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The first order of accuracy difference scheme for the numerical solution of the boundary value problem for the differential equation
with parameter p, i(du(t)/dt) + Au(t) +iu(t) = f(t) + p,0 <t < T, u(0) = ¢, u(T) = v, in a Hilbert space H with self-adjoint
positive definite operator A is constructed. The well-posedness of this difference scheme is established. The stability inequalities
for the solution of difference schemes for three different types of control parameter problems for the Schrodinger equation are

obtained.

1. Introduction: Difference Scheme

The theory and applications of well-posedness of inverse prob-
lems for partial differential equations have been studied
extensively in a large cycle of papers (see, e.g., [1-24] and the
references therein).

Our goal in this paper is to investigate Schrédinger equa-
tions with parameter. In the paper [25], the boundary value
problem for the differential equation with parameter p

i% +Aut)+iu()=f@E)+p, 0<t<T, O

w0 =9, u=y

in a Hilbert space H with self-adjoint positive definite oper-
ator A was studied. The well-posedness of this problem
was established. The stability inequalities for the solution of
three determinations of control parameter problems for the

Schrodinger equation were obtained. In the present paper, the
first order of accuracy Rothe difference scheme

o= f ()
1<k<N, Nt=T, (2)

it (u — up_y) + Auy + iug = @y + p,
tk = kT,

Uy = 9> uny=vy

for the approximate solution of the boundary value problem
(1) for the differential equation with parameter p is presented.
It is easy to see that

we = v+ (A+iD) 7' p,
. 3)
p=(A+iD)(y-vy),
where {v},., is the solution of the following single-step
difference scheme:

o = f(t),
1<k<N, Nt=T, (4)

it (v = vi) + Av +ivg = @,
tk = kT,
Vo= V=9V

The theorem on well-posedness of difference problem (2)
is proved. In practice, the stability inequalities for the solution
of difference schemes for the approximate solution of three
different types of control parameter problems are obtained.

The paper is organized as follows. Section 1 is the intro-
duction. In Section 2, the main theorem on stability of differ-
ence problem (2) is established. In Section 3, theorems on the
stability inequalities for the solution of difference schemes for
the approximate solution of three different types of control



parameter problems are obtained. In Section 4, numerical
results are given. Finally, Section 5 is the conclusion.

2. The Main Theorem on Stability

In this section, we will study the stability of difference scheme
(2).

Let [0,T], = {t, = k1, k = 1,...,N, N7 = T} be the
uniform grid space with step size 7 > 0, where N is a fixed
positive integer. Throughout the present paper, % ([0, T],, H)
denotes the linear space of grid functions 9" = {g;} with
values in the Hilbert space H. Let €,.(H) = €([0,T],, H) be
the Banach space of bounded grid functions with the norm

G (H) = 12}2’1(\,"% |- (5)

lo*

Let us start with a lemma we need below. We denote that R =
(1 +7)I —itA) " is the step operator of problem (2).

Lemma 1. Assume that A is a positive definite self-adjoint

operator. The operator I — RN has an inverse T, = (I — RY )71
and the following estimate is satisfied:

[Tl s < MO). (©)

Proof. The proof of estimate (6) is based on the triangle
inequality and the estimate

V'l < :
HoH 5SH1_'(1+T(1—1'M))_N|
1

< — <u(d).
1= (1 + 1)+ (r0)?)

||(I ~RY

7)

Now, let us obtain the formula for the solution of problem (2).
It is clear that the first order of accuracy difference scheme

it (g = they) + A +ivge = p @ 9= f(t), ®)
ty=kt, 1<k<N, Nt=T, Uy =@
has a solution and the following formula
k .
u=Ro—iY R (p+o)r, 1<k<N (9

=1
is satisfied. Applying formula (9) and the boundary condition
un =, (10)

we can write

N N
y=Rp- iZRN_JH(pJ-T - iZRN_]“Tp. (11)
j=1 j=1

Abstract and Applied Analysis

Since

N N
=iy RN = —i(1-iA) (I-R) ) R
j=1 j=1 (12)

= —i(I-iA)" (I-RY),

we have that

N
y=RV—iy RN oo —i(1 -iA)" (1-RV)p. (13)
j=1

By Lemma 1, we get

p=TT<<I—iA>w—(I—iA>RNso

(14)
N .
- Y U-iA)RY g ).
j=1
Using (9) and (14), we get
k .
w, = Rgp - iZRk_jH(pjT
j=1
k .
+ YR | (1 -iA)y - (1-iA) RV
= (15)
N .
- Y (I-iA) R gr ),
j=1
1<k<N.
Since
k . k .
YR = (1-iA) (1 -R) Y RY
j=1 j=1 (16)
=(1-iA)" (I-RY),
we have that
k .
u, = Ro+ ZRk_’“(pjT
j=1
N 17)
k _
+(I-RY)T, <w -R¥p- Y RY f”<pjr> ,
j=1

1<k<N.

Hence, difference scheme (2) is uniquely solvable and for
the solution, formulas (14) and (17) hold. O



Abstract and Applied Analysis

Theorem 2. Suppose that the assumption of Lemma 1 holds.
Let o,y € D(A). Then, for the solution ({uk}kN:I,p) of dif-
ference scheme (2) in C(H) x H, the estimates

Il < ¥ [ Lol + 14
(18)
Pr — Pr-1

+ [lou]| + max .

2<k<N

)
“{”k}:]:l"qm) e ["‘P"H + vl + "{gok}kN:l"cf(H)] (19)

hold, where M is independent of T, ¢, v, and {1y, ,.

Proof. From formulas (9) and (14), it follows that

p=T, | Ay —RYAp - gy + RV,

(20)

-iRN”W%l-%ﬁ~

=

Using this formula, the triangle inequality, and estimate (6),
we obtain

1ol < 1Telis - (IIAWIIH R, Aol

N .
D L PR RS R
=2 (21)

+ Jlonll + "RN"HHH"‘Pl "H>

< M [ Agly + 4wl + oo |-

Estimate (18) is proved. Using formula (17), the triangle ine-
quality, and estimate (6), we obtain

R [ T
(oI

x(nwnH+||RN||H%H||<puH -

N .
LSl

< M llplss + 1l + el e

for any k. From that, it follows estimate (19). This completes
the proof of Theorem 2. O

3. Applications

Now, we consider the simple applications of main Theorem 2.
First, the boundary value problem for the Schrédinger
equation

i, — (a(x)u,), +0u+iu=p(x)+ f (t,x),

0<t<T, 0<x<l1,

0<x<1,

u(T,x) = y (),
u, (t,0)=u, (1),

u(0,x) = ¢(x),

u(t,0)=u(t1), 0<t<T

is considered. Problem (23) has a unique smooth solution
(u(t, x), p(x)) for the smooth functions a(x) > a > 0, x €
(0,1),8 > 0, a(1) = a(0), p(x), w(x) (x € [0,1]), and f(t,x)
(t € (0,7), x € (0,1)). This allows us to reduce the boundary
value problem (23) to the boundary value problem (1) in a
Hilbertspace H = L, [0, 1] with a self-adjoint positive definite
operator A* defined by formula

A'u(x) = —(a(x)u,), +du (24)
with domain
D(A") = {u(x) 1 u(x),u, (x),(a(x)u,) €L,[0,1],

u(1) =u(0), u, (1) = u, (0)}.
(25)

The discretization of problem (23) is carried out in two steps.
In the first step, we define the grid space

0,1],={x=x,:x,=nh,0<n<M, Mh=1}. (26)

Let us introduce the Hilbert space L,;, = L,([0,1];) of the
grid functions

¢ (0 ={p. (27)
defined on [0, 1];,, equipped with the norm

1/2
|'9”h||L2h=< Y |<P(x)|2h> . (28)

[0,1],,

To the differential operator A* defined by formula (24), we
assign the difference operator A}, by the formula

A" () = (- (@) 92 + 00,1y (29)
acting in the space of grid functions ¢"(x) = {g, ?4—1 satis-
tying the conditions @y = @, @1 — @) = Ppp — Parg- It s
well known that A7 is a self-adjoint positive definite operator
in L,,. With the help of A}, we reach the boundary value

problem
h
D) L gl ) v (620 = 5+ (6,

0<t<T, x€l[0,1],

u"0,x)=¢" (%), " (Tx)=vy"(x), xe€l0,1],
(30)



In the second step, we replace (30) with the difference
scheme (2)
.”Z (x) - “2—1 (x) x h . h h h
lf + Ay (x) +iug (x) = p (%) + fi (%),
@)= f(tpx), t=kr, Nr=T,

1<k<N, xe€l0,1],

0,0 =¢"(x), " (Tx)=y"x), xe[01],

(31)

Theorem 3. The solution pairs ({u,h((x)}oN, ph(x)) of problem
(31) satisfy the stability estimates

'], <8 [lo'],, + 4ol + Iv*

Loy,

N
1

o A e 4

bl
M (Lyy) ]

iy

<o, + W'l + JUH

Cilly) cT(LZh)] '

(32)
where M, and M, do not depend on ¢, y", and f,ﬁ’, 1<k<N.

Here, Cil)(Lzh) is the grid space of grid functions {f,?}f] defined
on [0,T], x [0, 1],, with norm

h h
ll{fh N || fh N ”fk-f—r _fk '|L2h
e} = {4} —
Hie® @, Ve, @a)  1<k<kiren rT
AN |51
= max .
” fichy Cly) 1<ksN Jel,,

(33)

The proof of Theorem 3 is based on formulas for p"(x)

and {uZ (x)}i\r and the symmetry property of operator Aj.

Second,let Q = (x = (x},...,%,):0<x, <L k=1,...,
n) be the unit open cube in the n-dimensional Euclidean
space R" with boundary S, Q@ = Q U S. In [0,T] x Q,
the boundary value problem for the multidimensional Schré-
dinger equation

iauétt,x) - Z(ar (x) uxr)x +iu=p(x)+ f(tx),
r=1 "
x=(xp..0x,) €Q, 0<t<T, (34)
u(0,x)=¢(x), u(l,x)=vy(x)), xeQ,
u(t,x)=0, x€S0<t<T

is considered. Here, a,(x) > a > 0 (x € Q), f(t,x) (t € (0, T),

x € Q), and p(x), y(x) (x € Q) are given smooth functions.
We consider the Hilbert space L,(Q) of all square inte-

grable functions defined on Q, equipped with the norm

o = ([ [ 1F@Pasas) " o9
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Problem (34) has a unique smooth solution (u(t, x),p(x))
for the smooth functions ¢(x), y(x), a,(x), and f(¢, x). This
allows us to reduce the problem (34) to the boundary value

problem (1) in the Hilbert space H = L,(Q) with a self-
adjoint positive definite operator A* defined by the formula

Au(x) = =) (a (u ) (36)

r=1

with domain
D(A%) = fu ) (), (), (4, (), € L, (1),

1Sr§n,u(x)=0,x€S}.
(37)

The discretization of problem (34) is carried out in two steps.
In the first step, we define the grid space

> hnjn) ’

’jn)’OSjrSNr’

Q= {x=x=(jp...

j= G-
N, =1,r=1,...,n},

(38)

thﬁhnﬂ, Sh=5hﬂs

and introduce the Hilbert space L,, = L,(€,) of the grid
functions

¢" () = {o (yjp . i)} (39)

defined on Q;,, equipped with the norm

1/2
lo"l, = ( 3 o @[k ---hn> . (40)
x€Qy

To the differential operator A* defined by formula (36), we
assign the difference operator A} by the formula

n

A = - (a, (0) uﬁr)x i (41)

r=1

where A} is known as self-adjoint positive definite operator
in L, acting in the space of grid functions " (x) satisfying
the conditions u"(x) = 0 for all x € S,. With the help of the
difference operator A}, we arrive to the following boundary
value problem:

il (t, %) + ATu (8, x) + i (8, x) = p" (%) + " (t, %),

0<t<T, xeQ,

u" 0,x) = goh (x), u" (T, x) = wh x), xeQ
(42)

for an infinite system of ordinary differential equations.
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The first order of accuracy difference scheme for the
solution of problem (42) is

h h
u, (x)—u X
i—k( ) =t ( )+A’;,u2 (x)+iuZ (x)

=p" () + £ (%),
@ = tn), o=k Ne=1, P

1<k<N, xeQ,

" 0,x)=¢" (%), W' (Tx)=y"(x), xeQq,

Theorem 4. The solution pairs ({uZ(x)}gr, ph(x)) of problem
(43) satisfy the stability estimates

'], <2 [lo'],, +|4io'l,, + 1v'l.,

N

L4 e A

bl
CO(Ly,) ]

TN e (4N

<, |

CT(LM)] ’
(44)

nt

where M, and M, do not depend on ¢, y", and f,f‘, 1<k<N.
Here, Cil)(Lzh) is the grid space of grid functions {f:}f] defined
on [0,T], x Q, with norm

iy |72, —f,?IILZh,

=i

C-(rl)(LZh) Ce(Lan)  1<k<k+r<N rT
7y |
= max .
" fih, C.(Ly,) 1=k<N fi Lo

(45)

The proof of Theorem 4 is based on Theorem 3 and the
symmetry property of the operator A}, is defined by formula
(34) and the following theorem on the coercivity inequality
for the solution of the elliptic difference problem in L.

Theorem 5. For the solutions of the elliptic difference problem
[26]

Aiuh (x) =" (x), xc¢ Q,,

(46)
u" (x)=0, x€8§
the following coercivity inequality holds:
S h
2, < M., 47)

where M does not depend on h and ",

Third, in [0, T] x Q, the boundary value problem for the
multidimensional Schrédinger equation

ou(t,x) <
o L

7

i

(ar (x) uxr)xr +0u+iu=px)+ f(tx),

x=(xp,...,x,) €Q, 0<t<T,

u,x)=¢(x), u(l,x)=vy(x), xeQ,

ou (t, x) _

0<t<T
on

0, xe€8,
(48)

with the Neumann condition is considered. Here, 7 is the
normal vector to S, § > 0,and a,(x) > a > 0 (x € Q), f(t,x)
(t € (0,T), x € ), and ¢(x), y(x) (x € Q) are given smooth
functions.

Problem (48) has a unique smooth solution (u(t, x), p(x))
for the smooth functions ¢(x), y(x), a,(x), and f(¢, x). This
allows us to reduce the problem (48) to the boundary value
problem (1) in the Hilbert space H = L,(Q) with a self-
adjoint positive definite operator A* defined by formula

n

Au(x) = —Z(a, (x) ”xr)x + 0u (49)

r=1

with domain

D (A%) = {u(x) L (x),u, (x),(a, (x) ”xr)xr €L, (Q),

ou(x)

1<r<n — —O,xES}.
ori

= = Ik

(50)

The discretization of problem (48) is carried out in two steps.
In the first step, we define the difference operator A}, by the
formula

n

A’;luh = —Z(oc, (x) “Zr)x

r=1

Lt sul', (51)

.

where A} is known as self-adjoint positive definite operator
in L., acting in the space of grid functions 1" (x) satisfying
the conditions D"/ (x) = 0 for all x € S;,- Here, D" is the
approximation of the operator 0-/dii. With the help of the
difference operator A}, we arrive to the following boundary
value problem:

il (t,%) + ATu (8, x) + i (8, x) = p" (%) + f" (. %),

0<t<T, xe€y,

" (T,x) =" (x), xeQ,
(52)

u" 0,x) = q)h (x),

for an infinite system of ordinary differential equations.



The first order of accuracy difference scheme for the solu-
tion of problem (52) is

h .k
iw + Azuz (x) + iuil (x) = Ph (x) + fl? (x),

()= f"(twx), te=kr, Nt=T,

u" (0,x) = goh (x), u" (T, x) = 1//h (%), xeQ.
(53)

Theorem 6. The solution pairs ({u’,j(x)}é\],ph(x)) of problem
(53) satisfy the stability estimates

"ph Loy <M, [Hq,h Ly, + "A);‘q)h Loy " Hlllh Lon
N
+ ], + “{f’?}l c£”(L2h)]’
”{”Z}? Gt =P [“‘Ph||L2h + v, + H{f’?}iv cf(Lzh)] ’
(54)

where M, and M, do not depend on ¢", ¢, and f,?, 1<k<N.

The proof of Theorem 6 is based on Theorem 2 and the
symmetry property of the operator A}, is defined by formula
(51) and the following theorem on the coercivity inequality
for the solution of the elliptic difference problem in L,,.

Theorem 7. For the solution of the elliptic difference problem
[26]

A’Zuh (x)=a"(x), xe Q,,

(55)
D" (x)=0, x€8§,
the following coercivity inequality holds:
SV h
Spel, el oo
=

where M does not depend on h and ",

4. Numerical Results

In present section, for numerical analysis, the following
boundary value problem

iau (t,x) o%u (t, x)

+iu(t,x) = p(x) + f (£, x),

ot 0x?
x € (0,m), te(0,1), (57)
u (0, x) = sin x, u(l,x)=e_1sinx, x € [0,7],
u(t,0)=u(t,m)=0, te€[0,1]
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is considered. The exact solution of problem (57) is u(t, x) =
e sinx and p(x) = sin x.
The first order of accuracy difference scheme

k k-1 k

k k
U, —u, Upe1 — zun U

! - W2 +iqu=(P£+p(xn)’

1<k<N, 1<n<M-1,

<P’§ = f(tpox,) = (e_t" - l)sin X

ty=kr, 0<k<N, Nr=1,

x,=nh, 1<n<M-1, Mh=m,

u) =sin(x,), wu) =e 'sin(x,), x,=nh 0<n<M,

k

ub=uh; =0, 0<k<N

(58)

for the numerical solution of problem (57) is constructed.
For obtaining the values of p(x,) at the grid points, we
will use the following equation:

_ysin(x,,;) — 2sin(x,) + sin (x,_;)

p(xn):_e h2
N N, N
_ Voo =2V, +V, . 59
+ielsin(xn)+w—wﬁ], 59
x, =nh, 1<n<M-1,

n

where v’; ,$ = n+ 1, and n is the solution of the first order of
accuracy difference scheme

k k-1 k k k
l-vn ~Va _ Y+l ~ zvn T Vi1 T ivk _ K
T hz n - (Pn’

oF = f(tpx,), tp=kr,1<k<N,Nr=1,

x,=nh, 1<n<M-1, Mh=m, (60)
vrl:]—v?l:(e_l—l)sin(xn), x,=nh,0<n<M,
vi=ik =0, 0<k<N

generated by difference scheme (58).

Using the difference scheme (60), we obtain (N + 1) x
(M + 1) system of linear equations and we can write them in
the matrix form as

Av, ., +Bv,+Cv,_,=Rg,, 1<n<M-1,
(61)

Vo=vy =0,
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where
000-000O00O0
0x0-0000
C:A:OOX'9OOO ’
000-00x20
000000 x]xum
(62)
-100- 001
y z0-000
e[t 7 e 00
000-y2z0
0000y 2] e
Here,
x——1 _ i z=L4+ 24
Ry r= T’ I "
e
Vo= fors=n+1,nn-1,
N
Vs dn)xa
(63)
(e_l - 1) sin x,,
s
Pn = :
N-1
S"nN
P (N+1)x1

So, we have the second-order difference equation with respect

to n with matrix coeflicients. Using the modified Gauss

elimination method, we can obtain vﬁ, 0<k<N,0<n<M.
For the solution of the matrix equations, we seek the

solution of the form

V=0V + P, n=M-1,...,2,1,
_ (64)
vpu =0,

where a; and B, j = 1,..., M, are calculated as

o _(B + Co‘rz)71 (4),
(65)

ﬁn+1 = (B + C(Xn)_l (D(Pn - Cﬁn) >

where «; is (N +1) x (N +1) and S, is (N + 1) X 1 zero matrix.
Then, using (59), values of p(x,) at grid points are
obtained. Replacing p(x,,) in (58), we get (N + 1) x (M + 1)
system of linear equations and it can be written in the matrix
form
Au, . +Byu, +Cu, ,=RO, 1<n<M-1,
i (66)
luy = uy, =0,

TABLE 1: Error analysis for the exact solution u(t, x).

Method N=M=20 N=M =40 N=M =80
Ist order of 0.0024 0.0012 6.0463 x 1074
accuracy d.s.
where
C2 = C, A2 - A,
100- 000
yz0-000
0yz-000 (67)
B, = .o . :
000-y2z0
0000y 2]
Here,
= i z= i + 2 +1
YETY T kW7
uj
ug=| : fors=n+1,nn-1,
N
u
s < (N+1)x1 (68)
sin x,,
1
P+ P (x,)
0 = :

n .

¢p P (%)
Py + p('xn) (N+1)x1

Using the modified Gauss elimination method again, we can

obtainuﬁ,OsksN,O <n< M.

We will give the results of the numerical analysis. The
numerical solutions are recorded for different values of N and
M and uﬁ represents the numerical solutions of the difference
scheme at (#;, x,,). Table1 is constructed for N = M = 20,
40, and 80, respectively and the errors are computed by the
following formula:

(69)
1<ksN

M 1/2
E = max {Z|u(tk, x,) — ufl|2h]> .
n=1

For their comparison, Table 2 is constructed when errors are
computed by

_ _k
B = max fu(tox,) ~u. (70)
1<n<M

Table 3 is constructed for the error of p(x) at the nodes in
maximum norm.
5. Conclusion

In the present study, the well-posedness of difference problem
for the approximate solution of determination of a control
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TABLE 2: Error analysis for the exact solution u(t, x).
Method N=M=20 N =M =40 N =M =380
Ist order of 0.0019 95692107 4.8241x107*
accuracy d.s.
TABLE 3: Error analysis for p(x).

Method N =20 N =40 N =380
Ist order of accuracy d.s. 0.0145 0.0072 0.0036

parameter for the Schrddinger equation is established. In
practice, the stability inequalities for the solution of dif-
ference schemes of the approximate solution of three dif-
ferent types of control parameter problems are obtained.
The well-posedness of the boundary value problem (1) is
established. The stability inequalities for the solution of
difference schemes for three different types of control param-
eter problems for the Schrédinger equation are obtained.
Moreover, applying the result of the monograph [15], the
high order of accuracy single-step difference schemes for the
numerical solution of the boundary value problem (1) can be
presented. Of course, the stability inequalities for the solution
of these difference schemes have been established without any
assumptions about the grid steps.
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