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We introduce Mann-type extragradient methods for a general system of variational inequalities with solutions of a multivalued
variational inclusion and common fixed points of a countable family of nonexpansive mappings in real smooth Banach spaces.
Here the Mann-type extragradient methods are based on Korpelevich’s extragradient method and Mann iteration method. We
first consider and analyze a Mann-type extragradient algorithm in the setting of uniformly convex and 2-uniformly smooth
Banach space and then another Mann-type extragradient algorithm in a smooth and uniformly convex Banach space. Under
suitable assumptions, we derive some weak and strong convergence theorems. The results presented in this paper improve, extend,
supplement, and develop the corresponding results announced in the earlier and very recent literature.

1. Introduction

Let X be a real Banach space whose dual space is denoted by
X*. The normalized duality mapping ] : X — 2% is defined
by
J(x) = {x* € X" {x,x*) = |x|* = ||x*||2}, Vx € X,
@

where (-,-) denotes the generalized duality pairing. It is an
immediate consequence of the Hahn-Banach theorem that
J(x) is nonempty for each x € X. Let C be a nonempty
closed convex subset of X. A mapping T : C — C is called
nonexpansive if |[Tx — Ty| < [x — y|l for every x,y € C.
The set of fixed points of T' is denoted by Fix(T'). We use the
notation — to indicate the weak convergence and the one —
to indicate the strong convergence. A mapping A : C — X
is said to be as follows:

(i) accretive if for each x, y € C there exists j(x — y) €
J(x — y) such that

(Ax— Ay, j(x—y)) 2 0; )

(ii) a-strongly accretive if for each x, y € C there exists
j(x = y) € J(x — y) such that

(Ax - Ay, j(x-y)) = a|x (3)

for some « € (0, 1);

(iii) B-inverse-strongly-accretive if for each x, y € C there
exists j(x — y) € J(x — y) such that

(Ax— Ay, j(x-y)) = BlAx - Ay[", (4)

for some f3 > 0;

(iv) A-strictly pseudocontractive if for each x, y € C there
exists j(x — y) € J(x — y) such that

(Ax= Ay, j(x-p)) < |x =y’ = Ax - y - (Ax - Ap)|,
(5)

for some A € (0,1).



LetU = {x € X : ||x|| = 1} denote the unite sphere of X.
A Banach space X is said to be uniformly convex if for each
€ € (0,2], there exists § > 0 such that forall x, y € U

X - ZGZMSI—& (6)
4 2

It is known that a uniformly convex Banach space is reflexive
and strictly convex. A Banach space X is said to be smooth if
the limit

L el ] )
t—0 t

exists for all x, y € U; in this case, X is also said to have
a Gateaux differentiable norm. Moreover, it is said to be
uniformly smooth if this limit is attained uniformly for x, y €
U. The norm of X is said to be the Fréchet differential if for
each x € U, this limit is attained uniformly for y € U. In the
meantime, we define a function p : [0,00) — [0, 00) called
the modulus of smoothness of X as follows:

1
p@) = sup{3 (Jx+ yl+ Je=y]) - 1:
(8)
%y e Xl = 1]y =7}

It is known that X is uniformly smooth if and only if
lim, _, ,p(r)/7 = 0. Let g be a fixed real number with 1 < g <
2. Then a Banach space X is said to be g-uniformly smooth if
there exists a constant ¢ > 0 such that p(z) < ct? forall 7 > 0.
As pointed out in [1], no Banach space is g-uniformly smooth
for g > 2. In addition, it is also known that ] is single-valued
if and only if X is smooth, whereas if X is uniformly smooth,
then J is norm-to-norm uniformly continuous on bounded
subsets of X.

Very recently, Cai and Bu [2] considered the following
general system of variational inequalities (GSVI) in a real
smooth Banach space X, which involves finding (x*, y*) €
C x C such that

By +x" = y", J(x-x")) 20, VxeC,
9)
(Byx™ +y" —x",J(x—y")) 20, VxeC,
where C is a nonempty, closed, and convex subset of X;
B,,B, : C — X are two nonlinear mappings, and ¢, and y,
are two positive constants. Here the set of solutions of GSVI
(9) is denoted by GSVI(C, By, B,). In particular, if X = H,
a real Hilbert space, then GSVI (9) reduces to the following
GSVI of finding (x*, y*) € C x C such that
By +x" —y",x-x") >0, VxeC,
(10)
(Byx™ +y" —x",x-y") 20, VxeC,
where p; and p, are two positive constants. The set of
solutions of problem (10) is still denoted by GSVI(C, B, B,).

Recently, Ceng et al. [3] transformed problem (10) into a

fixed point problem in the following way.

Abstract and Applied Analysis

Lemma 1 (see [3]). For given %,y € C, (X, ) is a solution of
problem (10) if and only if X is a fixed point of the mapping
G : C — Cdefined by

G(x) = P [Pc (x - yszx) - B P (x - P‘szx)] >
Vx € C,

wherey = Po(X—p,B,%) and P is the the projection of H onto
C.

In particular, if the mappings B; : C — H is f5;-inverse
strongly monotone for i = 1, 2, then the mapping G is nonex-
pansive provided y; € (0,2p;) fori = 1,2.

Define the mapping G : C — C as follows:

G(x) =M (I-wB) I (I -pBy)x, VxeC. (12)
The fixed point set of G is denoted by Q.

Let CB(X) be the family of all nonempty, closed and
bounded subsets of a real smooth Banach space X. Also, we
denote by H(:, ) the Hausdorff metric on CB(X) defined by

H (A, B) := max 1sup infd (x, y), sup infd (x, y)} ,
xeB YEA xcA YEB (13)

VA, B € CB(X).

Let T and F : X — CB(X) be two multivalued mappings,
let A: D(A) ¢ X — 2% be an m-accretive mapping, let
g : X — D(A) be a single-valued mapping, and let N(-,-) :
X x X — X be a nonlinear mapping. Then for any given
v € X, A > 0, Chidume et al. [4] introduced and studied
the multivalued variational inclusion (MVVI) of finding x €
D(A) such that (x, w, k) is a solution of the following:

veNwk)+AA(g(x)), YweTx, keFx. (14)

If v = 0and A = 1, then the MVVI (14) reduces to the
problem of finding x € D(A) such that (x, w, k) is a solution
of the following:

0€N(wk)+A(g(x)), VYweTx, ke Fx. (15)

We denote by I' the set of such solutions x for MVVI (15).

The authors [4] first established an existence theorem for
MVVI (14) in smooth Banach space X and then proved that
the sequence generated by their iterative algorithm converges
strongly to a solution of MVVI (15).

Theorem 2 (see [4, Theorem 3.2]). Let X be a real smooth
Banach space. Let T and F : X — CB(X), let A : D(A) ¢
X — 2% be three multivalued mappings, let g : X — D(A)
be a single-valued mapping, and let N(-,-) : X x X — X bea
single-valued continuous mapping satisfying the following con-
ditions:

(C1) Aog: X — 2% is m-accretive and H-uniformly con-
tinuous;

(C2) T: X — CB(X) is H-uniformly continuous;

(C3) F: X — CB(X) is H-uniformly continuous;
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(C4) the mapping x — N(x, y) is ¢-strongly accretive and
y-H-Lipschitz with respect to the mapping T, where ¢
[0,00) — [0,00) is a strictly increasing function with

$(0) = 0;

(C5) the mapping y +— N(x,y) is accretive and &-H-
Lipschitz with respect to the mapping F.

For arbitrary x, € D(A) define the sequence {x,} iteratively by

Xpy1 = Xy — Oy (N (wn’ kn) + un) > Uy € A (g (xn)) > (16)

where {u,,} is defined by

"un - un+1" s (1 + 8) H (A (g (xn+l)) ’ A (g (xn))) >
Vn >0,

for any w, € Tx,, k, € Fx, and some € > 0, where {0,)} is a
positive real sequence such that lim, _, o, =0and Y > 0, =

00. Then, there exists d > 0 such that for 0 < o, < d, for all
n > 0, {x,} converges strongly to x € I and for any w € Tx,
k € Fx, (x,w, k) is a solution of the MVVI (15).

Let C be a nonempty closed convex subset of a real
smooth Banach space X and let I be a sunny nonexpansive
retraction from X onto C. Motivated and inspired by the
research going on this area, we introduce Mann-type extra-
gradient methods for finding solutions of the GSVI (9) which
are also ones of the MVVI (15) and common fixed points
of a countable family of nonexpansive mappings. Here the
Mann-type extragradient methods are based on Korpelevich’s
extragradient method and Mann iteration method. We first
consider and analyze a Mann-type extragradient algorithm
in the setting of uniformly convex and 2-uniformly smooth
Banach space, and then another Mann-type extragradient
algorithm in a smooth and uniformly convex Banach space.
Under suitable assumptions, we derive some weak and strong
convergence theorems. The results presented in this paper
improve, extend, supplement, and develop the corresponding
results announced in the earlier and very recent literature; see
for example, [2-10].

2. Preliminaries

Let X be a real Banach space with dual X*. We denote by J
the normalized duality mapping from X to 2% defined by

J) = {x e X" (ox"y = Inl? = |}, @)

where (-, -) denotes the generalized duality pairing. Through-
out this paper the single-valued normalized duality map is
still denoted by J. Unless otherwise stated, we assume that X
is a smooth Banach space with dual X*.

A multivalued mapping A : D(A) € X — 2% is said to
be as follows:

(i) accretive, if

(u=v,J(x-y)) >0, VYueAx, veAy; (19)

(ii) m-accretive, if A is accretive and (I +rA)(D(A)) = X,
for all # > 0, where I is the identity mapping;

(iii) ¢-inverse strongly accretive, if there exists a constant
{ > 0 such that

(u=vJ(x-y)) 2lu-v|>, VueAx, veAy; (20)

(iv) ¢-strongly accretive, if there exists a strictly increasing
continuous function ¢ : [0,00) — [0,00) with
¢(0) = 0 such that

(u=nJ(x=-y)z¢(x=-yIx-»l
Yu € Ax,

(21)
v € Ay;

(v) ¢p-expansive, if

lu-vl>¢(|x-y|), VueAx, ve Ay. (22)

It is easy to see that if A is ¢-strongly accretive, then A is
¢-expansive.

A mapping T : X — CB(X) is said to be H-uniformly
continuous, if for any given ¢ > 0 there exists a § > 0 such
that whenever |lx — y|| < & then H(Tx,Ty) < e.

A mapping N : X x X — X is ¢-strongly accretive, with
respectto T : X — CB(X), in the first argument if

(N@w2)-Nw2),](x~-y))
> (Jx =y < - 7.

A mapping S : X — 2% is called lower semicontinuous if
SIV)i={x e X:Sx N V+0}is open in X whenever V c Y
is open.

We list some propositions and lemmas that will be used
in the sequel.

(23)
VueTx, veTy.

Proposition 3 (see [11]). Let {A,} and {b,} be sequences of
nonnegative numbers and {«,} C (0,1) a sequence satisfying
the conditions that {\,)} is bounded, ¥, &, = 00, and b, —
0, asn — ©00. Let the recursive inequality

Az

n+l1

< A2 =20,y (M) + 20,8, 4,0, V20, (24)

be given where v : [0,00) — [0,00) is a strictly increasing
function such that it is positive on (0, 00) and w(0) = 0. Then
A, = 0,asn — oo.

Proposition 4 (see [12]). Let X be a real smooth Banach space.
Let T and F: X — 2% be two multivalued mappings, and let
N(,) : Xx X — X be a nonlinear mapping satisfying the
following conditions:

(i) the mapping x — N(x, y) is ¢-strongly accretive with
respect to the mapping T;

(ii) the mapping y — N(x, y) is accretive with respect to
the mapping F.

Then the mapping S : X — 2% defined by Sx = N(Tx, Fx) is
¢-strongly accretive.



Proposition 5 (see [13]). Let X be a real Banach space and let
S: X — 2%\ {0} be a lower semicontinuous and ¢-strongly
accretive mapping; then for any x € X, Sx is a one-point set;
that is, S is a single-valued mapping.

Recall that a Banach space X is said to satisfy Opial’s
condition, if whenever {x,} is a sequence in X which
converges weakly to x asn — 00, then

lim sup |x,, — x| < limsup ||x, - y|,
n— 00 n—0o
(25)
Vy e X with x# y.

Lemma 6 (Demiclosedness principle; see [14, Lemma 2]). Let
C be a nonempty closed convex subset of a reflexive Banach
space X that satisfies Opial’s condition and suppose that T :
C — X isnonexpansive. Then the mapping I -T is demiclosed
at zero, that is, x,, — x and x,, — Tx,, — 0imply x = Tx; that
is, x € Fix(T).

The following lemma is an immediate consequence of the
subdifferential inequality of the function (1/2)] - 1%

Lemma 7. In a real smooth Banach space X, there holds the
inequality

I+ v < Ixl® +2(3, ] (x + ), Vx,yeX.  (26)

Let D be a subset of C and let I1 be a mapping of C into D.
Then I1 is said to be sunny if

ITIT (x) + ¢ (x - I (x))] = I (x), (27)

whenever TI(x) + t(x — II(x)) € C forx € Candt > 0. A

mapping T1 of C into itself is called a retraction if I1* = TL. If

a mapping I of C into itself is a retraction, then I1(z) = z for

every z € R(II), where R(II) is the range of I1. A subset D of

C is called a sunny nonexpansive retract of C if there exists a

sunny nonexpansive retraction from C onto D. The following
lemma concerns the sunny nonexpansive retraction.

Lemma 8 (see [15]). Let C be a nonempty closed convex subset
of a real smooth Banach space X. Let D be a nonempty subset
of C. Let T1 be a retraction of C onto D. Then the following are
equivalent:

(i) IT is sunny and nonexpansive;

(i) ITIx) ~TI* < (x — . J([(x) ~ (), for all
x,y €GC;

(iil) (x - II(x), J(y - I(x))) < 0, forall x € C, y € D.

It is well known that if X = H a Hilbert space, then
a sunny nonexpansive retraction Il is coincident with the
metric projection from X onto C; that is, IIo = P.. If C
is a nonempty closed convex subset of a strictly convex and
uniformly smooth Banach space X and if T : C — Cis
a nonexpansive mapping with the fixed point set Fix(T) # 0,
then the set Fix(T') is a sunny nonexpansive retract of C. The
following result is an easy consequence of Lemma 8.
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Lemma 9. Let C be a nonempty closed convex subset of a
smooth Banach space X. Let Il be a sunny nonexpansive
retraction from X onto C and let B, B, : C — X be nonlinear
mappings. For given x*, y* € C,(x", ¥*) is a solution of GSVI
(9) ifand only if x* = TIo(y" — u, B, y™), where y* = To(x" -
By x™).

In terms of Lemma 9, we observe that

x" = e [HC (x* - ,uszx*) - Byl (x* - ptszx*)](, )
28

which implies that x* is a fixed point of the mapping G.
Throughout this paper, the set of fixed points of the mapping
G is denoted by Q.

Lemma 10 (see [16]). Given a number r > 0. A real Banach
space X is uniformly convex if and only if there exists a
continuous strictly increasing function ¢ : [0,00) — [0, 00),
¢(0) = 0, such that

i+ (1= 2) | < Ml + (1= 2) [y
A=V (lx- ),

forall A € [0,1], and x, y € X such that | x| < rand | y| < r.

(29)

Lemmall (see [17]). Let C be a nonempty closed convex subset
of a Banach space X. Let S, S,, ... be a sequence of mappings
of C into itself. Suppose that ¥ o sup{[|S,x—S,_, x| : x € C} <
00. Then for each y € C, {S, y} converges strongly to some point
of C. Moreover, let S be a mapping of C into itself defined by
Sy =lim, _, .S,y forall y € C. Thenlim sup{[ISx—S, x| :
x€C}=0.

n— 00

3. Mann-Type Extragradient Algorithms in
Uniformly Convex and 2-Uniformly Smooth
Banach Spaces

In this section, we introduce Mann-type extragradient algo-
rithms in uniformly convex and 2-uniformly smooth Banach
spaces and show weak and strong convergence theorems. We
will use some useful lemmas in the sequel.

Lemma 12 (see [2, Lemma 2.8]). Let C be a nonempty closed
convex subset of a real 2-uniformly smooth Banach space X.
Let the mapping B; : C — X be «;-inverse-strongly accretive.
Then, we have

"(I —w:B;) x — (I - ;B;) )’”2
< Jx = I + 2 (wa® - o) | Bx - Biy|’,  (30)
Vx,y €C,

fori = 1,2, where y; > 0. In particular, if 0 < y; < o /x>, then
I — w;B; is nonexpansive fori = 1,2.

Lemma 13 (see [2, Lemma 2.9]). Let C be a nonempty closed
convex subset of a real 2-uniformly smooth Banach space X.
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Let T1 be a sunny nonexpansive retraction from X onto C. Let
the mapping B; : C — X be a;-inverse-strongly accretive for
i=1,2.LetG: C — C be the mapping defined by

Gx = Tl¢ [ (x = py B,x) =y By T (x — py B, x)]

Vx € C.
(31)

If0 < y; < oy /x” fori = 1,2, thenG : C — C is nonexpansive.

Theorem 14. Let X be a uniformly convex and 2-uniformly
smooth Banach space satisfying Opial’s condition and let C be a
nonempty closed convex subset of X such that C+C c C. Let I
be a sunny nonexpansive retraction from X onto C. Let T and
F:X — CB(X)andlet A: C — 2° be three multivalued
mappings, let g : X — C be a single-valued mapping, and let
N(,-) : X x X — C be a single-valued continuous mapping
satisfying conditions (C1)-(C5) in Theorem 2 and

(C6) N(Tx,Fx) + A(g(x)) : X — 26\ {0} is C-inverse
strongly accretive with { > «*.

Let B; : C — X be «;-inverse strongly accretive fori = 1,2.
Let {S;}7%, be a countable family of nonexpansive mappings of C
into itself such that A = (5, Fix(S;)NQNT # 0, where Q is the
fixed point set of the mapping G = IIo(I — pu, By)II(I — p,B,)
with 0 < w; < a;/i* fori = 1,2. Assume that {a,}, {B,}, and
{o,,} are sequences in [0, 1] such that

(i) 0 < lim inf

(ii) 0 < liminf, _, B, <limsup, _, B, < L;

nooo®y < limsup, | o, < 1;

(iii) 0 < liminf, , Jo, <limsup, _, 0, < L.

For arbitrary x,, € C define the sequence {x,} iteratively by
Yn = ﬁnsn'xn + (1 - ﬁn) e (I - n"ilBl)
x HC (I - AMZBZ) Xn>

Xny1 = &y [xn — 0y (N (wn’ kn) + un)] + (1 - ‘xn) I (32)

u, € A(g(x,), V¥nz=0,

where {u,} is defined by
ety = thia || < (1 + &) H(A(g (x01)) 5 A (9 ()
Vn >0,

for any w, € Tx,, k, € Fx, and some ¢ > 0. Assume
that Y20 sup,.cpllS,e1x — S, x|l < 0o for any bounded subset
D of C and let S be a mapping of C into itself defined by
Sx = lim, _, S, x for all x € C and suppose that Fix(S) =
Moy Fix(S;). Then {x,} converges weakly to some X € A, and
forany w € Tx, k € Fx, (x,w,k) is a solution of the MVVI
(15).

Proof. First of all, let us show that for any v € C, A > 0,
there exists a point X € C such that (X, w, k) is a solution

of the MVVI (14), for any w € TX and k € FX. Indeed,
following the argument idea in the proof of Chidume et al.
[4, Theorem 3.1], we put Vx := N(Tx, Fx) for all x € X.
Then by Proposition 4, V is ¢-strongly accretive. Since T
and F are H-uniformly continuous and N(-, -) is continuous,
Vx is continuous and hence lower semicontinuous. Thus, by
Proposition 5 Vx is single-valued. Moreover, since V is ¢-
strongly accretive and by assumption Ao g : X — 2°
is m-accretive, we have that V + AA o g is an m-accretive
and ¢-strongly accretive mapping, and hence by Cioranescu
[18, page 184] for any x € X we have (V + AA o g)(x) is
closed and bounded. Therefore, by Morales [19], V + AA o g
is surjective. Hence, for any v € X and A > 0 there exists
X € D(A) = Csuch thatv € VX + AA(g(X)) = N(w,k) +
AA(g(X)), where w € TX and k € FX. In addition, in terms
of Proposition 5 we know that V + AA o g is a single-valued
mapping. Assume that N(Tx, Fx) + AA(g(x)) : X — Cis(-
inverse strongly accretive with { > «°. Then by Lemma 12, we
conclude that the mapping x — x — (N(Tx, Fx) + AA(g(x)))
is nonexpansive. Meantime, by Lemma 13 we know that G :
C — C s also nonexpansive.

Without loss of generality we may assume that v = 0 and
A =1.Let p € Aandletr > 0 be sufficiently large such that
Xy € Er(p) =: B. Then p € D(A) = Csuch that0 € N(w, k) +
Ao g(p) forany w € Tpand k € Fp. Let M := sup{|lul| :
u € N(w,k) + A(g(x)),x € B,w € Tx,k € Fx}. Then as
Ao g,T and F are H-uniformly continuous on X, for ¢ :=
¢(r)/8(1 +¢),and &, = P(r)/8u(l + ¢), & := ¢(r)/8E(1 + ¢),
there exist §;,8,, 85 > 0 such that forany x, y € X, [|x — y|l <
8y lx—yll < 8, and [x~ y| < 6, imply H(Asg(x), Aeg(y)) <
&, H(Tx,Ty) < &, and H(Fx, Fy) < &;, respectively.

Let us show that x,, € B for alln > 0. We show this by
induction. First, x,, € B by construction. Assume that x,, € B.
We show that x,,,; € B. If possible we assume that x,,.; ¢ B,
then |x,,; — pll > r. Further from (32) it follows that

13 = 2l = 1BuSuxn + (1= Bu) Tl (T = g1, By) T
x (I - By) x, = p
< BulSuxn = pll + (1= B.) |Gx, — p|
< Bullxn = ol + (1= B,) [x. - 2l

=[x, - 2l
(34)
and hence
%1 - 2l
= <“n [xn —p-0, (N (wn’ kn) + un)]

+(1=a,) (9u = P)>T (Xpi1 = P))
= (a, (x, = p) + (1 - ax,)
X (¥n=P)>J (X001 = P))
= a,0, (N (W, k) + 14, ] (%1 = P))



< v, (x, = p) + (1 = a,) (3, = D)

X %1 — £l

=~ 0,0, (N (W, k) + 14, ] (X011 = P))
< (@, |0 = pll + (1 = o) [, = pl)

X %1 = £l

= 0,0, AN (W, k) + 1 ] (X1 = P))
=[x, = 2l %1 = £

= 0,0, AN (W, k) + th ] (X1 = P))

<

(e = 21 + I = 21
- 0,0, <N (ww kn) + Uy J (xn+1 - P)> >
(35)

which immediately yields

s = 2l
< s = Pl = 20,0, (N (wy k) + 14,0 ] (200 = )
= lIx, - 2l
- 2a,,0, <N (wn+1’kn+1) + s ] (xm—l - P)>
- Zanan <N (wn’kn)
+u, - (N (wn+l>kn+1) + un+1) >
J ('xn+1 - p)> .
(36)

Since N(:,-) is ¢-strongly accretive with respect to T and
A(g(-)) is accretive, we deduce from (36) that

%01 - I
< % = 2l = 20,0, (%001 = PI) %1 = 2
+ 20,0, [|N (W41 K1) = N (w1, k)|
[ty = ] 11 = 2l
< | = 2l = 20,0, (1201 = 2I) %01 - 2
+ 20,0, [IN (W1 K1) = N (W15 k)|
+ [N (w1, k) = N (w,, k)|

* Jetaer = talll 01 = -
(37)
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Again from (32) we have that

%01 = £l
<, [x, = p = 0, (N (wyo k) + 1)
+(1=a,) |y, - pl
<, [[lx, = pll + 0, N (w,, k) + ] (38)
+(1-a,) [, - pl
<a,[rto,M|+(1-a,)r

< 2r.

Also, from Proposition 5, Vx = N(Tx, Fx) is a single-valued
mapping; that is, for any k, k' € Fx and w,w' € Tx we have
N(w,k) = N(w, k") and N(w, k) = N(w', k). On the other
hand, it follows from Nadler [20] that, for k,,, € Fx,,, and
W,y € TX,,,, there exist k! € Fx, and w, € Tx,, such that

Kyl — k;" < (1 +¢)H (Fx,,,,Fx,),
(39)

"u)nﬂ ~wlll < (1 +&) H(Tx,,,, Tx,),

respectively. Therefore, from (37) and (33), we have that

%51 = 2l
< |xu = pl* - 20,0, ()7
+ 20,0, [|N (Wit K1) = N (w1 K, )|
+ [N (W1 k) = N (wy k)|
et = w2
< Jxu = pl* - 20,0, ()7
+ 20,0, [§ (1 + &) H (Fx,,,, Fx,)
+p (1 + &) H (Tx,,, Tx,)
+(1+e) H(A(g(x11)),A(g (x,)))] 2
< %= l° - 20,0, (1) 7

+ 2x (g ¢(T) +¢(1’) + (/5(7') 2r

" 8 8 8

= ||xn - p||2 —2a,0,p(r)r

+ ocnan;/) (ryr< ”xn - p||2.
(40)

So, we get |Ix,,.; — pll < r, a contradiction. Therefore, {x,} is
bounded.

Let us show thatlim, _, llx, - y,Il = 0and lim,,_, lx, -
Xn+1 [ =o0.
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Indeed, utilizing Lemma 10 and the nonexpansivity of the
mapping x — x—(N(Tx, Fx)+A(g(x))), we obtain from (32)

that foralln > 0
%01 = 2l
= o, [x, = p — 0, (N (w, k) + )]
+(1-a) (- I
< allx, - p - 0, (N (wyk,) + )|
(=) |y = pI* ot (1= t,) 0
X (|5, = 3 = 0, (N (w0 k,) + ,)])
= o, [(1-0,) (x, - p)
+0, [, — (N (w,,k,) +u,) - p]|°
+ (=) [y = pl -, (1= ) 9
X (% = ¥ = 00 (N (W, k) + 14,)])
<a,[(1-0,) % - pl’
+ 0%, = (N (w,, k) +u,) - p|°
=0, (1-0,) 91 (IN (w0, k) + 14,]) ]
+ (1= = Pl - o (1 - a,)
% (1% = = 0 (N (w,,K,) +1,)])
< a, [(1-0,) |, = pI* + o, — o
=0, (1-0,) 91 (IN (w,. k) +1,]) |
(1= ) [, = PP - o, (1 - )
% (|5, = 3, = 0, (N (w0 k,) + ,)])
= o, — ol ~ @0, (1-0,) 0,
X (IN (w,k,) + )
(1= = Pl o (1 - a,)
X (|%n = yu = 04 (N (W K,) + 1))

= %, - 2l
— 0,0, (1 - Gn) b1 (“N (wn’kn) + un")
-, (1 - (xn) ¢

x ("xn ~Vn = On (N (wn’ kn) + un)”)

<[, oI

(41)

It is easy to see that the limit lim,_, . llx, — pl exists.
Meantime, it can be readily seen from (41) that

,0, (1= 0,) ¢, (N (w,, k,) + 1)
T, (1 - (Xn) ¢
x (“xn “Vn T On (N (wn’ kn) + un)")

2
>

(42)

< e = I = s = £l

which together with conditions (i) and (iii) and the existence
of lim lx, — pll, implies that

n— o0

Jim ¢y (IN (w,, k) + ) = 0,

. (43)
nlglgo(P ("xn “Yn = On (N (wn’ kn) + un)”) =0.
Utilizing the properties of ¢ and ¢,, we get
Jim IN (w,, k,) +u,| =0,
| (44)
nlgréo ||xn ~Yn = On (N (wn’ kn) + un)" =0.
Note that
"xn - yn" < ”xn ~Yn 0y (N (wn’ kn) + un)"
(45)
+0,[|N (w,, k,) +u,| -
So, we have
Jdim [x, =y, = 0. (46)
Also, observe that
"xn+1 - xn“ < 0,0, ”N (wn’ kn) + un”
+ (1 - “n) “xn - yn” (47)
< ”N (wn’kn) + un“ + “xn - yn“ :
Thus, from (44) and (46) it follows that
nILHgO "xn+1 - xn" =0. (48)
Let us show that lim, _, |lx,, — Gx,| = lim,_, lx, -

Sx,ll = 0.



Indeed, for simplicity, put g = II(p — u,B,p), u, =
M- (x, — w,B,x,) and v, = T (4, — 4, Byu,). Then v, = Gx,,
for all n > 0. From Lemma 12 we have

.~ all
= |Te(x, = g Byx,) — Te(p - yszp)“z
< %~ P~ 1w (Byx, - Byp)|’ (49)
< = oI - 26 (@ - 1)
x |B,x, = Byl
v - oI’
= |Te(u, = 1y Byw,) ~ Te(q - Ihqu)Hz
< fJu, — a - p(Bu, - Bg)|’ (50)
< [ty —al — 20 (0 =41y

x |Byu, - 3161"2-

Substituting (49) for (50), we obtain

Iv. - pl’
< %, -2l
. 5 (51)
-2, (“2 - K P‘z) |B,x,, — B p||

=2 (“1 - sz) 1B w4, - Bﬂ||2~

Utilizing [21, Proposition 1] and Lemma 10, from (32) and (51)
we have
1. - ol
< BulS,xu =PI + (1= B,) |G, — oI
=B (1= B) 92 (S, — G|
< Bullew ="+ (1= B) v = I
=B (1= B) 92 (S, — Gx, )
< Bullxn— ol
= B (1= B) @2 (IS5 = G
+ (1= B) [l - 2l
=2, (0‘2 - Kz!"z) 1B, - szllz

- 24 (ocl - szl) ||B1un - qu"Z]
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= - oI’
- ﬂn (1 - ﬁn) (%} ("Sn'xn - Gxn“)
-2(1-8,) [P‘z (“2 - Kz#z) ”Bzxn - BzP"2

+ 24 (0‘1 - Kz!/‘l) 1By, - qullz] >

(52)
which hence implies that
B (1= B.) @s ([[Spx,, = Gix,[)
+2(1-B,) [ (o —y)
x[|Byx, - Bypl
+py (o - <) (53)

x|[Byu, - Byg]]
o
< (I = 2l + 15w = 21D % = 2l -
Since 0 < ; < ay/x” fori = 1,2 and {x,}, {y,} are bounded,

we obtain from (46), (53), condition (ii) and the properties of
@, that

lim_|B,x, - Byp|| = lim ||B,u, - B,q| =0,

n— o0

(54)
nli_)ng() IS, — Gx,|| = 0.
Utilizing Proposition 3 and Lemma 8, we have
Jut, - alf

= |c(x,, = ppByx,) = Te(p — Mszp)"2

< <xn - MZBan - (p - lblszp) ] (un - q)>

= <xn - P’](un - q)>
(55)

+ i <sz - Bzxn’] (un - q)>

<

(e = oI + e, ~ all”

N | —

-V ("xn U, - (p - q)”) ]
+ "sz - Ban” ””n - ‘1" J
which implies that
s = all” < [, - oI
4! ("xn — Uy~ (p - q)“) (56)

+ 24, ”sz - Bzxn" "un - ‘1“ .



Abstract and Applied Analysis

In the same way, we derive

v, - oI’
= T, = i Byu,) = Tc(q - 4 Bi @)
< (u, —mByu, - (q—mBq).] (v, - p))
= (u,—q,] (v, - p))
+ 1 (B1q = By, J (v, = p))
< 5 [l =al + I - oI

¥ (Jun = v+ (P =) ]

+ ¢ ”qu - Blun“ “Vn - P” >

which implies that

v - pl* < |, - al’
~v, (Ju, = v + (P 9)|))

+ 244y |Big = By | v, — .

Substituting (56) for (58), we get

Iva = 2l < I - I
=y (|, —u, = (P = 9)l)
=9, (i = v + (=)
+ 2 | Bop = By, || [ — 4l

+ 21 B = By, | v, -

By Lemma 7, we have from (52) and (59)

i
< BullSuxu = pI” + (1= Bo) v = 2
< Bulxu = pl* + (1-5,)
x %, - el
=91 (Jxs =, = (= 9q)l))
=y (Juy = v+ (p-a))
+ 2415 |Byp = By, | Ju, — g

+ 2 |Byq = By, v, - ]

(57)

(58)

(59)

9
<, = o - (1= B,)
x [ (|x, = u, = (P - 9)])
+ 95 (Jun = v + (p = @)]))]
+ 24y |Bop = Byxy| [l — g
+ 21 |Big = By | v, - ]
(60)
which hence leads to
(1= B [vr (s = un = (P = 9))
9 ([, = v + (p - 9)])]
< [x =2l =l — 2l
bbbl o

+ 244, |B,q = By, | |, = p

< (lew = 2l + 1y = 2D 6 = 32
+ 2t | Bop = By, | |, — al
+ 24y | Biq = By | |, - |-

From (46), (54), (61), condition (ii), and the boundedness of
{x,}, {y,}, {u,}, and {v, )}, we deduce that

nlgrc!ovll ("xn U, - (P - q)”) =0,
(62)
nlglgoVIZ ("un “Vat (p N q)") =0.
Utilizing the properties of y, and y,, we deduce that
Jim -, (p- )] =0
(63)
Jim I, = v, + (p = q)|| = 0.
From (63) we get
”xn - Vn"

< “xn U, - (P - q)" + "un —Vut (P - q)" (64)
— 0 as n— 00,
which together with (54), leads to

nango [[x, = Gx,,| =0,

(65)
nleréo [, = S| = 0.
Since
[, = Sx,|| < [l = Sl + [1S,%0 = Sx,| - (66)

Utilizing the assumption on {S,,} and Lemma 11, from (65) we
get

Jim [, = Sx,.|| = 0. (67)
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Next, let us show that {x,} converges weakly to some x €
A.

Indeed, since X is reflexive and {x,} is bounded, there
exists a subsequence {x, } of {x,} such thatx, — X € C.Then
by Lemma 6, we obtain from (44), (65), and (67) that x € T,
X € Fix(G) = Q, and X € Fix(S) = (5, Fix(S;). Thus, X € A.
In addition, if {xm]_} is another subsequence of {x,} such that
X, — X, then by Lemma 6 we also deduce from (44), (65),

m,

]
and (67) that X € A. Thus, the limits lim,, , [lx,, — x| and
lim, _, o llx, — X| exist. Now we claim that X = X. Assume
that x # X. Then in terms of Opial’s condition, we get

lim |x, - x| = lim sup "xn, - E" < lim sup ”xn - 3?"
n—oo i— 00 ' i— 0o '

= imoupll, =51 = lmsup e, -] (g

< hjnisolip "xmj - xl' = nlgréo ||xn - x|| ,
which leads to a contradiction. So, we must have x = X.
Therefore, x, — x € A. This completes the proof. O

Theorem 15. Let X be a uniformly convex and 2-uniformly
smooth Banach space and let C be a nonempty closed convex
subset of X such that C + C ¢ C. Let Il be a sunny
nonexpansive retraction from X onto C. Let T and F : X —
CB(X) and let A : C — 2° be three multivalued mappings,
let g : X — C be a single-valued mapping, and let N(:,-) :
X x X — C be asingle-valued continuous mapping satisfying
conditions (C1)-(C5) in Theorem 2. Let B; : C — X be o;-
inverse strongly accretive fori = 1,2. Let {S;};°) be a countable
family of nonexpansive mappings of C into itself such that A :=
Moy Fix(S;) N Q N T #0, where Q is the fixed point set of the
mapping G = To(I — py B)TI(I - py B,) with 0 < p; < o;/x*
fori = 1,2. Let {«,},{B,} < [0,1], and {o,} < (0,00) such
that lim,,_, &0, = 0 and Yo a,0, = oco. For arbitrary
x, € C define the sequence {x,} iteratively by (32), where {u,}
is defined by (33) for any w, € Tx,, k, € Fx, and some
e > 0. Then, there exists d > 0 such that for 0 < «,0, < d,
foralln > 0, {x,} converges strongly to p € A provided
lim,, _, %, — x,|l = 0; in this case, for any w € Tx, k € FXx,
(X, w, k) is a solution of the MV VI (15).

Proof. First of all, repeating the same arguments as those in
the proof of Theorem 14, we can prove that for any v € C,
A > 0, there exists a point X € D(A) = C such that (X, w, k) is
a solution of the MVVI (14), for any w € TX and k € FX. In
addition, in terms of Proposition 5 we know that V + AA o g
is a single-valued mapping due to the fact that V + AA o g is
¢-strongly accretive. Meantime, by Lemma 13 we know that
G : C — Cis nonexpansive.

Without loss of generality we may assume that v = 0 and
A = 1. Let p € Aandletr > 0 be sufficiently large such
that x, € B,(p) = B.Let M := sup{|ul : u € N(w,k) +
A(g(x)),x € Bw € Tx,k € Fx}. Thenas Ao g,T and F
are H-uniformly continuous on X, for & := ¢(r)/8(1 + €)
and &, = ¢(r)/8u(l + ¢), & = $(r)/8E(1 + ¢), there exist
0,,0,,8; > 0 such that for any x,y € X, [x — y| < &),

Abstract and Applied Analysis

lx — yll < &, and |lx — yll < &5 imply H(A o g(x),A o
g(y) < &, H(Tx,Ty) < &, and H(Fx, Fy) < &, respectively.
Letd := (1/2) min{8,/M, 8;/M, 8, /M, r/M}. Taking into
account lim, _, . «,0, = 0 we may assume that 0 < a,,0,, < d,
foralln > 0.

Let us show that x,, € B for alln > 0. We show this by
induction. First, x, € B by construction. Assume that x,, € B.
We show that x,,,, € B. If possible we assume that x,,,; ¢ B,
then [|x,,,, — pll > r. Further from (32) it follows that

1y = 2l < BuIS.wx = £l + (1 = B,) |G, - p
Bullxn = pl + (1= B,) %, - pl (69)
< = 2l

Repeating the same arguments as those of (37) in the proof
of Theorem 14, we can get

IN

e = 2l

< "xn - Pnz - 2‘06110-11(/5 ("anrl - P”) ”xn+1 - P"
+ 206n0n [”N (wn+1’ kn+1) -N (wn’ kn)“

+ ”unﬂ - un”] "xnﬂ - p" (70)

< "xn - P“2 - Z(Xrlan(/5 ("xn+1 - p”) ”xn+1 - P"
+ zanan [”N (wn+1’ kn+1) -N (wn+1’ kn)”
+ "N (wn+1’kn) -N (wn’ kn)”

*fenr = ] Ieer = 1l

Utilizing (33) and (70) and repeating the same arguments
as those of (40) in the proof of Theorem 14, we can derive
lx,., - pI* < llx, - pl*. So, we have |x,,, — pl < r, a
contradiction. Therefore, {x,,} is bounded.

Next let us show that x, — Xasn — oo.

Indeed, since |x,,; — x,] — O0asn — oo, we have
that H(A(g(x,.,)), A(g(x,))) — 0 and |[N(w,,,k,,) —
Nw,,k,)Il — 0asn — oo. The conclusion now follows
from inequality (70) with the use of Proposition 3 and hence
(%, w, k) is a solution of the MVVI (15) for any w € T%x,
k € Fx. This completes the proof. O

Remark 16. Theorems 14 and 15 improve, extend, supplement,
and develop [4, Theorem 3.2] and [2, Theorem 3.1] in the
following aspects.

(i) The problem of finding a point of ()7, Fix(S;) nQNT
in Theorems 14 and 15 is more general and more subtle
than every one of the problem of finding a point of I
in [4, Theorem 3.2] and the problem of finding a point
of N2, Fix(§;) N Q in [2, Theorem 3.1].

(ii) The iterative scheme in [2, Theorem 3.1] is extended to
develop the iterative scheme (32) of Theorems 14 and
15 by virtue of the iterative schemes of [4, Theorems
3.2]. The iterative scheme (32) of Theorems 14 and
15 is more advantageous and more flexible than the
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iterative scheme of [4, Theorem 3.2] because it can
be applied to solving three problems (i.e., GSVI (9),
MVVI (15), and the fixed point problem of {S,}) and
involves several parameter sequences {«,}, {f3,}, and

{o,.}-

(iii) Theorems 14 and 15 extend and generalize [4, The-
orems 3.2] to the setting of a countable family of
nonexpansive mappings and the GSVI (9) for two
inverse-strongly accretive mappings. In the mean-
time, Theorems 14 and 15 extend and generalize [2,
Theorem 3.1] to the setting of the MV VI (15).

(iv) The iterative scheme (32) in Theorems 14 and 15 is
very different from everyone in [4, Theorem 3.2] and
[2, Theorem 3.1] because the iterative scheme in [2,
Theorem 3.1] involves the viscosity approximation
method and the iterative scheme in [4, Theorem 3.2]
is a one-step iterative scheme.

(v) No boundedness condition on the ranges R(I -
N(T(), F(-))) and R(A(g(-))) is imposed in Theorems
14 and 15.

4. Mann-Type Extragradient
Algorithms in Smooth and Uniformly
Convex Banach Spaces

In this section, we introduce Mann-type extragradient algo-
rithms in smooth and uniformly convex Banach spaces and
show weak and strong convergence theorems. First, we give
some useful lemmas whose proofs will be omitted.

Lemma 17. Let C be a nonempty closed convex subset of a
smooth Banach space X and let the mapping B, : C — X

be A;-strictly pseudocontractive and w;-strongly accretive with
o+ A; > 1 fori=1,2. Then, for y; € (0, 1] we have

"(I - wB;)x— (I~ HiBi))’"

S{\jl)_ti“i+(1_ﬂi)<l+)tii>} (71)

Vx,y €C,

x[x =

fori = 1,2. Inparticular, if 1-(A;/(1+1,))(1-+/(1 — o;)/A;) <

Y; < 1, then I — ;B; is nonexpansive fori = 1,2.

Lemma 18. Let C be a nonempty closed convex subset of a
smooth Banach space X. Let Il be a sunny nonexpansive
retraction from X onto C and let the mapping B; : C — X be
A;-strictly pseudocontractive and «;-strongly accretive with o; +
A;>1fori=1,2.Let G: C — C be the mapping defined by

G (x) = ¢ [Tl (x - 4, B,x)
(72)
= Bl (x = 4, Byx)], Vx € C.

F1-(\,/(1+A,) (A=A —a)/A) < < 1, thenG : C — C

is nonexpansive.

1

Theorem19. Let X be a smooth and uniformly convex Banach
space satisfying Opial’s condition and C be a nonempty closed
convex subset of X such that C + C c C. Let Il be a sunny
nonexpansive retraction from X onto C. Let T and F : X —
CB(X) and let A : C — 2€ be three multivalued mappings,
let g : X — C be a single-valued mapping, and let N(-,-) :
X xX — C be a single-valued continuous mapping satisfying
conditions (C1)-(C5) in Theorem 2 and

(H6) N(Tx, Fx) + A(g(x)) : X — Cis Ay-strictly pseudo-
contractive and o-strongly accretive with A, + oy > 1.

LetB; : C — X be A;-strictly pseudocontractive and ;-strong-
ly accretive with A ;+a; > 1fori = 1,2. Let {S;};5, be a countable
family of nonexpansive mappings of C into itself such that A :=
Moy Fix(S;) N Q N T #0, where Q is the fixed point set of the
mapping G = (I — uB)I(I — w,B,) with 1 — (A;/(1 +
ANA = (1 —e)/A;) <y <1 fori = 1,2. Assume that {a,},
{B.} {y,}, and {o,} are sequences in [0, 1] such that

(i) 0 < liminf, , «,
(ii) {8} Vb 1By + ¥} € [c, d] for some ¢, d € (0, 1);
(iii) 0 < lim inf

<limsup, _, o, < 1;

o, <limsup,_, o, <1

n— 00

For arbitrary x,, € C define the sequence {x,} iteratively by
Yn = :annxn T VuXn t (1 - ﬁn - Yn) HC (I - AMIBI)
x ¢ (I =, B,) x5

Xny1 = &y [xn — 0y (N (wn’kn) + un)]

+(1_(xn)yn> Uy, EA(g(xn))’ Vn =0,
(73)
where {u,} is defined by
ety = sl < (14 2) H (A (g (x01)) 5 A (9 (x,)))
(74)

Vn=>0,

for any w, € Tx,, k, € Fx, and some ¢ > 0. Assume
that Y2 suppllS,1x — S, x| < 0o for any bounded subset
D of C and let S be a mapping of C into itself defined by
Sx = lim, _, S,x for all x € C and suppose that Fix(S) =
ﬂ;fo Fix(S;). Then {x,} converges weakly to some x € A, and
forany w € Tx, k € Fx, (x,w,k) is a solution of the MVVI
(15).

Proof. First of all, repeating the same arguments as those in
the proof of Theorem 14, we can prove that forany v € C, A >
0, there exists a point X € C such that (X, w, k) is a solution of
the MVVI (14), for any w € TX and k € FX. In addition, in
terms of Proposition 5 we know that V' + AA o g is a single-
valued mapping due to the fact that V + 1A o g is ¢-strongly
accretive. Assume that N(Tx, Fx) + AA(g(x)) : X — Cis
A, strictly pseudocontractive and o, strongly accretive with
Ag+0ag > 1. Then by Lemma 17 we conclude that the mapping
x = x—(N(Tx, Fx) + AA(g(x))) is nonexpansive. Meantime,
by Lemma 18 we know that G : C — C is also nonexpansive.
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Without loss of generality we may assume that v = 0 and
A =1.Let p € Aandletr > 0 be sufficiently large such that
X, € B,(p) =: B. Observe that

"yn - P" < ﬁn ”Snxn - P” T Vn ”xn - P"
+ (1= By = 1) [Gx, — |

< ﬂn “xn - p" T Va "xn - P” (75)
+(1 _ﬁn_Yn) "xn_p“
=[x, - £l

Utilizing (75) and repeating the same arguments as those in
the proof of Theorem 14, we can derive x,, € Bforalln > 0.
Hence {x,} is bounded.

Let us show that lim
xn+1” =0.

Indeed, repeating the same arguments as those of (41) in
the proof of Theorem 14, we obtain from (73) and (75) that for
alln>0

o oollXy— ¥l = 0and lim,, _, llx, -

uss = I < = I - 2,0, (1= 0,) 0
X (IN (k) + 0, ]) = 6, (1= 6,)
X (10 = 20 = 00 (N (o) +34,)])
< v, - 2l

It is easy to see that the limit lim,, _, _|lx,, — pll exists. Mean-
time, it can be readily seen from (76) that

%,0p (1 - On) P1 (”N (wn’ kn) + un”)
oy, (1 - ‘xn) ¢ ("xn ~Vn T On (N (wn’ kn) + un)”)

< ey = I = s = I -
77

which together with conditions (i), (iii), and the existence of
lim,, , lx, = pll, implies that

lim ¢, (|N (w,,k,) +u,|) =0,

n— 0o (78)
nlgréo(P ("xn ~Vn =0y (N (wn’ kn) + un)”) =0.
Utilizing the properties of ¢ and ¢,, we get
Lim IN (w,, k,) +u,| =0,
(79)
nll,néo “xn A (N (wn’kn) + un)" =0.
Note that
”xn - yn” < "xn —Vn 0y (N (wn’ kn) + un)“ (80)
+0, N (w,k,) +u,|.
So, we have
nh_{réo ”xn - yn” =0. (81)
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Also, observe that
”xnﬂ - xn" < &, 0y "N (wn’ kn) + un"
+(1=a,) %, = yll (82)

< "N (wn’ kn) + un" + "xn - yn" .
Thus from (79) and (81) it follows that
nh_{%o "xn+1 - xn" =0. (83)

Let us show that lim, , llx, — Gx,|l = lim,_, Jlx, -
Sx,ll = 0.
Indeed, from (73) we obtain that

Bs Va
(Snxn - Gxn) +
But Va B+ Vu

_ BuSuXn + YuXa

Bt

_ Y= (=B —1)Gx,
B+ Y

_ In—Gx,

C Batva

(xn - Gxn)

-Gx,,
(84)
Gx

n

Utilizing Lemma 10 we deduce from (73) and (84) that
2
1y, -l
= "ﬁn (Snxn - p) + Vu (xn - P)
+ (1 - ﬁn - yn) (Gxn - P)"z

- |8+ )| 2= -
+ (- )

2

+(1_/3n_yn)(Gxn_p)

< (ﬁn + Yn) /gné: Y (Snxn - p)
Vo ’
+ ﬁn+)}n (xn_P)

+ (1 - /3n - Yn) "Gxn - P"2
- (ﬁn +Yn) (1 _ﬁn - yn)(PZ

“

/3?1 (Snxn - G‘xn)
Bt Y

Vn
+ (xn - Gxn)
But Va

)
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b (o
By, Srn )

= (B +7a)

Yn
P (R
ﬁ?l+ n

+ (1 - ﬂn - yn) "Gxn - P"2
- (ﬁn +Yn) (1 - ﬂn - Yn)q’z

</3n+yn I -G ">

< ﬁn 2
= (Bn + yn) |:/3n +, "Snxn - p"

L”x

2
e

B, (s, ]
ST
+ (1 - ﬁn - yn) "Gxn - P"2

- (ﬁn +Yn) (1 - ﬁn - YH) )

</3n+yn I~ G ">

< BullSwxn = 21 + vullxu = 2l

- ﬁnYn(PS (“Sn'xn - xn“)
+ (1 - ﬁn - yn) "Gxn - P"2
- (ﬁn + yn) (1 - ﬂn - le) %)

</3n+yn I - 6= ">

B ﬁn"xn - pHZ + )}nllxn - p"2

- ﬁnYn(P3 (“sn'xn - xn”)
+ (1 - /3n - Yn) "xn - p"2

_(ﬁn-"yn)(l _ﬁn_))n)goz

(5 bl

= "xn - p”2 - ﬁnYngo.’) ("Snxn - xn")

_(ﬁn +Vn)(1 _ﬂn_))n)q)Z

<ﬁn+yn I - 6= ">

(85)
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which hence implies that
ﬁnyn(PS (”Snxn - xn”)
+ (Bt va) (1= B =) 02

( e Iy - Gx ||) (86)

2 2
< “xn_P" - "yn_p"
< (“xn - P" + "yn - p“) ”xn - yn“ .
Utilizing condition (ii) we conclude from (81) and (86) that

lim ¢, ”S X, ||) =0,

n— 00

im g (5 -G ) =0

From the properties of ¢, and ¢; and condition (ii), it
immediately follows that

(87)

,,li_{lgo "Snxn - xn” =0, nll,n(lx, "yn Gx. ” =0. (88)
Observe that

||x,, - an” < ||xn - Snxn" + ||S,,xn - an” ,
"xn - Gxn“ < "xn - yn" + "yn - Gxn“ :

Thus, utilizing Lemma 11 and the assumption on {S,}, from
(81) and (88) we conclude that
Jim x, = Sx,[ =0, lim |x, - Gx,| = (90)
Next, let us show that {x,} converges weakly to some x €
A.
Indeed, repeating the same arguments as those in the
proof of Theorem 14, we can prove that {x, } converges weakly
to some X € A. This completes the proof. O

Theorem 20. Let X be a uniformly convex and 2-uniformly
smooth Banach space and let C be a nonempty closed convex
subset of X such that C+C c C. Let I1- be a sunny nonexpan-
sive retraction from X onto C. Let T and F : X — CB(X) and
let A:C — 2€ bethree multivalued mappings,letg: X — C
be a single-valued mapping, and let N(-,-) : X x X — C
be a single-valued continuous mapping satisfying conditions
(C1)-(C5) in Theorem 2. Let B; : C — X be A, strictly pseudo-
contractive and o; strongly accretive with A;+a; > 1 fori = 1,2.
Let {S;}5, be a countable family of nonexpansive mappings of C
into itself such that A := (i, Fix(S;) NQNT + 0, where Q is the
fixed point set of the mapping G = (I — p; B)II(I — u,B,)
with 1-(A;/(1+4;))(1=+/(1 —;)/A;) < p; < 1fori=1,2. Let
{1, {B,} € [0,1] and{o,} C (0, c0) such thatlim,, _, . «,0, =
Oandy,?’, a,0, = co. For arbitrary x, € C define the sequence
{x,} iteratively by (73), where {u,} is defined by (74) for any
w, € Tx,,k, € Fx, and some & > 0. Then, there exists d > 0

such that for0 < «,0, < d, foralln > 0, {x,} converges strongly
to p € A provided lim,, _, . lx,,, — x,| = 0; in this case, for
anyw € Tx, k € Fx, (x,w,k) isa solution of the MV VI (15).
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Proof. First of all, repeating the same arguments as those in
the proof of Theorem 14, we can prove that forany v € C, A >
0, there exists a point X € D(A) = C such that (X,w,k) is a
solution of the MVVI (14), for any w € TX and k € FX. In
addition, in terms of Proposition 5 we know that V + AA o g
is a single-valued mapping due to the fact that V. + AA o g is
¢-strongly accretive. Meantime, by Lemma 18 we know that
G : C — Cis nonexpansive.

Without loss of generality we may assume that v = 0 and
A =1.Let p € A. Then from (73) we deduce that for alln > 0

"yn - P" < ﬁn “Sn'xn - P” T Vn ”xn - P"
+ (1 - ﬁn - Yn) "Gxn - P"

< ﬁn ||xn - p" + VY "xn - p” (91)
+(1 _ﬂn_)}n) "xn_p“
= |lx. - ol

Repeating the same arguments as those of the remainder in
the proof of Theorem 15, we can derive the desired result. [
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