L——i)JZ::la—xj “"f'a_x,.+ j +;ia—xi+c. (21)

Assume that the leading coefficients satisty the hypotheses
a; €L¥(Q), i,j=1...,n

dv>0: Z aijEiEj > v|E| > ae inQ VE e R". (h)

i,j=1

For the lower order terms coefficients suppose that

b,d; e M?*(Q), i=1,...,n
ce M (Q),
witht>1land A=0ifn=2, (hz)

with t € ]l,g] and A=n-2tifn>2.

Furthermore, let one of the following sign assumptions hold
true:

-3 (d), = u ()

or
C_Z(bi)xi 2 Au’ (h4)
i=1

in the distributional sense on Q, with y positive constant.

We are interested in the study of the Dirichlet problem

uew (@),
(22)
Lu=f, few " (Q),
(hy)-(hy) or (hy), (h,), and (h,) being satisfied.
It is natural to associate to L the bilinear form
n
a(uv) = J o i,jZ:1 (aijuxi + d]Ll) ij
(23)

+ <Zbi”x,- + cu> v> dx,
i=1

u,v € Wl’z(Q), and observe that, in view of Theorem 1, the
form a is coontinuous on V{/l’Z(Q) X V{/l’Z(Q) and so the
operator L : WI’Z(Q) — W (Q) is continuous too.

Let us start collecting some preliminary results concern-
ing the existence and uniqueness of the solution of problem
(22), as well as some a priori estimates. For the case where
assumptions (h,)-(h;) are taken into account and for n = 2,
we refer to [2] while for n > 3 details can be found in [3].
If (h;), (h,), and (h,) hold true, the results are proved in the
more recent [5].

Theorem 2. Under hypotheses (h;)-(h;) (or (h;), (h,), and
(hy)), problem (22) is uniquely solvable and its solution u
satisfies the estimate

lll wrzgy < C| fll 120y (24)

where C is a constant depending on n,t,v, u, ||b; — d;||yper )
i=1,...,n

The next step in our analysis is to achieve an L?-estimate,
p > 2, for the solution of (22) (see Theorem 8). This requires
some additional hypotheses on the regularity of the set and
on the datum f, and some preparatory results that essentially
rely on the introduction of certain auxiliary functions u, used
for the first time by Bottaro and Marina in [1] and employed
in the framework of Morrey type spaces in [3]. Let us give
their definition and recall some useful properties.

Leth € R, U {+oo} and k € R, with 0 < k < h. For each
t € R we set

t—k ift >k,
Gkh(t): 0 lf—kStSk, ifh=+00,
t+k ift <-k, (25)
Gkh (t) = Gkoo (t)_Ghoo (t), lfh € R+.

Lemma 3. Let g € MZ”\(Q), ue V{fl’z(Q), and e € R,. Then
there exist v € N and ky,...,k, € R, with0 =k, < k,_; <
- <k, <ky =+00, such that set

U =Gy (W), s=1...,r, (26)



4
one hasu,,...,u, € \/{/1’2(0) and
“ngupp(us)x M (Q) & s=l..omn (27)
|us|s|u|, s=1,...,1, (28)
U+ +u,=u, (29)
r<c (30)

with ¢ = ¢ (&, q, |gllyar ) positive constant.

In order to prove a fundamental preliminary estimate,
obtained for p > 2 (see Theorem 7), we need to take products
involving the above defined functions u; as test functions in
the variational formulation of our problem (23). To be more
precise, in the first set of hypotheses ((h;)-(h;)), the test
functions needed are |u|? 72145. The following result ensures

that these functions effectively belong to V(\)/LZ(Q).

Lemma 4. If Q has the uniform C'-regularity property, then

for everyu € W (Q) N L°(Q) and for any p € ]2, +0o] one
has

[ul P2u, € w'’ Q), s=1,...,r. (31)

Lemma 4, whose rather technical proof can be found in [4],
is a generalization of a known result by Stampacchia (see
[18], or [19] for details), obtained within the framework of
the generalization of the study of certain elliptic equations
in divergence form with discontinuous coeflicients on a
bounded open subset of R" to some problems arising
for harmonic or subharmonic functions in the theory of
potential.

Once achieved (31), always in [4], we could prove the
next lemma. Let 1 be the functions of Lemma 3 obtained

in correspondence of a given u € V{/l'Z(Q) N L*(Q), of
g = Yo, |b;— d;| and of a positive real number ¢ specified
in the proof of Lemma 4.1 of [4]. One has the following.

Lemma 5. Let a be the bilinear form defined in (23). If Q
has the uniform C'-regularity property, under hypotheses (h, )-
(hy), there exists a constant C € R, such that

J |u| P72 ((us)i + uf) dx < Cia (u, ul P_Zuh),
Q h=1

(32)

s=1,...,r, Vpe€ ]2,+o0o],

where C depends on s, v, .

If we consider the second set of hypotheses ((h;), (h,),
and (h,)), the test functions required in (23) are the prod-
ucts |u,|Pu,, obtained in correspondence of a fixed u €
WI’Z(Q) NL®(Q),of g = Y, |d; — b and of a positive real
number ¢ specified in the proof of Lemma 4.1 of [5]. In this
last case and if Q has the uniform C' regularlty property, a

result of [20] applies giving that [u P~ Zu € W (Q) for any
p>2,s=1,...,r. Hence, in [5] we could show the result.
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Lemma 6. Let a be the bilinear form in (23). If Q has the
uniform C'-regularity property, under hypotheses (h,), (h,),
and (hy), there exists a constant C € R, such that

J 7 () #12) s < Tl ).

=s (33)

s=1,...,r, Yp € ]2,+00],

where C depends on s, r,v, u.

The two lemmas just stated put us in a position to prove
the following preliminary L?-a priori estimate, p > 2, in
both sets of hypotheses; see also [4, 5]. We stress that here we
require that both the datum f and the solution u are bounded.

Theorem 7. Under hypotheses (h,)-(hs) or (hy), (h,), and
(hy) and if Q has the uniform C'-regularity property, f is in
L*(Q) N L®(Q) and the solution u of (22) is in V{II’Z(Q) N
L®(Q), then u € LP(Q) and

lull oy < Clf | oy VP € 12400 (34)

where C is a constant depending onn, t, p, v, u, ||b,—d;| |Mzm(0),
i=1,...,n

Proof. Fix p € ]2,+00[. We provide two different proofs in
the cases that hypotheses (h;) or (h,) hold true.
Let (h;)-(h;) be satisfied. We consider the functions u,

s =1,...,r,obtained in correspondence of the solution u and
ofg = Z?zl |d, — by and of € as in Lemma 4.1 of [4]. In view
of (29) we get
J Q|u| p-2 (ui + uz) dx
, (35)
< ul P7? usz+u2 dx,
of 17X ()] +18)
with ¢, = ¢ (7).
Hence, (32) entails that
J Q|u| p-2 (ufC + uz) dx
r S )
<) C.)a(ulul”u,) (36)
s=1 h=1

< Cia (u,|u|p72us),
s=1

with C; = C,(s, v, u) and C = C(r, v, p).
From the linearity of a, (29), and (30), we have then

J 7 (o o) < Ca(w ), a0
Q

Wlth C = C(n, t, p, Vs (/l, ||bl - di”MZt’/\(Q))‘
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Using this last inequality and Hoélder inequality we
conclude our proof, since

—2 2 2
el £, < IQW’ (uf + ) dx

<Ca (u, |u P_zu) = CJ flul P udx (38)
Q

<cf 1Al dx < Ol il ey

If (h,), (h,), and (h,) hold, we consider again the
functions u,, s = 1,...,r, obtained in correspondence of
the solution u and of g as in the previous case, and of € as
in Lemma 4.1 of [5]. In this second case, easy computations
together with (29) give

Pdx <t VJ Pdx, 39
JQ|u| x Coz Q|us| x (39)

s=1

with ¢, = ¢,(r, p).
Thus, from (33), we deduce that

j a1 Pdx <2, 3°C, Y a (16 ] )

s=1  h=s
4 2
— P—
< CIZa (u, |u5| us),
s=1

with C, = C,(s,7,v,4) and ¢, = ¢,(r, p, v, ).
Hence, by (28) and Hoélder inequality we obtain

r
leall £, S&ZJ Flug| P udx
s=1 Q

(40)

< rEIJ |f| [ul P dx (41)
Q

_ p-1
<7 | f] relUl 1oy
This ends the proof, in view of (30). O

In the later paper [6], estimate (34) has been improved
dropping the hypotheses on the boundedness of f and u, by
means of the theorem below.

Theorem 8. Assume that hypotheses (hy)-(hs) or (h,), (h,),
and (h,) are satisfied. If the set Q) has the uniform C' -regularity
property and the datum f € L*(Q) n LP(Q), for some p €
12, +00l, then the solution u of problem (22) is in LP(Q) and

lull 1oy < ClA Q) (42)

where C is a constant depending onn, t, p,v, i, ||b;—d,| |y per )
i=1,...,n

The proof, which is different according to hypothesis (h;)
or (hy), is essentially performed into two steps. In the first
step, we show some regularity results, exploiting a technique

1ntroduced by Miranda in [21]. Namely, we prove that if u €

W (Q) is the solution of (22) with f € L2(Q)NL®(Q), then,
the datum f being more regular, one also has u € L*(Q).
Thus Theorem 7 applies giving that u € LP(Q) and satisfies
(34). The second step consists in considering a datum f €
L*(Q) N LP(Q) and then one can conclude by means of some
approximation arguments; see also [16].

Finally, in [6], we prove the main result, that is, the
claimed Lf-bound, p > 1. To this aim, a further assumption
on the leading coeflicients is required:

ij=1,...,n (hy)

a;j = Aji>

Then one has the following.

Theorem 9. Assume that hypotheses (hy)-(h;) or (hy), (h,),
and (h,) are satisfied. If the set Q has the uniform C' -regularity
property and the datum f € L*(Q) N LP(Q), for some p €
11, +00[, then the solution u of problem (22) is in LP(Q)) and

el o0y < C|| £l Lr(Q) (43)

where C is a constant depending onn, t, p, v, i, ||b;—d,| |y per )
i=1,...,n

Proof. For p > 2, Theorems 2 and 8 already prove the result.
It remains to show it for 1 < p < 2.

We assume that hypotheses (hy)-(h;) hold true. Under
hypotheses (hy), (h,), and (h,), a similar argument, with
suitable modifications, can be used (we refer the reader to [6]
for the details).

Let us define the bilinear form

a'(w,v) =a(v,w), w,ve w'’ (Q). (44)
By (k) one has
a'(w,v)
= J Z (a,]w +b; w) Vi +<Zdiwxi+cw> v ]dx.
Q \ij=1 i=1
(45)
Now consider the problem
wew Q)
(46)

a’(w,v) = j- gvdx, geL*(Q)n 7 (Q),
Q

where, since 1 < p < 2, one gets p' = p/(p—1) > 2.

As a consequence of Theorem 2 (in the second set of
hypotheses) the solution w of (46) exists and is unique.
Furthermore, by Theorem 8 (in the second set of hypotheses)
one also has

[l ' Q) = C”g" ' Q)" (47)

Hence, if we denote by u the solution of

uew (),
(48)

Lu=f, feLl*(Q)nLf(Q),



which exists and is unique in view of Theorem 2 (in the first
set of hypotheses), we obtain

J gudx =a"(w,u) =auw,w) = J fw dx
Q Q (49)
<Al rlwl g < C| £ LP(Q)"g” ' Q)

Finally, taking g = [ul?"" signu in (49), we get the claimed
result. O

4. Non-Variational Problems
In this section, we show two applications of our main estimate

(43).
To this aim, let p > 1 and assume that

Q has the uniform C"'-regularity property. (h(’))

Consider, then, the non-variational differential operator
S 0
a;
Z: faxax ;'a (50)
with the following conditions on the leading coeflicients:

a :ajieLoo(Q),

;i ih,j=1,...,n,

Iv>0: Zaijflfj > v|E|2 aein Q, V& e R",

ij=1

(a5), € MP(©), ijh=1,...,n with
h

q>2, A=0 forn=2,
qel2n] A=n-q forn>2.

Suppose that the lower order terms are such that

a;, €M, (Q), i=1,...,n with

r>2if p<2,  r=pifp>2 forn=2, (h)
r>p,r>n, withr>pif p=n forn>2,
aeM (Q), with

t=p forn=2,

tzp,t2 ,witht>pifp=§ for n > 2,

NSRS

ess inf a=a, > 0.
Q

In view of Theorem 1, under the assumptions (h('))—(h;), the
operator L : W*P(Q) — LP(Q) is bounded.

The first application is contained in Theorem 3.2 and
Corollary 3.3 of [7] (see also [22] where the case p = 2 is
considered) and reads as follows.

Abstract and Applied Analysis

Theorem 10. Let L be defined in (50). If hypotheses (h ) (h')
are satisfied, then there exists a constant ¢ € R, such that

— ; o I’P
lull weoey < | T iy Vi€ W@ 0w P (@), (5D

. A ~
with c= c(Q,n,, p:1.t, ||aij||L°°(Q)a (TZ [(aij)xh]) 0; [ai]) o [al],

a)-
Moreover, the problem

ue W @ nw" (),
(52)
Tu=f fel’ Q)

is uniquely solvable.

The nodal point in achieving these results consists in the
existence of the derivatives of the a;;. Indeed, this consents

to rewrite the operator L in dlvergence form and exploit
(43) in order to obtain an estimate as that in (51) but for
more regular functions. Then, one can prove (51) by means
of an approximation argument. Estimate (51) immediately
takes to the solvability of problem (52) via a straightforward
application of the method of continuity along a parameter,
see, for instance, [23], and by the already known solvability
of an opportune auxiliary problem.

As second application of (43), we obtain, in [8], an
analogous of Theorem 10, in a weighted framework. Namely,
we consider a weight function p* that is a power of a function
p of class C*(Q) such that p : O — R, and

sup ————— |8"‘p( )l <+00, V]| €2,
x€Q) P (X)
|x|linloo<” TP )> e &)
P (X) + P (X)
|x] = +o0 p(x)

For instance, one can think of p as the function

p) = (1+1xP), teR\ {0} (54)

Fork € Ny, p € [1,+co[ and s € R, and given p satistying
(53), we define the weighted Sobolev space Wsk’P (Q) as the
space of distributions u on Q) such that

Z lp°0%u| () < T09, (55)

el <k

oty g =

endowed with the norm in (55). Furthermore, we denote the
closure of C°(Q) in Wsk’p(Q) by Wf’p(Q) and put VVSO’p(Q) =
LP(Q).

In Theorems 4.2 and 5.2 of [8] we showed the following.

Theorem 11. Let L be defined in (50). If hypotheses (h ) (h')
are satisfied, then there exists a constant ¢ € R, such that
2,p °1,2
Yue WP (Q)nw, (Q),
(56)

flul w2 Q) S C"Zu” L5(Q)
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. A
with c=c(Q,n,s,7, p1.t, ||ai]'||L°°(Q)> ”ai”M’(Q)) UZ [(aij)xh]’
0; [ai]) 61 [a]> a())-

Moreover, the problem

ue W2 (@) nw,” (@),
- 57)
Lu=f, felf(Q)
is uniquely solvable.

One of the main tools in the proof of Theorem 11 is given
by the existence of a topological isomorphism from Wsk’p (Q)

to W*P(Q) and from W]:’P(Q) to Wk’P(Q). This isomorphism
consents to deduce by the non-weighted bound in (51) the
corresponding weighted estimate in (56), taking into account
also the imbedding results of Theorem 1. The existence and
uniqueness of the solution of problem (57) follow then, as in
the previous case, from a direct application of the method of
continuity along a parameter by the solvability of a suitable
auxiliary problem.
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