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Let H be a weak crossed Hopf group coalgebra over group 7; we first introduce a kind of new «-Yetter-Drinfeld module categories
WYD,(H) for « € mand use it to construct a braided T-category 7% P (H). As an application, we give the concept of a Long
dimodule category ;7" ™ for a weak crossed Hopf group coalgebra H with quasitriangular and coquasitriangular structures and
obtain that ;7% %" is a braided T-category by translating it into a weak Yetter-Drinfeld module subcategory % % 2(H ® H).

1. Introduction

Braided crossed categories over a group 7 (i.e., braided
T-categories), introduced by Turaev [1] in the study of
3-dimensional homotopy quantum field theories, are braided
monoidal categories in Freyd-Yetter categories of crossed
n-sets [2]. Such categories play an important role in the
construction of homotopy invariants. By using braided
T-categories, Virelizier [3, 4] constructed Hennings-type
invariants of flat group bundles over complements of links
in the 3-sphere. Braided T-categories also provide suitable
mathematical formalism to describe the orbifold models of
rational conformal field theory (see [5]).

The methods of constructing braided T-categories can be
found in [5-8]. Especially, in [8], Zunino gave the definition
of a-Yetter-Drinfeld modules over Hopf group coalgebras
and constructed a braided T'-category, then proved that both
the category of Yetter-Drinfeld modules % Z(H) and the
center of the category of representations of H as well as
the category of representations of the quantum double of
H are isomorphic as braided T-categories. Furthermore, in
[6], Wang considered the dual setting of Zunino’s partial
results, formed the category of Long dimodules over Hopf
group algebras, and proved that the category is a braided
T-subcategory of Yetter-Drinfeld category % 2(H ® B).

Weak multiplier Hopf algebras, as a further development
of the notion of the well-known multiplier Hopf algebras
[9], were introduced by Van Daele and Wang [10]. Examples
of such weak multiplier Hopf algebras can be constructed
from weak Hopf group coalgebras [10, 11]. Furthermore, the
concepts of weak Hopf group coalgebras are also regard as a
natural generalization of weak Hopf algebras [12,13] and Hopf
group coalgebras [14].

In this paper, we mainly generalize the above construc-
tions shown in [6, 8], replacing their Hopf group coalgebras
(or Hopf group algebras) by weak crossed Hopf group coalge-
bras [11] and provide new examples of braided T-categories.

This paper is organized as follows. In Section 1, we recall
definitions and properties related to braided T-categories and
weak crossed Hopf group coalgebras.

In Section 2, let H be a weak crossed Hopf group coalge-
bra over group ; « is a fixed element in 7. We first introduce
the concept of a (left-right) weak a-Yetter-Drinfeld module
and define the category # Y P(H) = |, c;? Y D,(H),
where WY 2,(H) is the category of (left-right) weak «a-
Yetter-Drinfeld modules. Then, we show that the category
W Y D(H) is a braided T-category.

In Section 3, we introduce a (left-right) weak «-Long
dimodule category H‘WgaH for a weak crossed Hopf group



coalgebra H. Then, we obtain a new category H%/.EZH =
Haer H‘ng and show that as H is a quasitriangular
and coquasitriangular weak crossed Hopf group coalgebra,
then HWEH is a braided T-subcategory of Yetter-Drinfeld
category W ¥ 2(H ® H).

2. Preliminary

Throughout the paper, let 77 be a group with the unit 1 and
let k be a field. All algebras, vector spaces, and so forth are
supposed to be over k. We use the Sweedler-type notation
[15] for the comultiplication and coaction, ¢ for the flip map,
and id for the identity map. In the section, we will recall some
basic definitions and results related to our paper.

2.1. Weak Crossed Hopf Group Coalgebras. Recall from
Turaev and Virelizier (see [1, 14]) that a group coalgebra over
7 is a family of k-spaces C = {C,},c, together with a family
of k-linear maps A = {A, 5 : Cyp — C, ® Cply pe (called
a comultiplication) and a k-linear map ¢ : C; — k (called a
counit), such that A is coassociative in the sense that

(Aa,ﬁ ® idCy) A(xﬁ,y = (idca ® Aﬁ:]’) A{x,ﬁy’ V(X, ﬁ, y € 7T
(ide, ®)A,, =ide, = (e®idc )Ay, Vaer.
)

We use the Sweedler-type notation (see [14]) for a comul-
tiplication; that is, we write

Ayp(€) =cia®capy foranya,fem ceCup (2)

Recall from Van Daele and Wang (see [11]) that a weak
semi-Hopf group coalgebra H = {H,,m,, 1, A, &} e, is
a family of algebras {H,,m,, 1.}, and at the same time
a group coalgebra {H,,A = {A, 3}, €}y pen> such that the
following conditions hold.

(i) The comultiplication A,z : Cop — C, ®Cpisa
homomorphism of algebras (not necessary unit pre-
serving) such that

(Mup®idiy ) Bugy (1agy)

= (Bap(lap) ®1,) (1a® g, (1))
(Mg ®idy ) Ausy (1agy)

= (la® 24, (16)) (g (1ag) ®1,).

foralla, B,y € m.

(3)

(ii) The counit ¢ :
the identity

H, — kis a k-linear map satisfying

€ (gxh) =€ (gx(z,n) € (x(l,l)h) =& (gx(l,l)) € (x(Z,l)h) , (4)

forall g,h,x € H,.
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A weak Hopf group coalgebra over 7 is a weak semi-Hopf
group coalgebra H = {H,,m,,1,,A, €}, endowed with a
family of k-linear maps S = {S, : H, — H,-1}4¢, (called an
antipode) satisfying the following equations:

®ET

m, (Sa—l ® idHa) Ao (h) =1 e (hloy),
m, (idHa ® Szx’l) Aoc,of1 (h)y=¢ (l(l,l)h) 1(2’“)’ (5)

Soc (g(l,oc)) g(z,oc")sot (g(3,a)) = Soc (g) >

forallh € H,g € Hy,and @ € 7.

Let H be a weak Hopf group coalgebra. Define a family of
linear maps ¢, = {e!, : H| — H,},c,and e, = {e : H —
H,},c, by the formulae

0154

aET

et () = & (101)h) 10,0y = 1, (idpy, ® Syt ) A ot (),

& () = 1y me (hl ) = my (S ®idy ) A iy (h),

o

(6)

for any h € H,, where ¢ and ¢ are called the 7-target and
m-source counital maps.

By Van Daele and Wang (see [11]), let H be a weak semi-
Hopf group coalgebra. Then, we have the following equations:

(1) e(gh) = s(gsi(h)), e(gh) = e(ej(g)h), for all g,h €
H,,

(2) X(l,“)®8;;(X(2’l)) = l(l’a)x®l(2’ﬁ),f0r all x € H(X’ (X,ﬂ €
T,

(3) Sé(x(l’l))®X(2,a) = l(l’ﬁ)®x1(2’a),f0r all x € H(X’ (X,ﬂ €
T,

(4) & (e1(x)y) = & (%)l (), & (x€} () = & (x)e (), for
allx,y € H,.

Similarly, for any « € mand h € H,, define &(h) =
e(h1( 1)1 2.0 Ex(h) = 1( 0)e(1(,1yh). Then, we have

(1) gfx(h(l,l))®h(2,ﬁ) = l(l,a) ® I(Z,ﬁ)h’ fOr all h € Hﬁ’ , ﬂ €
T,

(2) X(10)®E (x(21) = x1(1,0)®1(y p), forallx € Hy, o, B €
.

A weak Hopf group coalgebra H = {H,,m,, 1,, A, & S} e
is called a weak crossed Hopf group coalgebra if it is endowed
with a family of algebra isomorphisms ¢ = {¢, : Hg —
H,go1}a,per (called a crossing) such that (¢, ® ¢,) © Ag,, =
A ppat ayat °Por €09y = & and @, = Py ogp foralla, B,y € .

If H is crossed with the crossing ¢ = {¢,},c,» then we
have

(04524

Pp° & = 8;3043’1 °PpPp° 5;
t @)
= Epapt °Ppp VP e

A quasitriangular weak crossed Hopf group coalgebra
over 7 is a pair (H,R) where H is a weak crossed Hopf
group coalgebra together with a family of maps R = {R, 53 €

—cop

Aﬁ*l"x—l(laﬁ)(H‘x ® Hﬂ)A‘x,ﬁ(laﬁ)} satisfying the following
conditions:
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——cop

1) Ra)ﬁA%ﬁ(h) = Aﬁfl’afl(h)Ra,ﬁ, forallh € Haﬁ,tx,/} €
T,

(2) (idy, ® A,B,y)(Ra,ﬁy) = (Ra,y)1ﬁ3(Ra,ﬁ)12y> for all «, f3,
y €,

(3) (er,ﬁ®idHy) (Rl;—lofl,y) = (Ra—l,y)lﬁ—l3(Rﬁ—l)y)oc—123,for
alla, B,y €m,

——cop

Where Z(X,ﬁ = ((Pﬁ@ldlel )OA ﬁfloflﬁ,ﬁil > Aa’ﬁ = tHa,l ,Hl;q o((pﬁ®
idHﬁf1 )o A g1,1p 51 forall a, B € m, and such that there exists

afamily of R = {Ry 3 € Ay g(1,p) (H,®HR) AR 1 (1,)} with

RogRup =A% 1 (Tag)s  RapRup = Dap(lag) "

(95© ) (Ray) = Roagr gy

forall a, 3,y € 7. In this paper, we denote R, g = a, ® bp.

Recall from [16] that a coquasitriangular weak Hopf
group coalgebra (H,o) consists of a weak Hopf group
coalgebra H = {H,,m,,1,,A,¢,S},c, andamapo : H ®
H, — k satistying

o (h(1,1)’g(1,1)) howdew = Ja.whawo (h(z,n’g(z,n)’

o (a,be) = o (ag1y.¢) o (ag,),b),

o (ab,c) = 0 (a,¢y)) 0 (b)) ©)
e (aqnbuyy) o (b o) € (Beyaey) = o (ba),
and there exists 0! : H; ® H, — k such that
7 (a1 80, 0 (g Bay) = € (ba),
o™ (a1 bay) 7 (a0, b)) = € (ab),
e(a,nban) 0 (e ban) € (Benaen) =0 (@ b)(>10)

for all h,g € H,, a,b,c € H,, where 0" is called a weak
inverse of 0.

2.2. Braided T-Categories. We recall that a monoidal cate-
gory € is called a crossed category over group  if it consists
of the following data.

(1) A family of subcategories {%,} ¢, such that € is a
disjoint union of this family and such that for any
Ue€GandV € € UV € Gy Here, the
subcategory €, is called the arth component of 6.

(2) A group homomorphism ¢y : 7 — aut(¢) :  —
¥, the conjugation, (where aut(®€) is the group of
invertible strict tensor functors from € to itself) such
that y3(€,) = €papt fo.r any oc,ﬁ € 7. Here, the
functors yj are called conjugation isomorphisms.

We will use the Turaev’s left index notation in [1]: for any
objectU € €, V,W € € and any morphism f: V — W
in %ﬁ, we set

=) V= w
(1)

UV =y (V) € Goporrs

Recall form [1] that a braided T-category is a crossed
category € endowed with braiding, that is a family of
isomorphisms,

c={qye€(UeV,("v)eU) | (12)

UVe®
satisfying the following conditions:

(1) for any morphism f € €, (U, U') with & € 1, g €
& (V, V'), we have

(Cg)efloay =y (f®g); (13)
(2) forall U, V, W € &, we have

G =a o (cyvyy ®idy) o ag)
vavw = Avevyy © (Cuyw ®1dy) © dy vy

o (idy ® CV,W) °ayyvw»

14
CUvew = aI’IV,UW,U ° <id Uy, ® CU,W) °duvyyw o
o (cuy ®idyy) ° agys
(3) forany U,V € 6, € m,
Vo () = S - (15)

3. Yetter-Drinfel’d Categories for Weak
Crossed Hopf Group Coalgebras

In this section, we first introduce the definition of weak
a-Yetter-Drinfeld modules over a weak crossed Hopf group
coalgebra H and then use it to construct a class of braided
T-categories.

Definition 1. Let H be a weak crossed Hopf group coalgebra
over group 7w and let o be a fixed element in 7. A (left-
right) weak a-Yetter-Drinfeld module, or simply a #' %2, -
module, is a couple V = (V, p” = {p/‘{}kn), where V is a left
H,-module and, forany A € 7, p; : V — V&H, isak-linear
morphism, such that

(1) V is coassociative in the sense that, for any A, A, € 7,
we have

(idy @Ay ) o pY s, = (0} ®idy, )opls  (16)

(2) V is counitary in the sense that
(idy ®€) o p = idys 17)
(3) V is crossed in the sense that, forany A € 7, h € H,,

\%4 -1
pr (hev) = Ry Vo) @ ha yVanS Pat (Maar-ian)) s
(18)

where pX(V) = Vo) ® V(1))



Given two W'Y ,-modules (V, pV) and (W, pw), a
morphism f : (V,p") — (W, p") of this two #¥D,,-
modules is an H,-linear map f: V' — W, such that, for any
Aem,

P e f=(feidy)ep . (19)

Then, we can form the category # ¥ 2 ,(H) of WY D -
modules where the composition of morphisms of # %9, -
modules is the standard composition of the underlying linear

maps.

Proposition 2. Equation (18) is equivalent to the following
equations:

haw Vo) ® heyvan
(20)
= (h(Z,oc) : 1/)(0) ® (h(z,a) ! V)(]),\)(P(x’l (h(l,oz)\zx’l)) >

v
pr (V) =V ® v €Ve Hy =4y, (1) (Ve Hy),
(21)

foranyveV,heH,.

Proof. Assume that (20) and (21) hold forallh € H,,,v € V.
We compute

ho0) - V(o) ® h(s,A)"(1,/\)5_1‘/’ar1 (hu,a)rlofl))
= (MG ‘V)(o) ® (B3 - V)(l,,\)
X @t (haaret)) §™ P (har-tan))
= (g - V)(o) ® (B - V)(M)
X Qo1 (h(Z,aAoc’l)S_l (h(l,‘x)rlofl)))
= (ho,w 'V)(0> ® (M - V)(l,,\)
X QoS! (Skalwl (h(l,l)))

= (Towhew V)i ® (Mowhew V)

(22)

X Qo1 (Lanay) X € (1(2,1)121,1)}1(1,1))
= (1 uh- V)(O) ® (Lgmh- V)(I,A)%-l (Lara)
= L - (B V)0 ® L (h- V)
=(h- V) ®(h- V)
as required.

Conversely, suppose that V is crossed in the sense of (18).
We first note that

—1
Vo) @ Van = law Vo) @ loyvanS Pat (Laata)
! ! —1
= L lew Vo ® leyvans

X Q-1 (l(l,vc)flot’l))
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= lzl,zx) : (1(2,0c) ‘V(o))

® lzu) [V(l,A)S_l%-l (1(1,M-1a-1))]

e Ve, H,.
(23)

To show that (21) is satisfied, for all h € H,;, we do the
following calculations:

(how 'V)(o) ® (o - V)(l,,\)%-l (M aray)
=haa Vo) ® h(4,A)V(1,/\)S_1(Poc’1 (h(Z,aA’la’l))
X @t (M(1ana1))
= how Vo) ® e VanPerS (Eara ()
= h(2,06)1£2,oc) V(o) ® h(3,)L)V(1,A)(Pof1871 (Liartah)
x e (haplanlen)
= hawlow Yo ®heyvan@eS " (Laan)
= how liwleo Vo ® ey lononS
X @t (Lpantat))
= hawlow Vo ®hoylenvanS
X @ot (Lpar-ia))

= he - Vo) ® By V-
(24)

This completes the proof. O

Proposition 3. If (V,pV) € WY2D,(H), (‘/V,pw) €
WY Dp(H), then V®taﬂW = Agp(lep) - (V@ W) €
"W/?Qzaﬁ(H) with the action and coaction structures as
follows:

h . (V ® 'LU) = h(l’a) Ve h(Z,ﬁ) - w,

Ve, W
Py (Ve w) = v ® wy, (25)

® Wy, ) Pp-1 (Vu,w*)) >

forallh € Hyp, A emvew € Ve, W.

Proof. 1t is easy to prove that V®taﬁW is a left H,g-module,
and the proof of coassociativity of Ve, Wis similar to the
Hopf group coalgebra case. Forallv@ w € V®taﬁW, we have

id ®c)o V®Ww(v®w)
Ve, W P1

EY- (w(l,l)%-l (1,)(2,1)>

xe (‘/’ﬁ’l (1,)(1,1)%4 ("(1,1>)) Vo) ® W)
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—5<(1<z,ﬁ>'

XE (‘Pﬁ" (121,1)) Pp ("(1,1))) Y(0)

!
w)(1,1)§"ﬁ" (1) @p (1<z,1>))
® (lap 'w)(o)
-1
=& (1 wanS o (Lan) 9 (1))
xe (L van) Yo ® lup W
=¢ (1(4,1)’~U(1,1)‘/’;3*1S_1 (Si (1(2,1)))) € (1(1,1)V(1,1)) Y(0)
® 133 " W
to—1
=¢ (1(4)1)“’(1,1)515 PpL (1(2,1))) € (1(1,1)V(1,1)) Y(0)
® 133 " W

=&

(lap - w)(O)

)y Pat V() (e - V) ®lap W

1)> & (Lavan) Vi) ®

=e(lanVanParS el (1 (11))) Low = Vo) ® lgp - w
=&

((te
(1w v
(
(

1(1 o) (1 1)) (l(l,oc) : V)(o) ® 1(Z,ﬁ) ‘w

(
=veuw
(26)

This shows that Ve, Wis satisfing counitary condition (17).

Then, we check the equivalent form of crossed conditions
(20) and (21). In fact, for all h € H «pl VO W € V®t W, we

have

(Paap) - (VO W)
® (Haap) - VOW) 1 Pep (Praprpran)
= (haaw V) ® (h(3,ﬁ) -w)(o)
® (h(S,ﬁ) ) w)(l,,\)‘/’ﬁ’l ((h(z,a) ) V)u,[sw*l))
9p-tact (Mtaprpias)
=hisa) Vo) ® hsp) - W)
® b wanS P (epop)
Pp (h(4,ﬁhﬁ*1)"(1,ﬁwl)) Pp- %*13_1
x (hu,am—‘ﬁ-la-l)) Ppta (hu,ocﬁw'la-l))
= hia) Vo) ® ) W)
® b wanS P (Pepp)
95 (happvapmen) PgiarS

X (S (h(l,ocﬁ/lﬁ'la‘l)) haapr-t ﬁ‘loc‘l))

= hawlew Vo) ®hup - Wo)
®hsywunS ep (hapmip)
95+ (hopnvamen) PpiaS (Lapripian)
= hawlew Vo) ®hup - Wo)
® hsywa S 9pt (hapmpn)
95 (hepenlopenvamenS
X@oct (L apripias))
= ha) * Vo) ® hs p) - Wio) ® hapywia
x ¢S (e (M) 95 (vams)
= haa Vo) ® hap) ll(l,ﬁ) Lap - W)
®hiyloawanS o1 (Loppn)
o5 (vappn)
= hia Vo) @ ) - W) ® hs e (Vaps)
= h(l,“ﬁ) (Ve W) ) ®hp (VO W) 1),
Liap) - (vew)g ®lyy (vew)qy)
= Lap - (Vo) @ W) @ Lowwan®s (Vaps)
= 1aw V0 ® lop - Wo @ Loywans (Vamsn)
= L1 " Vo) ® l(z)ﬁ)ll(l,ﬁ) ‘W) ® léz,k)w(l,/\)
X 9pt (vimp)
= Llaw Vo ® lep " Wo) ®WanPp (V(Lﬁ/\ﬁ’l))

= V(o) ® W) ® Wy 1yPp- (Va,ﬁw-l))

= (VW) ® (VO w) ).
(27)

This finishes the proof. O
Proposition 4. Let (V, pV) e WYD,(H), and let € m. Set

PV =V as vector space, with action and coaction structures
defined by

o Py ="Plog () -v),

o (Fv) = P(ve) @ 9 (viugag) (28)

Vh € Hpopr, Pv e Py,
= V(O) ® V(I,A)’ VﬁV € ﬁV

Then, "V € WY D gy (HD).



Proof. Obviously, PV isaleft Hy,4-1-module, and conditions
(16) and (17) are straightforward. Then, it remains to show

that conditions (20) and (21) hold. For all Py e Py, we have

Lapap ) ™ Vioy @ Loy Vi

ﬁ(‘Pﬁ" (1(1,130618’1)) ) V(O)) ®loPp (V(l,ﬁ’l)tﬁ))

(29)
= ﬁ(l(m) “V(0) ® 95 (120)) 95 (Vu,ﬁ-lm))

= V<0) ® V<1)A>.

Next, forall h € Hgyp-1), Fv e Py, we get

(oo & ) gy @ (oo & P¥),,
X Ppocip (e pap 2 p1)
= ﬁ((‘/’ﬁ" (P pap) V)<o>)
® ¢p ((901371 (h(2>ﬁrxﬁ’1)) ‘ V)(Lﬁ’lf\ﬁ)) ’
Ppectpt (et popapeips)
= ﬁ((‘Pﬁ’l M) - V)(m)
® 9p( (95 M2 - v) (LBIAB)

X Gart (951 W10 2501)) 0

"9 M v0)
® 9 (95 Mepoap Vo)
= "(9p (g 7))
® 95 (9p1 (hon) Vo))
= N papy & £ (V)
® 95 (9p (how) Vs ap)

= haugasy > Pr0)® By

This completes the proof of the proposition. O

Remark 5. Let (V, pV) € WYD,(H) and let (W, pw) €
‘W/?/@l;(H); then we have Vv = s(tV) as an object in
WY Dyos1s1(H) and *(Ve, W) = SV(?Z’tmﬁ{1 ‘W as an
objectin W' YD 1 (H).

safis™
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Proposition 6. Let (V, pV) € WY2,H); W, pW) €
WYDs(H). Set YW = “W as an object in WY D ppo-1 (H).
Define the map

Gw:Vew — "weV,
) e)
CV,W (V ® w) = (Sﬁ*l (V(l’ﬁfl)) . LU) ®V(O)’

Then, cyyy is H-linear, H-colinear and satisfies the following
conditions:

Crewy = (CV, Wy ® idw) o (idy ® o) » o)

crweu = (idviy 8 ayy) © (e @1idy).
Furthermore, ¢y = ¢y, forall y € m.

Proof. Firstly, we need to show that ¢,y is well defined.
Indeed, we have

Crw (1(1,‘)‘) VR l(z’ﬁ) . w)
(04
= (Sﬁ-l <(1(1,0c) : V)(L,;—l)) Liop 'w> &L Vo)
oC(Sﬁ—l (V(l’ﬁfl)s_l(Pafl (1(1’0‘/;0‘—1)))
xSp1 (Lapn) Lap @) @ L - Vo

(8515 put (L))

x Sgi (vap) &5 (1) - w) ® (5,0 * V(o)
a(Sﬁ—lS_l(p“—l (1(1)“/30‘—1)) Sﬁ—l (1(3)[/_;—1)1/(1)[;—1)) . w)
® Lo " V()

(S5 (vap) - w) e v

crw (vew).

(33)

Secondly, we prove that ¢y is H-linear. For all h € Hg,
we compute

cw (h- (vew))
[+4
(Sﬁ‘l ((h(l,oc) : V)(l,/;fl)) h(z,ﬁ) 'w) ® (h(l,a) : V)(o)
(S5 (Bap Vs S 0ar (apa)) Pag - w)
® Ry V(o)
= (S (g S @u (ragany)) €5 (s ) - w)
® Ay V(o)
- a(sﬁ‘l ("(l,ﬁ'l)s_l‘l’a-l (h(l,zxﬁoc‘l)))

xSg1 (1ap1) W) ® how L * Vo)
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‘X(SKI (1(3,ﬁ71)v(1,ﬁ’1)s_1¢a’1 (1(1,0430(1))
xS Po1 (hrapan)) - W) ® ooyl Voo

(851 (Vs S Pt (Mrapay)) - )

®hy ) V(o)

= “(9u (hrapa) S5 (Vi) - ) ® By Vo)

= Bagaty B (g () - ) ® By - v

=h-cw (vow)

(34)

as required.

Finally, we check that ¢y, is satisfing the H-colinear

condition. In fact,

WeV

Py oy (Vo w)

= a( (S (vapn) - w)(o)) ® V(0)(0)
® Vo (Sp (Vo) 'w)(m)
= “(Sﬁ*("a,ﬁ*‘))(z,ﬁ) ‘w<o>) 8 Y(0)(0)
® VoS (Vs ) oy PanS Pp
(Sﬁ’l(vﬂ’ﬁ“))(w*ﬁ*))

a(Sﬁ'l ("(3,;3-1)) : w<o>) ® V(o)

® v Sy (Wz,ﬂ))
X w(1,A)5_1€0ﬁ-ISﬁA/3“ (V(4,ﬁkﬁ‘1))

“(Sﬁ’l ("(z,ﬁ’l)) : w(O)) ® v ® & (V)

X W0 Ppt (Ws,w*))

a(Sﬁ—l (I(Z,ﬁ_l)v(l,ﬁ_l)) . UJ(O)) ® V(O)
® 5y (1(1,A‘1)) Wi ,2)Pp! (V(z,mﬁ-l))
(851 (Tepyvasm) - wo)® Yo

® S/lfl (1(1,A71)) w(l’/\)(Pﬁfls_l

Sep (Lapsn) 250 (V)

= (S (vapny) Sp D - wioy)

® V(O) ® Sﬁ*l (1)(3)/1)11)(1)/1),

915" (S Waprpn) 250 (Vappn)
= "(Sg (vagn) - ww) @ o

® W 1) Pp (V(z,ﬁkﬁ*))
(35)

= (CV,W ® ldH/\) (V(O) ® w(o) ® u)(l)/\)(P‘B—l

X ("(Llﬂﬁ’l)))

= (CV’W ® idHA) ° p)‘(®w (vew).

The rest of proof is easy to get and we omit it. O

Lemma 7. The map ¢, defined by (31) is bijective with
inverse

Gw: WeV —VeWw,
(36)
-1
qw (Fwe v) = v ® v 5w,

\%4

forallveV,"we "W.

Proof. Firstly, we prove C\;%/v o Gy = idygy. Forallv € V,
w € W, we have

c\;t\, oy (Vo w)
= V)0 ® Vo), (V(l,ﬁ’l)) ‘w
=0 ® & (Van) W = L Vo)
® 1opes (Vo) - w (37)
= LowS e (V) V0 ® Lo - W
=& (122,1)"(1,1)) 1(1,«)121,06) Vo) ®lpp w
=lge v®lpg w=vow.

Secondly, we check ¢y © C\;%/v = id vyyey as follows:

G @ G (“wev)

(S5 (Vo) Y - ) 80

“(%4 (1(1,zxﬁtx")) St (V(O)(l,ﬁ’l)) Vg - w)

@l Voo
= a(%-l (Tnapeny) € () - ) ®1 ) - Vi)
= (Par (1 apaEopa @a (Vi) - w) Loy - Vi
= (et (Laapery) - w) Bl

X Sy, (9 (V1)) - v(0)



o
(Sl’of1 (1(1,0430(1)) ’ w) ® 1(2,008;%3 (V(1,1)) “Y0)

(at (Lapa) ) @100
xE (%" (121,1>) S (V(l,l))) léz,oc) “Y(0)

(04
= (‘Pofl (1(1,0430(1)) : w)® 1omeS (Vi) - Vo)
= 1(1’0‘[;“—1) > lxw®1(2)a) %

=“we
(38)

This completes the proof. O

Define 'Y Z(H) Woer? % 2,(H), the disjoint
union of the categories #' ¥ 2,(H) for all « € . If we
endow 7Y 2 (H) with tensor product as in Proposition 3,
then 7% 2(H) becomes a monoidal category. The unit is
H = {H! := & (H))} e

The group homomorphism v : G — aut(% ¥ 2(H));
B - Y is given on components as

Vo WYDy(H) — WY Dpopr (H),  (39)

where the functor y; acts as follows: given a morphism f :
V,p") — W, p"), for any v € V, we set FHkvy =
).

The braiding in %% 2(H) is given by the family {¢;/}
as shown in Proposition 6. Then, we have the following
theorem.

Theorem 8. For a weak crossed Hopf group coalgebra H,
W Y D(H) is a braided T-category over group .

Example 9. Let H be a weak Hopf algebra, G a finite group,
and k(G) the dual Hopf algebra of the group algebra kG.

Then, have the weak Hopf group coalgebra k(G) ® H; the
multiplication in k(G) ® H is given by

(P ®h) (Ps®9) = pubp ® g, (40)

for all p,, pg € k(G), h,g € H, and the comultiplication,
counit, and antipode are given by

Au,v (Poc ®h) = Z (pu ®h1) ® (Pv®h2)>

uv=«o

s(pa ®h) = 8o¢,1£(h)’
S(py®h)=p,1®S(h).

(41)

Moreover, k(G) ® H is a weak crossed Hopf group
coalgebra with the following crossing:

Oy (po®h) = pgigs ®h. (42)

By Theorem 8, %% 2 (k(G) ® H) is a braided T-category.
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4. Braided T-Categories over Weak Long
Dimodule Categories

In this section, we introduce the notion of a (left-right)
weak a-Long dimodule over a weak crossed Hopf group
coalgebra H and prove that the category ;%" %" isabraided
T-subcategory of Yetter-Drinfeld category # % 2(H ® H)
when H is a quasitriangular and coquasitriangular weak
crossed Hopf group coalgebra.

Definition 10. Let H be a weak crossed Hopf group coalgebra
over 7. For a fixed element « € 7, a (left-right) weak a-Long
dimodule is a couple V = (V,p" = {p) }\c,), where V is a
left H,-module and, forany A € 7, p; : V. — V ® H, is
a k-linear morphism, such that

(1) V is coassociative in the sense that, forany A,, A, € 7,
we have

(idy@ay,)epln, = (P ®idn, )opls  (43)

(2) V is counitary in the sense that

(idy ®€) o py = idys (44)

(3) V satisfies the following compatible condition:

py (x-v)=x- Vo) ® V(a5 (45)
where x € Hyandv e V.

Now, we can form the category % Z'! of (left-right)
weak a-Long dimodules where the composition of mor-
phisms of weak a-Long dimodules is the standard compo-
sition of the underlying linear maps.

Let y WL = [loen n 7 LY, the disjoint union of the
categories 7 L forall a € 7.

Proposition 11. The category W' F" is a monoidal category.
Moreover, for any a,p € G, let V. e o LY and let
We 7 2. Set

VoW = {v@w ceVeW|vew
=1 ve® 1(2,@ Sw (46)
=& (w9 (Vi) vo ® W}
Then, V@We , 9 L1 with the following structures:

x-(VOW) = X(14) VO X3 p - W,

_ (47)
VEW
P (e w) = v ®we ®wungs (Vap)
forall x € Hyp, v®w € VEW.
Proof. It is straightforward. O
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Let (H, 0, R) be a coquasitriangular and quasitriangular
weak crossed Hopf group coalgebra with crossing ¢. Define a
family of vector spaces H® H = {(H® H), = H; ® H} >
where, the H on the left we consider its coquasitriangular
structure and for the right one we consider its quasitriangular
structure. Then, H®H is a weak crossed Hopf group coalgebra
with the natural tensor product and the crossing ® = {id ®

(PDC}[XET['

Theorem 12. Let (H,o0,R) be a weak crossed Hopf group
coalgebra with coquasitriangular structure o and quasitrian-
gular structure R. Then, the category W L™ is a braided
T-subcategory of Yetter-Drinfeld category WY 2(H ® H)
under the following action and coaction given by

\'4 -1
SA (V) =dy - V(O) ® V(l,l) ®S (b/\fl) =: V[O] ® V[l,)»]’
(48)
(hex)> v=0(hvqy)x- Vg

where h® x ¢ (H® H),, h € H,x € H, v € V, and
Ve yw &l

The braiding on LW L7, Tyw : VOW — YweV is
given by

o
TV,W (V® U)) =0 (S (V(l,l)) N w(l)l)) (bﬁ . w(o)) ® a(x . V(O)’
(49)

forallVe yWwEy, We y WLy,

Proof. Obviously, V isaleft (H® H),,-module. Then, we show
that V satisfies the conditions in Definition 1. First, we need to
check that V is coassociative. In fact, forallv € V € , %" 35
and A, A, em

(idy®A, )0 8) . )
=ag Vi) ® V1) ® 871 (bA;lAII(Z)AII))
® V1) ® 871 (b/\EIAII(LA;l))
= a,a, - Vi) ® Vi) ® s (b}ql)
® V,1) ® S_l (bjl\?)
=a,- (a; . V(O))(o) ® (a(; . V(O))(l,l)
®S™ (b)) @van @S (b))
- (8X1 ® i prom),, ) (2 v ®van @S (b),tgl )

= (6}\/1 ® id(H@H)M) ° 5)\/2 ).
(50)
Next, one directly shows that counitary condition (17) holds
as follows:
(idy ® ) o 8‘1/ (v) = a, - viye (m1)) s ) 1)

=a,-ve(b)=1,-v=m.

Then, we have to prove that crossed condition (18) is
satisfied. For allh € Hy, x € Hy,and v € Ve , 7 £, we
have

(h® X)) Vo) ® (h® X) 3 )
X V[ SO ((he X)(Lar-lal))
=0 (h(z,l)’ G "(0))(1,1)) X (@ - "(0>)(0)
®hiyvanS (o) ® X
S (1) S e (X@artat)
=0 (e Vo) Xe.wfa Vo)
®his VoS (hay) ® xanS ™ (b)),
571%-1 ('x(l,:x)\'loc‘l))
=0 (hG1) Ven) Xewba Vo)
®vanhenS (hay) © X,
s (Vo (Xarta1)) Br1)
o (ha Van) daXam Vo ® vanS & (o)
® x(a,A)Sfl (b1 (xa)
= 0 (ho1 Vo) daXa.m Vo ® VanS & (hay)

® S_lsi—l (x(Z,l)) S_l (b/lfl)

! !
o (1(2,1)’1’ V(2,1)) Aal(1,00% Vo) ® Va1

® S_l (1(2,A’1)) S_l (bA—l)
g (122,1)>V(2,1)) o (h, Vi) Gl 1,0 Vo)
® V1,1 l21,1) ®S™ (b 1(2,)»*1))

e(vanlen) o (hven) dex - v

® V(l,l)l(l,l) ® S_l (b/\fl)

o (h, V(Z,l)) a(xx . V(O) ® V(l,l) [02] S_l (b};l)

o(h, V(l,l)) g - (x- V(O))(O)

® (x- 1/(0))(1,1) ®s™ (b2)

=8) (hex) > v).

(52)

Finally, it follows from Proposition 6, the braiding on
WYPDH ® H), that the braiding on 7" is as the
following:

“(Sﬁ’l ("[Lﬁ’l])) > pW Vg

[+
o (S(va)>wa ) (bﬁ : w(o)) ®d, + V(g)»
(53)

Tyw (VO w)

forall Ve , " 23, We " Z,veV,andw e W.
This completes the proof. O
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