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By using the cone theory and the Banach contraction mapping principle, the existence and uniqueness results are established for
nonlinear higher-order differential equation boundary value problems with sign-changing Green’s function. The theorems obtained
are very general and complement previous known results.

1. Introduction

Boundary value problems (BVPs for short) for nonlinear
differential equations arise in a variety of areas of applied
mathematics, physics, and variational problems of control
theory. The study of multipoint BVPs for second-order
differential equations was initiated by Bicadze and Samarskii
[1] and later continued by II'in and Moiseev [2, 3] and
Gupta [4]. Since then, great efforts have been devoted to
nonlinear multipoint BVPs due to their theoretical challenge
and great application potential. Many results on the existence
of solutions for multipoint BVPs have been obtained; the
methods used therein mainly depend on the fixed point
theorems, degree theory, upper and lower techniques, and
monotone iteration. The existence results are available in the
literature [5-25] and the references therein.

Recently, by applying the fixed point theorems on cones,
the authors of papers [5-7] established the existence and
multiplicity of positive solutions for the nth-order three-point
BVP:

@) +al) ftu®) =0, te(0,1),
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where n < 2,0 < 7 < 1and 0 < ™' < 1. The nth-order
m-point BVP
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has been studied in [8-10], where n > 2,0 < #; < 1, <
e < land @ > 0( = 1,2,...,m — 2) with 0 <
Z:ZIZ (x,-r]infl < 1. The existence and multiplicity results of
solutions were shown by using various fixed point theorems
and fixed point index theory.

By using the cone theory and the Banach contraction
mapping principle, the author [26] established the existence
and uniqueness for singular third-order three-point bound-
ary value problems.

The purpose of this paper is to investigate the existence
and uniqueness of solution of the following higher-order
differential equation boundary value problem:
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wheren > 2, f € C(J x R, R),J] = (0,1), Y1, 0”71
#land 0 <7y <+ <1, < L.

Here, we give the unique solution of BVP (3) under the
conditions that f is mixed nonmonotone. The methods used
in this paper are motivated by [26], and the arguments are
based upon the cone theory and the Banach contraction
mapping principle.

2. The Preliminary Lemmas

Lemma 1. For any f € L(I), the BVP

W)+ f)=0, te], (4)

m—2

Jl 1-0)"u@)dt =Y o Jm (=) u(®)dt (5)
0 0

i=1

has a unique solution u(t) = Jol G(t,s) f(s)ds, where

i 1 no1 o2 n-1
-1+ —|(1=-9)"" = ¥ an; —s) >
o i=1
0<s<ny, s<t,
1 n-1 m2 n-1
— =9 = Tl —9)" |
o i=1
0<t<s<n,
1 n 1 n—1
-1+-|(1- - Z(x(q, s)
G(t,s) = 1 o i=j+1
Ni<s<t S<L,
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—1+—( ;) 5 ﬂm_ZSSStSL
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o

m-2
o=1- Y an", I=[0,1].
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(6)

Proof. First, suppose that u € C(I) is a solution to problem
(4) and (5). It is easy to see by integration of (4) that

w(t) = u(0) - L £(s)ds. %)

Substituting (7) into (5), we obtain

Ll (1- 1) [u 0) - Lt £s) ds] dt
(8)

m-2

=) J: (ni-t)"" [u (0) - Lt £ (s) ds] dt

i=1
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and so

u(0) = “: — )"t — 5

i=1

2 -1

«; ri (n; - t)nzdt]
X [ Ll (1-1)"2 Lt f(s)dsdt
ol

— l_z:nlz(xﬂz
n-1

x [ Ll (1- 12 Jot F(s)dsdt

J £s) dsdt]
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—Zalj J f(s)dsdt]

)
_ n-1 ! _ p\12 !
-2 “0 (1-1) Lf(s)dsdt
m—2
-Ya )| f(s)d dt]
["o-0 [ roas
_n- 1 ! ! n-2
-2 “0 f(s)L (1 1) 2dt ds
m-2 7; 1; 2
_i:1 «; L £ (s) L (n; - t) dtds]
_ l ! _ n—1
-2 [Jof(s)(l " lds
= "l n—-1
_Zcxi L f(s)(n;—s) ds] )
i=1
Substituting (9) into (7), we have
u(t)= - L f(s)ds
+(1I [ Jolf(s)(l o' ds
(10)

m—2

o J £ @) (g -s)" 1ds]

i=1
= JIG(t,s)f(s)ds.
0

Conversely, suppose that u(t) = fol G(t,s) f(s)ds; then it is
easy to verify that (4) and (5) are satisfied. The lemma is
proved. O
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For any u € C(I), let

tp il
(Lu) (t) = L %u(s)ds, i=12,....,n—1,
1
(Fu) (t) = L G(t,9) f (s, (L) (s),.. .,
(Lu)(s),u(s)ds, tel.
(11)

Lemma 2. (i) Ifu € C" Y (1) is a solution to problem (3), then
v(t) = u" V() € CU) is a fixed point of F.

(ii) If v € C(I) is a fixed point of F, then u(t) = (I,_,v)(t) =
_[Ot((t —9)" % /(n=2)") v(s)ds € C"" (1) is a solution to problem
(3).

By Lemma 1, the proof follows by routine calculations.
Let

h, () = max {Jl |G (t, 9)]| ds,Jt Jl |G (s, x)| dxds},
0

0 Jo

hy (t) = max {Jl |G (t, 5)| hye_, (s) ds,

0
r Jl |G (s, %) By (%) dxds]» o 1@
0 Jo

k=2,3,...,
~1/k
p(G) = lim (suphk (t)) .
k—oo\ tef

It is easy to see that p(G) > (supte]hk(t))—l/k >

(sup, o/ IG(t,))) ™" > 0.

Lemma 3 (see [27,28]). P isa generating cone in Banach space
(E, | - ) if and only if there exists a constant T > 0 such that
every element u € E can be represented in the form u = v — w,
where v,w € P and |v| < tllul, lw| < 7lul.

3. Main Results

This section discusses the solution of nonlinear higher-order
differential equation BVP (3).

Let P = {u € C{)|u() = 0,foralt € [0,1]}.
Obviously, P is a normal solid cone of Banach space C(I), by
Lemma 2.1.2 in [29], and we have that P is a generating cone
in C(I).

Theorem 4. Suppose that g € C(J x R*™,R), f(t, Xg,X1. ..
Xp1) = gt Xg» Xy X105 X5 e o» X1 X1 ), and there exist
positive constants Ky, My, Ky, M, ..., K,_;, M,_, with

Ky, + M,
(n-1)!

K, + M, K,;+M,_;

n

s ' +K,_,

+ Mn—2 + Kn—l + Mn—l < P (G) >

such that for any t € I, So15te1S02 tor S1oti1s S120 iz
€ R with sy < 5,80, =

St Se-12 2 b 0N

s St P Son-1 Ea et
torr S11 < E115 81y 2 Eigse e
has

- K, (t01 - 501) - M, (502 - toz) - K (tn - 511)
- M, (512 - tlz) R (tn—l,l - Sn—l,l)
~ M, (Sp12 = tyorn)

< G (£5015 502> S11> 5125+ + 5 Spe1,1> Sn1,2)

>Sp-1,1

(14)
> tn—l,l’ tn—l,Z)

- gLttt b -
<-K, (t01 - 501) - M, (502 - toz) -K; (tn - 511)
- M, (512 - tlz) - =K, (tn—l,l - Sn—l,l)
~ M,y (Spm12 = tao12) s
and there exist ug, vy € C"'(I), such that
! / /
[ g (tm @@ 0. 0.
0 (15)
ug™ (), vy 1) dt

converges. Then, BVP (3) has a unique solution I,_u" in C(I),
and moreover, for any u, € C(I), the iterative sequence

1

uw (t) = J G(t,5) (5 (It )()s. s

0
(Lt 1) (5) sty (5)) s,

m=12,...,

(16)

converges tou” in C(I) (m — ©0).

Remark 5. Recently, in the study of BVP (3), almost all
the papers have supposed that Green’s function G(t,s) is
nonnegative. However, the scope of «; is not limited to
ZZ;Z a;1; < 1 in Theorem 4, so, we do not need to suppose
that G(t, s) is nonnegative.

Remark 6. The function f in Theorem 4 is not monotone or
convex; the conclusions and the proof used in this paper are
different from the known papers in essence.

Proof of Theorem 4. Itis easy to see that, forany t € J, G(t,s)
can be divided into finite partitioned monotone and bounded
function on (0, 1), and then, by (15), we have that

1
L G(t,s)g(s,uo(s),vo(s),u(')(s),v(')(s),...,

(17)
u(()"_l) (s), v(()"_l) (s)) ds
converges. Let p(t) = ug”_l)(t),q(t) = v((,"_l)(t); then
1
| 60996 (000) 6 (s) ).
0 (18)

(Iip) (), (L) (s), p(t),q(s))ds

converges.



For any u,v € C(I), let x(t) = |p(t)| + [u(®)], y(t) =
—|g(t)| = |v(t)] and then x > p, y < q. By (14), we have

=Ko (Lieyx = Ly p) (8) = My (L1 g = Ly y) (2)
=Ky (Lyx = Ly p) (8) = My (Log = L, ) (2)
— =Ky (hx=1p) () = M, (Lig - I,y) (t)
Ky (x=p) () - M,_, (9= ) (®)
< gt (Loyx) (), (L y) ()5
(Iix) (1), (I,y) (1), x (), y (1))
—g(t (L p) ), (L) -,
(Lp)®),(La) ®), p(#),q ()
<Ky(Iyx—1,,p) () + My (I, ,q—1,,y)(®)
+ Ky (Lo = Ly p) (8) + My (Log = L, y) (2)
+o0+ Ky (e = Ip) () + M, (g = L y) (t)

+K,_ (x=p) )+ M, (q-y)@®).
(19)

Hence,
lG (t’ S) g (t’ (Inflx) (t) ’ (Infly) (t) """
(Lix) (1), (Iy) (), x (1), y (1))
-G (t) 5) g9 (t’ (In—lp) (t) > (In—lq) (t) """

(Lip) (), (L,g) (1), p (), q )]

< |G (t, )| [Ko |(L,-1%) () = (L, p) (O]

+ M, |(L,19) () = (I, y) (0)]

+ Ky |(L,5%) (8) = (I, p) (8)]

+ M |(L2q) O = (Loy) ()]

++ K, [(Lx) () = (Lp) )]

+ M, (L) (1) = (I,y) (®)]

+Ky [x () = p (O] + M,y g (1) = y ()]
<IG (&9 [(Ko + Ky +-+ K, p) |x = p

+(M, + M, +"'+Mn—1)||q_)’||]-
(20)
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Following the former inequality, we can easily have that

1
J, 691805 (112 (1 13) 9

(le) (5))(11)’) (5),35(5),)/(5)) (21)
-9 (S’ (Inflp) (s), (Inflq) (s)>.--»
(Ip) (9),(L1q) (), p (), q(s))] ds

converges, thus,

1
JO Gt,s)g(s,(L_x)(s), (L y)(s),...,
(Iix) (), (I y) (), x(s), y () ds
1
- | 6996 0LP .00 O
(Iip) (5),(1,9) (), p(s),q (s)) ds
1
+ L G(t,8)[g(s (L. x) (s), (Liyy) (8)s--ns
(le) (S) > (Ily) (5) > X (S) :)’ (S))
=g (5, (Lo p) (8)5 (L) (5) 5
(Iip) (), (L,g) (5), p(s),q(5))] ds
(22)
is converged.
Similarly, by x > u, y < v,
1
j Gt,s)g(s, (L,_x)(s), (L) (s),...,
0 (23)
(11%) (), (I, ¥) (), x (5), y (5)) ds
is converged, and we have that
1
J Gt s) g (s, (L_ju) (s),(Lyv) (8),. ..,
0 (24)
(Liu) (8), (Lv) (s),u(s),v(s)ds
converges.
Define the operator F : C(I) x C(I) — C(I) by
1
F () (t) = I G(ts)
0
X g (s, (L) ()5 (L v) (8)sos
(L) (s), (Iv) (s),u(s), v (s)) ds,
Vt el
(25)
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Let

1
(400) (0 = [ 1691 (Kyw) (91

1
(B) 0 = | 16691 (M) 51 s,
1

(Au) (1) = J IG (1, 9)| (K, (1)) (s) ds,

0

i=1,2,...,n—-1, (26)

1
() @)= || 16,91 (4 (1)) () s,

i=1,2,...,n—-1,
(Au) (t) = (Aqu+ Aju+---+ A, u)(t),
(Bv) (t) = (Byv+ Byv+---+ B,_v) (t).

By (14) and (25), for any uy, uy, v;, v, € C(I), u; < Uy, vy = v,
we have

- A(u, _”1)_3(1/1 _Vz)
< F(up,vy) = F(uy,v,) (27)
<A(uy,—u;)+B(v;—vy),
((A+B)u)(t)
= Jl |G (t, )| [Kgu + Myu + K, (Iu) + My (Lu) + - -
0
+ Kn—l (In—lu) + Mn—l (In—lu)] (S) dS

Ky+M, K, ;+M,_;

G

(n—-3)! 1!

< <K0+M0
(n-2)!

+K, ,+M, ,+K,_ | + Mn_1> Nlull by (2),

((A+B)"u) (1)

1

= J |G (t,5)| (A+B) (A+B)" " (u)(s)ds
0

G

K, + M, e K,;+M,_;
(n—-3)! 1!

A\

<K0 + M,
(n-2)!

m
+ Kn—2 + Mn—Z + Kn—l + Mn—1> : "u” hm (t) >

m=23,...,
lea+ B = (g + )
"\ (n-2)! (n-3)!
K _+M
22 T3 R L+ M,

1!

m
+ Kn—l + Mn—l) ssup ey, (t) >
te]

5
K,+M, K, +M
r(A+B)S< 9o o0, 1 1
(n-2)! (n-3)!
Kn73+Mn73
+——+K, ,+M,,
1!
+Kn_1+M,,_1>
-1
x(p(@)" <1.
(28)

So we can choose 3 €

1/k
(A + B)¥| e r(A + B) < 3 < 1, and so there exists a
positive integer k, such that

(0,1), which satisfies limy _, o

[(a+Bf|<p <1, K2k, (29)

Since P is a generating cone in C(I), from Lemma 3, there
exists T > 0 such that every element u € C(I) can be
represented in

u=v-w, v,webP,
(30)
vl < zlull, lwll <7 llull;
this implies
—-vtw)su<sv+w. (31)
Let
luly =inf{|hll | h e P,-h <u < h}. (32)

By (31), we know that [lul|, is well defined for any u € C(I). It
is easy to verify that || - ||, is a norm in C(I). By (30)-(32), we
get
lullp < lv+wll <27 flull, YueC().  (33)
On the other hand, for any h € P which satisfies —h < u <
h,wehave 0 < u+h < 2h;thus, |ul| < lu+h|+ 1| - A <
(2N +1)|/h||, where N denotes the normal constant of P. Since
h is arbitrary, we have
lull < 2N +1) lullg, Yu e C(I). (34)
It follows from (33) and (34) that the norms || - ||, and | - || are

equivalent. Now, for any u, v € C(I) and h € P which satisfies
—h<u-v<h,let

u, :%(u+v—h),
1
uzzi(u—v+h), (35)
1
u3=5(—u+v+h),

thenu > u, v > u,u—u, =u,,v—u; =us, U, +us =h.



It follows from (27) that
—Au, < F(u,u) - F (u;,u) < Au,, (36)
—Auy — Bu, < F(v,u;) — F(uy,u) < Au, + Buy,  (37)
—Buy < F(v,uy) — F (v,v) < Fus; (38)
subtracting (37) from (36) + (38), we obtain
—-(A+B)h<F(u,u)-F(w,v)<(A+B)h. (39)
Let G(u) = F(u, u); then we have
-(A+Bh<Gu)-G(W¥)<(A+B)h. (40)

As A and B are both positive linear bounded operators,
s0 A + Bis a positive linear bounded operator, and therefore,
(A + B)h € P. Hence, by mathematical induction, it is easy to
know that for natural number k, in (29), we have

—(A+B)h < G (u) - G* (v)

(41)
<(A+B)%h, (A+Bf*heP,
since (A + B)k"h € P, we see that
|6 @ -G W), <[+, @2
which implies by virtue of the arbitrariness of / that
|GFu = G5y, < A+ BY*| = v
(43)

k
< BNu — vl

ByO < B < 1, wehave 0 < % < 1. Thus, the Banach
contraction mapping principle implies that G* has a unique
fixed pointu™ in C(I), and so G has a unique fixed pointu* in
C(I); by the definition of G, F has a unique fixed point u* in
C(I); then, by Lemma 2, I,_;u" is the unique solution of (3).
And, foranyu, € C(I),letu,, = F(u,, ;,u,, ;) (m=1,2,...);
we have |u,, —u*[, — 0 (k — 00). By the equivalence of

|- lloand || - | again, we get [lu,, —u*|| — 0 (m — ©0). This
completes the proof. O
4. Example

In this paper, the results apply to a very wide range of
functions, and we are following only one example to illustrate.

Consider the following nth-order three-point boundary
value problem:

u™ () + (Sou) (1) + (Syu') (®)
+kMInG+|x@®)), te(01),

1(©0) = i (0) =+ = "2 (0) = 0, (44)

u(l) = 2u<%>,
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where (S;u®)(t) = [ by(t, )ul(s) ds, b,k € C(I x L,R), i =
0,1.

Applying Theorem 4, we can find that (44) has a unique
solution I x™ (t) € c"(1) provided sup, (. |(hy(t, s)/(n—=2)!)+
(hy(t,s)/(n = 3)) + (k(t)/3(n — 2)1)| < 1, and moreover, for
any u, € C(I), the iterative sequence

1
'xm (t) = «[0 G (t’ S) [S() (In—l'xm—l) (S)

+ Sl (In—Z'xm—l) (5) (45)

+k (s)In (3 + |x,_; (5)])] ds
(m = 1,2,...) converges to x* uniformly for all t in I(m —

00).
To see that, let

-1+

2n—2 - 1 n-1
2”‘2—1[(1_5) -2 5-5) :|,

G, (t,s) = 4

~1+ (1-s)"",

2]

2n—2 el
T 1(1 -9)",

1 t 1l
e; () = max {J |G, (£, s)|ds,J J |G, (s, x)|dxds} ;
0 0 Jo )

then G, (¢, s) is Green’s function of (44). It is easy to verify that
|G, (t,s)| < 1,and so p(G,) > (sup, ;€] )" >1.
Let

g(tu@®,ve),d @,V ®),...,u" " 0, 1)

= (Sou) () + (Su') (1) + k(O In B + v (D)),

(Kju) (1) = H; Jl u(s)ds, i=0,1,
0

(47)
(Mgv) (t) = K3 Jo v(s)ds,
(Mu)(t)=0, i=1,...,n—1,
Uy =v, =0,

where H = sup, . /|h(t,s)|(i = 0,1),K" = sup,|k(t)];
then it is easy to verify that all conditions in Theorem 4 are
satisfied.
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