Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2013, Article ID 472531, 5 pages
http://dx.doi.org/10.1155/2013/472531

Research Article

Generalized Hyers-Ulam Stability of a Mixed Type

Functional Equation

Yang-Hi Lee' and Soon-Mo Jung’

! Department of Mathematics Education, Gongju National University of Education, Gongju 314-711, Republic of Korea
2 Mathematics Section, College of Science and Technology, Hongik University, Sejong 339-701, Republic of Korea

Correspondence should be addressed to Soon-Mo Jung; smjung@hongik.ac.kr

Received 20 April 2013; Accepted 28 May 2013

Academic Editor: Bing Xu

Copyright © 2013 Y.-H. Lee and S.-M. Jung. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly

cited.

We investigate the stability of a functional equation f(x+ y+2)+ f(x—y+2)+ f(x+y—2)+ f(—x+ y+2) =3f(x) + f(—x) +
3f(y)+ f(=y) + 3f(z) + f(-z) by applying the direct method in the sense of Hyers and Ulam.

1. Introduction

In 1940, Ulam [1] gave a wide ranging talk before the
mathematics club of the University of Wisconsin in which he
discussed a number of important unsolved problems. Among
those was the question concerning the stability of group
homomorphisms:

Let G, be a group and let G, be a metric group with
the metric d(-,-). Given ¢ > 0, does there exista § >
0 such that if a function h : G; — G, satisfies the
inequality d(h(xy), h(x)h(y)) < § forall x,y € G,
then there exists a homomorphism H : G; — G,
with d(h(x), H(x)) < e forall x € G,?

The Ulam’s problem for the Cauchy additive functional
equation was solved by Hyers under the assumption that G,
and G, are Banach spaces. Indeed, Hyers [2] proved that every
solution of the inequality || f(x + ¥) — f(x) — f(MI < & (for
all x and y) can be approximated by an additive function. In
this case, the Cauchy additive functional equation, f(x+y) =
f(x) + f(y), is said to satisfy the Hyers-Ulam stability.

Thereafter, Rassias [3] attempted to weaken the condition
for the bound of norm of the Cauchy difference as follows:

If et 9) = F = fF O <e(l=? + [y 7). @

and he proved that Hyers' theorem is also true for this
case. Indeed, Rassias proved the generalized Hyers-Ulam

stability (or the Hyers-Ulam-Rassias stability) of the Cauchy
additive functional equation between Banach spaces. We here
remark that a paper of Aoki [4] was published concerning the
generalized Hyers-Ulam stability of the Cauchy functional
equation earlier than Rassias’ paper.

The stability concept that was introduced by Rassias’
theorem provided a large influence to a number of math-
ematicians to develop the notion of what is known today
with the term generalized Hyers-Ulam stability of functional
equations. Since then, the stability problems of several func-
tional equations have been extensively investigated by several
mathematicians (e.g., see [5-10] and the references therein).

Almost all subsequent proofs in this very active area have
used the Hyers’ method presented in [2]. Namely, starting
from the given mapping f that approximately satisfies a given
functional equation, a solution F of the functional equation
is explicitly constructed by using the formula:

F(x):= nh—{noozlnf (2"x) or F(x):= nh—r>noo2nf (%),
(2)

which approximates the mapping f. This method of Hyers is
called the direct method.

We remark that another method for proving the Hyers-
Ulam stability of various functional equations was intro-
duced by Baker [11], which is called the fixed-point method.



This method is very powerful technique of proving the
stability of functional equations (see [12, 13]).
Now we consider the following functional equation:
fx+y+z)+ f(x—y+2)
+f(x+y-2)+f(-x+y+2)
=3f )+ f(-x)+3f(y)
+f(=y)+3f @)+ f(-2),

(3)

which is called the mixed type functional equation. The
mapping f(x) = ax® + bx is a solution of this functional
equation, where a, b are real constants. Every solution of (3)
will be called a quadratic-additive mapping.

In 1998, Jung [14] proved the stability of (3) by decom-
posing f into the odd and even parts. In his proof, using
the direct method, an additive mapping A and a quadratic
mapping Q are separately constructed from the odd and even
parts of f, and then A and Q are combined to provide a
quadratic-additive mapping F which is close to f.

In this paper, we will prove the generalized Hyers-Ulam
stability of (3) by making use of the direct method. In
particular, we will approximate the given mapping f by a
solution F of (3) without decomposing f into its odd and
even parts, while in the Jung’s paper [14] the mapping f was
decomposed into the odd and even parts, and each of them
was separately approximated by the corresponding part of a
solution F of (3).

2. Main Results

Throughout this paper, let X be a (real or complex) normed
space and Y a Banach space. For an arbitrary p € R, we define
s:=sign (2- p)andt:=sign (1 - p).

For a given mapping f : X — Y, we use the following
abbreviations:

@ f(=x)

fo(x) = 5

fe (X) = f (x) +2f (_X) 5
ot )= 2D (F () + £ (37)

() - £ (7)),
Af (x,9) = f(x+y) - f) - f(¥),
Qf (x,y):=fx+y)+ f(x-y)-2f () -2f (¥),
Df (x.y,2) = f(x+y+2)+ f(x-y+2)
+fx+y-2)+f(-x+y+z)
=3f(x)~ f(=x)-3f(y)
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- f(=y)-3f@) - f(-2)
(4)
forall x, y,z € X.
As we stated in the previous section, f is called a

quadratic-additive mapping provided that f satisfies the
functional equation Df(x, y,z) = O forall x, y,z € X.

Proposition 1. A mapping f : X — Y is a solution of (3)
if and only if f, is a quadratic mapping and f, is an additive
mapping.

Proof. Assume that f: X — Y isa solution of (3). Then we
have

D , 9,0
of, (e y7) = L2,
(5)
A7, () = 22220

forall x, y,z € X, thatis, f, is a quadratic mapping and f, is
an additive mapping.

Conversely, assume that f, is a quadratic mapping and f,
is an additive mapping. Then we get

Df (x, y,2) = Df, (x, y,2) + Df, (x, 3, 2)
= Qfe (x +1.2) + Qf. (x - y,2)
+2Qf, (%, y) + Af, (x + 3, 2)
+ Af, (x + y,-2) + Af, (x - . 2)
+ Af, (=x + ,2) + 241, (x, y)
=0

(6)

for all x, y,z € X; thatis, f is a solution of (3). OJ

We first prove the following lemma.

Lemma 2. If a mapping f : X — Y satisfies Df (x, y,z) =0
forall x,y,z € X\ {0} and f(0) = O, then f is a quadratic-
additive mapping.

Proof. Using the hypothesis, we have

f2x)=3f(x)— f(—x)

11
=13 (Df (4x,3x, x) — Df (4x, 2x,2x)

- Df (2x,2x,2x) + 2Df (2x, x, x)

+3Df (x, x,x) + Df (—x, —x, —x))
- % (Df (—4x, -3x,—x) — Df (—4x, —2x, -2x)
- Df (=2x,-2x,-2x) + 2Df (-2x, —x, —x)

+3Df (-x,-x,—x) + Df (x, x,x))

@)
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for all x € X \ {0}. Furthermore, by the last equality, we get
D s ) 0)=D > o D > o
f (x,3,0) f<x22+fy22

(8)

=0

forall x, y € X\{0}. Since Df (x, y, z) is invariant with respect
to the permutation of (x, y,z), it holds that Df(0, y,z) =
Df(x,0,z) = 0forall x, y,z € X \ {0}. It is also easy to show
that Df(x,0,0) = 0, Df(0,y,0) = 0, Df(0,0,z) = 0, and
Df(0,0,0) = 0 forall x, y,z € X \ {0} as we desired. O

In the following theorem, we can prove the generalized
Hyers-Ulam stability of the functional equation (3) by mak-
ing use of the direct method.

Theorem 3. If a mapping f: X — Y satisfies f(0) = 0 and

IDf (. 3, 2)|| < Il ? +||y|* + Izl ¥ 9)

forall x,y,z € X\ {0} with a real constant p ¢ {1,2}, then
there exists a unique quadratic-additive mapping F : X — Y
such that

I () = F ()]
ﬂx_"; (for p>2),
(10)
3
= ‘(9_3p+3p_3>”x"p (for 1< p<2),
L
3"f|;p (foro<p<l)

forall x € X\ {0}. Moreover, if p < O, then f itself is a
quadratic-additive mapping.

Proof. Letus define 7, := s(n+1/2) - 1/2, where s € {-1, 1}.
From the definitions of ], f(x) and Df (x, y, z), we have

Jnf (%) = Jpsr f (%)

— _E ( —s,n (Df( snx’ 3Ts,nx’ 3Ts,nx)

+Df (=3""x,-3""x,-3""x)) s ()
+ 3" (Df (3"7x,3"x, 37" x)

-Df (-3"nx,-3""x,-3""x)) t)

forall x € X\ {0} and n € N,. It follows from (9) and (11) that

W7 f ) = T f (0]

n+m-1
= Z "]]f (x)_]j+1f(x)“

ln m—
<35 Z (o™= Df (3%ix,3%x,3"x) s
j=n

+3"4Df (3™ix, 3™ x, 3™ x) t)

+ |97 Df (=37 x, =3%ix, ~3Tix) s
—374IDf (=3"ix, =3 x, —3™x) t] )
n+§:_13—j||3j P
x” (for p<1),
j=n
n+m—1
<4 Y (3" 35 ") (o 1<p <2),
j=n
n+§—132j+1||3_]'_1 “P
x (for p>2)
L j=n
37|\ x| P
FTG-3) (for p< 1),
3P| x|| P 3" x| ?
< S 32n71 (9 — 3P) 3np (3p _ 3) (fOr 1< P < 2) >
32n+1 ”x” P
m (for p> 2)

(12)

for all x € X \ {0}. So, it is easy to show that the sequence
{J,.f (x)} is a Cauchy sequence for all x € X \ {0}.

Since Y is complete and f(0) = 0, the sequence {J,, f(x)}
converges for all x € X. Hence, we can define a mapping F :
X — Yby

F(x) = nlglloo]nf (x) (13)

for all x € X. Moreover, if we putn = 0 and let m — o0 in
(12), we obtain the inequality (10).
From the definition of F, we get

DF (x, y,z)

lim
n—oo 2

D 3$nx’ 35" ’3snz
y

+Df (—3"x, -3™y, ~3"2))

—tn

(Df (3tnx’ 3tny) 3tnz)

—Df (_3mx, _3tny’ _3tnz))

lim (377" 4 370D (1) # 4+ [|y]| P + 12 P)

n— 00

IN

0
(14)



forall x, y,z € X\ {0}. By Lemma 2, F is a quadratic-additive
mapping.

Now, we will show that F is uniquely determined. Let F' :
X — Y be another quadratic-additive mapping satisfying
(10). It is easy to show that F '(0) = 0 for all quadratic-additive
mapping F ' 1t follows from (11) that

F'(x) = J,F' (x)

n-1

=Y (J;F' () = Jj F' ()

j=0
1 n—-1
= Y (97 (DF' (37x,3%/x,3™x)
j=0

+DF' (-3%ix, -3%ix, —3T"fx)) s
+374 (DF' (3™x,3%x,3™x)
—DF' (=37 x, -3 x, —3T‘Jx)) t)

=0
(15)

foralln € Nand x € X. Since F and F' are quadratic-additive,
if we replace x with 3"x in (10), then we have

[Feo-F ol
= |7.F Go) = JuF' ()|
<1 E- NG+ | (- F) )
H(E= )30 +] (£ - F) (3™ )
- Em 1 F -0 6
[ (F= ) (=3"0)]| + | (F - 1) (-3")])

) (3—sn(2—p) + 3—tn(1—p)) ||X|| P

(16)

<< 6 N 6
S \[9-3F] 3P -3

for all x € X \ {0} and n e N. Taking the limit in the above
inequalityasn — 00, we can conclude that F(x) = F '(x) for
all x € X, which proves the uniqueness of F.

Since

If )= F )
< |Df ((2k - 1) x, kx, kx) — DF ((2k — 1) x, kx, kx)|
+||F ((4k - 1) x) - f ((4k - 1) x)||
+]|f (2k-1)x) - F ((2k - 1) x)||
+]|f (1 =2k)x) = F((1 - 2k) x)|
+2||f (kx) = F (—kx)|
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+6 ||f (kx) - F (kx)”

4k — 1P + 202k - 1)? p
< <(2k—1)P+2kP+3((k )" +2(2k-1) +8k))
3-3p
X [l ?

(17)
forall x € X \ {0} and k € N, if p < 0, then we conclude
that f(x) = F(x) for all x € X \ {0} by letting k — oo in

the previous inequality. From the fact that f(0) = 0, fisa
quadratic-additive mapping. O

Theorem 4. If a mapping f: X — Y satisfies
IDf (e 3 2) < el + [y + D2l 18)
for all x,y,z € X and for a nonnegative real constant p ¢

{1,2}, then there exists a unique quadratic-additive mapping
F: X — Y such that

If G- F )
L
m (fOT' p> 2) ,
1 1
p
_ <<4_2p+2p_2>”x" (for 1< p<2),
N
m (fOT 0< p< 1) 5
25
T (for p=0)
(19)
forall x € X.
Proof. Since
1 3o ?
If )] = llng (0,0, 0)" < ” 8” , (20)

we get f(0) = 0for p ¢ {0,1,2} and || f(0)|| < 3/8 for p = 0.
From the definitions of J,, f(x) and Df (x, y, z), we have

Jof () = T f (%)
= "211 (4" (Df (2% x,2%"x,0)

+Df (=2%x,-2""x,0)) s
1)
+ 27 (Df (2% x,2""x,0)

~Df (=2""x,-2""x,0)) t)
1 T*S,H
+ 54 10

for all x € X and n € N, where 7, is defined by 7, =
s(n+1/2)-1/2and s € {-1,1}.
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It follows from (18) and (21) that

ITnf &) = Tpsm f (]|

n+m—1

"]jf (x) -

j=n

Jjnf )

+m—
}1 Z (4= Df (2%x,2%x,0) s
j=n

+274Df (2™ x, 2™, 0) t|
+[| 4" Df (=2"ix,-2"x,0) s

—2"4Df (-2"ix, =2 x, 0) t|

#2471 £ O)
n+m-1 3 3. 2—2j—3
Y gt (for p=0),

j=n

(foro<p<1),

n+m-1 . . p
2 2
j=n

n+m—1 . . . A
S (< pe)
P

IN

n+m—1

Y 22| (for p > 2)
L j=n
(3 1
on+l + 22n+4 (for p= 0) >
2" |x)| P
m (fOI' 0< p< 1) s
<
I e 2"l ?
forl1<p<2),
a2 g (forl<p<?)
4"|lxl1
| m (fOI‘ p> 2)

(22)

for all x € X. So, it is easy to show that the sequence {J, f (x)}
is a Cauchy sequence for all x € X.

Since Y is complete, the sequence {J, f (x)} converges for
all x € X. Hence, we can define a mapping F: X — Y by

F(x) = nli_{nm]nf (%) (23)

for all x € X. Moreover, putting n = 0 and lettingm — oo
in (22), we get the inequality (19). L]
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