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With respect to group decision making (GDM) problem with uncertain additive linguistic preference relations (UALPRs), we
investigate the efficient aggregation of the uncertain additive linguistic preference information. First, we introduce two measures
to assess the consistency level and the consensus level of uncertain additive linguistic preference information, respectively, and
study some of their desirable properties. Then, based on both the two measures, we propose a coinduced uncertain linguistic
ordered weighted averaging (IULOWA) operator, called the consistency and consensus coinduced uncertain linguistic ordered
weighted averaging (C*-TULOWA) operator, to aggregate individual uncertain additive linguistic preference information, in which
the consistency level and the consensus level synergistically serve as inducing variables and then guide the determination of the
associated weights. We have proved the collective uncertain linguistic preference information aggregated by the C>-TULOWA
operator that can maintain the fundamental properties of preference relation, such as indifference, reciprocity, and transitivity. By
using the C2-ITULOWA operator, we develop a direct GDM approach with UALPRSs. Finally, an illustrative example on the selection

of chief quality officer is used to demonstrate the effectiveness and rationalitly of the developed approach.

1. Introduction

In group decision making (GDM) problems, preference
relations are commonly used by decision makers (DMs)
to express their preference information based on pairwise
comparisons of alternatives. Three of the most common types
of preference relations are multiplicative preference relations
[1], fuzzy preference relations [2-7], and linguistic preference
relations [8-10]. Due to the complexity and uncertainty
involved in real-world decision problems and the inherent
subjective nature of human judgments, linguistic preference
relations can be more appropriate for capturing the lack of
precision in human behavior than others. Hence, decision
making based on linguistic preference relation has attracted
considerable research interests over the past decades [11-17].

However, sometimes, the DMs are willing or able to
provide only uncertain (or interval) linguistic information in

some particular situations because of time pressure, lack of
knowledge or data, and DMs’ limited expertise related to the
problem domain [18-24]. Xu [18] proposed the concept of
uncertain linguistic variable whose value is interval linguistic
information and developed the uncertain linguistic ordered
weighted averaging (ULOWA) operator and the uncertain
linguistic hybrid aggregation (ULHA) operator to deal with
multiple attribute group decision making problems. Xu [19]
defined the concept of uncertain additive linguistic pref-
erence relation (UALPR) and developed a direct approach
to GDM with uncertain linguistic averaging (ULA) and
uncertain linguistic weighted averaging (ULWA) operators.
Xu [20] introduced the concept of uncertain multiplicative
linguistic preference relation and the operational laws of
uncertain multiplicative linguistic variables and then pro-
posed the uncertain linguistic weighted geometric mean
(ULWGM) operator, uncertain linguistic ordered weighted



geometric (ULOWG) operator, and induced uncertain lin-
guistic ordered weighted geometric (IULOWG) operator to
deal with GDM problems. Gao and Peng [21] presented a
novel quantified SWOT analysis methodology with uncer-
tain linguistic preference relations, interval fuzzy preference
relations, and interval multiplicative preference relations.
Chen et al. [22] developed a new compatibility for the
UALPRs and utilized it to determine the optimal weights
of experts in the GDM. Chen and Lee [23] presented an
interval linguistic labels ordered weighted average ILLOWA)
operator and a consensus measure for autocratic decision
making using group recommendations. Peng et al. [24]
presented some multigranular uncertain linguistic prioritized
aggregation operators to aggregate directly the uncertain lin-
guistic variables whose values come from the linguistic term
sets with different granularities and convey the prioritization
phenomenon among the aggregated arguments.

In GDM with all kinds of preference relations, con-
sistency and consensus of preference relations play vital
roles. The former refers to the capability of DMs to express
their preferences without contradiction; the latter reflects
the actual levels of agreement amongst all the individual
preferences. Thus, in order to derive a scientific and rea-
sonable decision result, measuring consistency level and
measuring consensus level of preference relation are indis-
pensable research topics. To date, although a great deal of
research has been conducted on the issues [3, 5-7, 9, 13-17],
the contributions of consistency and consensus measures of
UALPRs are little.

In the process of practical GDM, on the other hand, it
is very difficult for all DMs to construct perfect consistent
and consensual preference relations due to the uncertainty
and complexity of real world and the subjectivity of DMs’
judgments. Also, as pointed out by Saaty, improving con-
sistency does not mean getting an answer closer to real-
life situation. It only means that the judgments are closer
to being logically related than to being randomly chosen
[25]. Furthermore, forcing improvements in consistency may
distort the individual’s true answer to some extent. The
similar situations also exist in consensus. In this paper, we
consider the problem that if the DMs are no longer available
after constructing preference relations and if the preference
relations are not perfect consistent and consensual, then how
to determine the scientific and reasonable decision results
with a higher level of consistency and consensus. To do
so, we shall first give the definitions of the measures of
consistency and consensus of UALPRs, present a consistency
and consensus-based coinduced uncertain linguistic OWA
operator to aggregate UALPRs in such a way that more
importance is placed on the most consistent and consensual
preference information, and then develop a GDM approach
with uncertain linguistic preference information.

The rest of this paper is set out as follows. Section 2
briefly introduces relevant concepts of uncertain linguistic
preference information. In Section 3 we define the consis-
tency measure and the consensus measure to assess the
consistency level and consensus level of uncertain linguistic
preference information, respectively, and study some of their
properties. On the basis of the two measures, we present
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a consistency and consensus co-induced uncertain linguistic
OWA operator and discuss some of its desirable properties in
Section 4. In Section 5, based on the proposed operator, we
develop a direct GDM approach. Section 6 demonstrates the
effectiveness and rationally of the developed method with an
illustrative example on the selection of chief quality officer.
Section 7 concludes this paper.

2. Preliminaries

2.1. Linguistic Variables. LetS = {s, | « = 0,1,2,...,7} be
a linguistic term set with odd cardinality, which satisfies the
following characteristics: (1) the set is ordered: s, > sp if & >
B; (2) there is the reciprocal operator Neg(s,) = sg such as
« + 3 = 7. For example, S can be defined as

S = {s, = extremely low, s; = very low,

s, = low, s; = slightly low, s, = fair,

@
s = slightly high, s, = high,

s, = very high, s; = extremely high} .

To preserve all the given information, Xu [12-14]
extended the discrete term set S to a continuous term set S =
{sq | & € [0,g]}, where g (q > 7) is a sufficiently large positive
integer. If s, € S, then we call s, the original term otherwise,
we call s, the virtual term. In general, the decision maker uses
the original linguistic terms to evaluate alternatives, and the
virtual ones can only appear in operation.

Consider any two terms s,,sz € Sand y, py, p, € [0,1]
and some operational laws as follows [13]:

(1) HS(X = SM(X’
(2) s, @ Sg = Sqsps
3) s, © S = Sa—p>
(2)
(4) (g + th2) So = 150 ® U5,
(5) u (sa & sﬁ) = USy ® Usp,
(6) ("ll - [‘42) Sa = U1Sq © Sy

Definition 1 (see [21]). Let I(s) be the lower index of s, and
name it as the gradation of s in S. For example, if s = s,
then I(s) = «. Two operational laws of gradation function
are given as follows:

I(s,)+ I(sﬁ) = I(sa easﬁ),

I(s,) x I(sﬁ) = I(sa ®sﬁ).

3)

2.2. Additive Uncertain Linguistic Preference Relations. Con-
sider a GDM problem, let X = {x;,x,,...,x,} (n > 2) be
the set of alternatives, and let D = {d,,d,,...,d,,} (m >
2) be the set of DMs. Every DM compares each pair of
alternatives in X and provides his/her preference of the alter-
natives with UALPRs {LV,...,I®, ..., 1"}, where I¥ =
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7(k) — ([JWL kU )L FU)U _
(ll] )nxn - ([ll] > l,] ])nxn’ l,] > ll] € [S(): 51: DR ] 51] (k - 1)

2,...,m;i,j = 1,2,...,n). The UALPR can be formally
defined as follows.

Definition 2 (see [19, 21, 22]). An UALPRL = (lij)an on a set
of alternatives X is characterized by a function g7 : XXX —

S and satisfies

T LU
=G0 sshi<liss,

U U AL LU

Lol =l;el;=s Li=1i = seps (4)

Vi,je{l,...,n},

where the preference value Ti]- = pz(x;, x;) indicates the pref-
erence degree of the alternative x; over x; and is interpreted
as x; is Tij as x;, Tlﬁ and E]J are the lower and upper limits ofTij,

i U . LTl _ U
Ll € [so>815-- .55, In particular, if [;; = I;;,

.,n}, then Tij is reduced to a linguistic preference

respectively,

Vi, je{l,..
value [;;.

3. Consistency Level and Consensus Level

3.1. Consistency Measure. Consistency is usually character-
ized by transitivity. Some transitive properties of linguistic
preference relations can be described as follows [3, 5, 14]:
(1) weak transitivity, (2) max-min transitivity, (3) max-max
transitivity, (4) restricted max-min transitivity, (5) restricted
max-max transitivity, (6) multiplicative consistency, and
(7) additive consistency. Among these concepts, the most
commonly used form is additive consistency [5, 6, 13, 15, 26—
29]. Recently, Alonso et al. [26] introduced an additive tran-
sitivity property of the interval-valued preference relations
and constructed a consistency measure; Gong et al. [27] also
presented a similar additive transitivity property. Inspired
by their ideas, we further redefine an additive transitivity
of UALPRs to guarantee the indifference and reciprocity
properties simultaneously. Then based on the definition, we
propose a consistency measure to assess the consistency level
of an UALPR.

Definition 3. An UALPR L = (Zj)an is called additive
consistent uncertain linguistic preference relation, if it
satisfies the following additive transitivity:

TL . TL TU U 7L
%zmm@@%e%m%e%ewﬁ,

JU U 7L TL FU
zﬁ:mmcﬁ@%e%m%@%e%ﬂy (5)

Vi, j,t €1{1,...,n}.

Obviously, the preference value Tij can be estimated by
using an intermediate alternative x,:

TL . 7L U U 7L

el; = min (I; © 1 5,0, I ®I; 05,),)

U 7U 7L 7L FU

el;; = max (lit &l 05l @®l;© 51/2) , (6)

Vi, j,t € {1,...,n}.

Indeed, if the Tij is completely consistent in an UALPR,
T o Gl _ Tl Ut

then elij = lij, Vvt € {1,...,n}; that is, elij = lij and elij =

E]J However, it does not always hold due to the uncertainty

and complexity of real-world decision problems and the
subjectivity of DMs” judgments. In such case, we can get a
deviation.

Definition 4. Let L = (I;

U)nxn

be an UALPR; then

AL = (AT AT)

) (z 1 (el) = 1(5))

n-2 (7)

Z?:l,t#i,j 'I (675]#) B I@J])' >

n—-2

is called the deviation between [; j and its estimated ones eEj =
Lpl<t< n,tq&i,j.~

Clearly, when Al;; = (0,0), then there is no inconsistency
at all between Tij and the rest of preference values in the

UALPR, and the higher is Afij, the more inconsistent is Ti]- with

respect to the rest of information in the UALPR.

Using the deviation Al;;, we define a consistency measure

i
to assess the consistent level of [;;.

Definition 5. Let L = (

U)nxn

be an UALPR; then

T - AL - AL - AlY
Et~~:—”:(5tf;,5tg):< T”, T’J> (8)

is called the consistency measure of T,]

This consistency measure has a definite physical implica-
tion and reflects the consistency level between the preference
value Zj and the rest of the preference values in the UALPR.
Clearly, when ¢t;; = (1,1), then there is no inconsistency at

all between T,-j and the other preference values, and the lower

is the value of ¢t;;, the more inconsistent is Tij with respect to
the rest of information.

Theorem 6. IfL = (Tij)m is an UALPR, then

Ct. , = EtL

L=t at=ath, Vije{l..,n. (9



Proof. Since

L
AL
t=1,t #i,j

1l
/_\
N :

14.

‘\A
g,
D
ﬂ
N

x(n-2)"

(5 et

t=1,t #i,j

X (n— 2)_1

(5 b

(Hiuwmoo>+m SITORN()

—g,r—z@)
+T—I(l]t) Sr/z) T+I(T%)| )
min (_1 () -1() + 2, -1 ()

1) -51(E)

1)) 1)

_ < S e (max (0T 05,

t=1,t #i,j

Lol es,,) ol)| )

(10)
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then

Etfj = Etg. (11)

Similarly, we can obtain Etf.jj. = Et]L.i. This completes the above

proof. O

In particular, if l reduced to /;; > then the consistency level
of [;; has property ct = ctj;. Furthermore, we can obtain
the consistency level of the whole UALPR by applying the
arithmetic mean.

Definition 7. Let L = (l,J)nx,, be an UALPR; then
Ct = (Ct",Ct)
n oo (12)
=1, l] (n _”)1121 !
#1 itj

is called the consistency measure of L.

If Ct = (1,1), then the UALPR L is tully consistent;
otherwise, the lower C¥ is the more inconsistent L is.

Theorem 8. IfL = (l,J)an is an UALPR, then
ctt =ct. (13)

Proof. On has

(14)

By Theorem 8, we find that the consistency level of the
whole UALPR is certain. O

3.2. Consensus Measure. Using anonymous ways of the defi-
nitions of consistency measure, we define a consensus mea-
sure to assess the level of agreement between the individual
preference value and the collective ones.

Definition 9. Let {L® = (), k = 1,2,...,m} be a
group of UALPRs provided by DMs; then a deviation of

the uncertain linguistic preference value Tgc) provided by d,
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and the ones Z(JP) e IV by d, (p = 1,2,...,m,p#k) is
defined as
7(k) (R)L A 17(R)U
AT = (A5 ALY
m (L (PL
_ szl,p;ek 'I (lij )_ I(lij )|
m—1 ’ (15)

Thenpe 1 (1) -
m-—1

z(sz’”n),

Clearly, A'Z.(f) = (0,0) indicates that the Tij provided
by d;. and the ones provided by d, (p = 1,2,...,m, p#k)
are not contradictory at all, and the higher the A'E;‘), is the
more decentralized the opinions between d; and d,, (p =
1,2,...,m, p # k) on the preference value lij are. Based on the

deviation A'Yg‘), we develop a consensus measure of Z(Jk)

Definition 10. Let {L(k) (f(k))nx,,, =1,2,...,m} beagroup
of UALPRs provided by DMs, then the consensus measure of

Z(Jk is defined as follows:
1~ e )
() Sl -1
T(m-1) ' (16)
L Zripe () -1 () > .
T(m-1)

Clearly, when ca(Jk) = (1, 1), then there are no decentral-

ized opinionsatall betweend andd, (p =1,2,...,m, p#k)
on the preference value T,-j, and the lower the Eaf}‘) is the
more decentralized the opinions between d; and d,, (p = 1,
2,...,m, p#k) on the preference value [;; are. By applying

the arithmetic mean, we have the consensus measures of the
whole UALPRs.

Definition 11. Let (Lk (itk)) =1,2,...,m} be a group

of UALPRs provided by DMs, then the consensus measures
of the whole UALPRs are as follows:

Cay = (Cal, Ca?)

nxn’

1 - (0L
= Z ca.. N
<”(”_ Vi if5e (17)
1 i (KU
ca; .
n(n—=1); 4=, g

Clearly, when Ca, = (1,1), then there are no decen-
tralized opinions at all between d; and dp (p=12...,m

p#k), and the lower the Cay is, the more decentralized the
opinions of d;, and the others are.

Theorem 12. If (L™ = (h(k))
UALPRs, then

(R _ = (U (U _ ~ (kL
Cl] caji R calj =ca;

Proof. On has

k= 1,2,...,m} is a group of

Vi,je{l,...,n}. (18)

(k)L (p)L
Ly _ L e [T () = 1())
“ij T (m - 1)
k)U (pU
Lok (oI (E) - 1) a9
T(m-1)
kU
=ca; .
which completes the proof of Theorem 12. O

In particular, if UALPRs l reduced to [;;, then the con-

sensus level of /;; has property caij = caj;.

1]’

Theorem 13. If {L® = (i(k))nx,,, =1,2,...,m} is a group of
UALPRSs, then
Ca; = Cay . (20)
Proof. On has
~ L 1 : (L
Cak = ca::
n(n_l)i,jzlz,;':ﬁi !
(U
= ca:; (21)
n (1’[ z] lzthz 7
1 i WU _ ~ U
= ca; =Cay.
nn=1), 4%, "

By Theorem 13, we find that the consensus level of the
whole UALPR is also certain. O

4. Aggregation of Uncertain Linguistic
Preference Information Based on
Consistency and Consensus

To obtain collective preference information by combining
the individual ones, an aggregation operator is needed. The
ordered weighted averaging (OWA) and weighted arithmetic
averaging (WAA) are the most common aggregation opera-
tors. The induced OWA (IOWA) operator provided by Yager
and Filev [30] is a more general type of the OWA operator, in
which the ordering of the arguments is induced by the order
inducing variables, rather than the values of the arguments.
The IOWA operator can be defined as follows.

Definition 14. An IOWA operator of dimension # is a map-
ping IOWA : R" — R can be defined as follows:

IOWA,, ({ph1>41) > {t: @2) 5 - > (phy» G,))

n
- S

(22)



where w = (w;,w,,...,w,)" is an associated weighting
n 1. .

vector, such that 0 S w; <1, Z.j:l w; = 1; a,(; is the aj

value of.the OWA pair (y;, a;) ha\{mg the jth lallrgest Wjs gy in

(uj»a;) is referred to as the order inducing variable and g; as

the argument variable.

Note that (22) can be equivalently written as

IOWA,, ((p1>31) > (pas@3) 5+ -

<Mn’ an>) = pr(j)a"
j=1
(23)

where p = o' {1,2,...,n} — {1,2,...,n} is the inverse
permutation of o and g; is the value of the OWA pair (u;, a;)
having the p(j)th largest y;. 4; in (u;, a;) is referred to as the
order inducing variable and a; as the argument variable.

Based on IOWA operator, Xu [31] presented an induced
uncertain linguistic OWA operator to aggregate uncertain
linguistic variables.

Definition 15. An induced uncertain linguistic OWA
(IULOWA) operator is defined as follows:

TULOWA,, ({p1>51) » (s 52) » - >

n
=@ W;sg,
j=1

(t>5))

(24)
- ~L = U

EB W;sp.» GB Wjsg; | »

j=1 j=1

where w = (w, w,, ..., w,) is an associated weighting vector,
such that 0 < w; < L, Y w; = 1; 8 is the 5 Value~of
Fhe OWA pair (yj,sj) havmg the].th large'st fj-pjin (yj, sj)
is referred to as the order inducing variable and §; as the
argument variable.

The key issues in the IOWA operator theory are to
determine the order inducing variables and then derive the
associated weights based on them, but quite few studies have
been conducted on the issues. Recently, Chiclana et al. [32]
introduced a consistency-induced OWA (C-IOWA) operator,
in which the ordering of the preference value is based upon its
consistency, and it is further studied in [6, 7, 26, 28, 29]. Wu et
al. [17] presented a compatibility index ILOWG (CI-ILOWG)
operator, which induces the order of argument values by the
compatibility index of experts they also verified that the CI-
ILOWG operator guarantees the compatibility degree is at
least as good as the arithmetic mean of all the individual
compatibility degrees. As aforementioned, both consensus
and consistency should be considered simultaneously in
any rational GDM. To more effectively relieve the influence
some individuals may assign lower consistent and lower
centralized preference values to their preferred or repugnant
objects, it is very reasonable and meaningful that by assign-
ing low weights to those “inconsistent” or “decentralized”
opinions in preference aggregation procedure. Based on the
discussions, we here propose a consistency and consensus
co-induced uncertain linguistic ordered weighted averaging
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(C*-TULOWA) operator to aggregate individual preference
information in such a way that the greater weight is given the
most consistent and consensual preference information.

Definition 16. Let {L® = (@),upk = 1,2,...,m} be
a group of UALPRs to aggregate, where Iw = (ff;‘)) =

([P, 1Y]) and {Ct,, Chy, ..., Ct,,} and {Cay, Ca, ..., Car,}
are thelr corresponding consistency level and consensus
level, respectively; then a consensus and consistency co-

induced uncertain linguistic ordered weighted averaging (C2-
IULOWA) operator is defined as

IULOWA, ., ((Ca,,Ct,, IV),
(Ca,,Ct,,L™))

[ F(k)L m
Bt wego L wygy Dawen Wi
m > m
D k=1 Wy Wi k) D=1 Wy We k)

(Ca,,Ct,, I ..

z(k)U

r m F(k)L m Fk)U
Drcrwewliy” wewy Broiwewly wew
m
ket W Wy Gk

>

Yot WeoWe
(25)

. w,,)" is an associated weighting
< 1, YL, w; = 1 and the consen-

where w = (w;,w,,..
vector, such that 0 < w;
sus level Cay and the consistency level Ct, are simultaneously
referred to as the order inducing variables and L% =
[Tl(]k)L Z(Jk) ] as the argument variable. &(-) and {(-) are per-
mutation functions such that L*) is the preference relation
which has the &(k)th and {(k)th largest (~Zak and Ct;. In
particular, when Tg = :Fj], the C*-TULOWA operator reduced
to a consensus and consistency co-induced linguistic ordered

weighted averaging (C>-ILOWA) operator:
ILOWAG,,, ((Ca Cti, L) k= 1,...,m)

®)
_ Diwil v
Yo Weto Weco (26)

m (k)
Dic1wewli; wew
m
21 We( We k)

Theorem 17. If a group of UALPRs {L® = (N(k D k= 1,2,

.., m} to aggregate has identical consistency level thatis, ¢t, =
¢t, = --- = &t,, then the C*-IULOWA operator becomes
a consensus-induced uncertain linguistic ordered weighted
averaging (Ca-IULOWA) operator:

IULOWA ¢, ({Ca;,IV) ,(Ca,, I?) ...,

(Cann 1)) @7)

@ wf k)’l-( )L @ w )F[(k)U .



Journal of Applied Mathematics
Proof. On has
IULOWA 2., ({Cay,Ct,, L), (Ca,, Ct,, I?) , ..,
(Ca,.Ct,, L))

m Tk)U
ey Drarwewli” W

> m
Ykt Wego Weo)

[ ~m k)L
@k:1w5(k)lij w
m
Ykt Wego We k)

[ D we P (1) D wehPY (1/m)
Yt Wey (1/m) 7 Xl wegey (1/m)

[ m m
_ (k)L F(k)U
= | D wiwl" D wewl;

L k=1 k=1

= IULOWAG,,,, ((Ca,, L), (Ca,, I?) ...,
(Ca,,L"™})).
(28)
O
Theorem 18. If a group of UALPRs {L® = (Fl}f))nxn,k =1,

2,...,m} to aggregate has identical consensus level, that is,
Ca, = ¢a, = --- = ¢ay,, then the C*-IULOWA operator becomes
a consistency-induced uncertain linguistic ordered weighted
averaging (Ct-IULOWA) operator:

IULOWA ¢, ({Ct;, IV}, (Ct,, I?), ...,

oy Tim)
(Ct,,I")) (29)

@ wely @ wigoh
Proof. On has
IULOWA, ,,, ((Ca,,Ct,;, IV,
(Ca,,Ct), IV ...,

<Ca Ct,, L))

[ Dy 1w£<k)
Yhe1 Wego Wy (k)

Py Bty wely wy

Yhe1 Wego Wy (k)

[ D, (/) T wy DR, (1) 17wy
Yoo (Unmwey Yy (/n) wyg

= EB w«k EB We )
= IULOWAG,,, ((Ct,, L), (Ct,,I?) ...,

(™).

(30)

From Definition 16 and the previous theorems, we know
the following.

(1) The inducing variables of the C*-IULOWA operator
are characterized by the consistency measure and
the consensus measure, which synergistically reflect
the consensus level and the consistency level of
UALPRs and participate to guide the determination
of associated weights.

(2) The C>-IULOWA operator generalizes the consensus-
induced uncertain linguistic OWA operators and
consistency-induced uncertain linguistic OWA oper-
ators, which comprehensively merge the information
associated with the properties of preference relation
in the preference aggregation.

Moreover, it is easy to verify that the C>-TULOWA oper-
ator is monotonic, commutative, bounded, and idempotent;
the proofs of them are omitted here because they are trivial.
In the following, we study the rationality of the C:-TULOWA
operator that means the aggregated uncertain linguistic
preference relations maintain the essential properties of
preference relations such as the indifference, the reciprocity,
and the consistency properties.

Since the C>-TULOWA operator is idempotent, the indif-

ference property is obvious and its proofs are omitted here.
Now we verify the reciprocity property.

Since L* = ([T(k)L A(k)U]) ,k = 1,...,m, are UALPRs,
n
FKL . TRU _ "(k)U L _ . FRU _ FKL
we have [ @ I = s, L @ L7 = s, L = 177 = 5.
Thus
m FK)L
T(CL 7(C)U Drc1wewly” wew
- m
Lo Weo Wi oy
n
Diwewli wew
Y W, W
& ¢ (1)
FKL . FRU
_ B (5" @ I ) wege

Y1 W Wee

EDk W) St W) _
Yot Yo We o

Similarly, we can verify Tij)U 697(.?)1‘ =s,.
Then we verify the consistency property.

Since L® = ([ﬂ(‘)L,FlV.‘)U]) ,k =1,...,m,are consistent,
it Ve

we have
FkL TRL g JOU TRV g TRIL
l;” = min (l ol osyyly @l; 951/2)7
kU TRU o THIL JWL g 7HU
L™ = max(l @l eyl @l es,/z),

Vi, j,t € {1,
(32)



then we have
m k)L
TOL _ EBk:l“’E(k)lij We (k)
ij - m
2 k=1 W Wik

m
. (L FRU
:@ We(k) Min (lit ® ltj O 5;/2>
k=1

Fk)U . Fk)L
I ®lt] 951/2) w((k)

-1
m
X <Z w&(k)“’:(k))
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Similarly, we can verify ffj.c)U = max(]}t
ZEJC)L © S12)-

Hence, L' is also consistent, which verifies the consis-
tency property.

An important step in the process of aggregating pref-
erence relations is to determine the associated weight of
each preference relation or preference value. Usually, the
associated weights are determined by a linguistic quantifier

Qas [32]

wj:Q<l>_Q<j__1), j=l..,n  (34)

1/2

with Q(r) r*/* meaning the quantifier guiding this
aggregation to be “most” [4, 6, 32]. It can easily be shown
that using this the w; satisfy the conditions w; € [0, 1] and
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A further important aspect of induced type aggregation
operator is the fact that ties in the order inducing variables,
that is, when two or more inducing variables have exactly the
same value. In order to solve this problem, we recommend
adopting Yager’s policy [33], is, that using an average of the
components of weights over the tied constituents and leaving
the arguments alone. O

5. Group Decision Making Based on
C’>-IULOWA Operator

In the procedure of GDM, preference relations are usually
composed by two phases [4, 6-10]: the aggregation phase
and the exploitation phase, and two distinct choice processes
are known: one is the direct way, which draws decision
conclusion directly from individual preference relations and
aggregates those individual choices, and the other is indirect
way, which first aggregates individual linguistic preference
relations into a collective preference relation and then draws
decision conclusion; they can be described as follows:

{L(k),k = 1,...,m} M {solution(k),k = 1,...,m}

aggregation . (©
—— solution

L9,k = 1,...,m} 2 O}

exploitation . (©
—— solution

(35)

Herrera et al. [10] and Delgado et al. [11] developed a
direct GDM approach with linguistic preference relation,
which ranks or selects the alternative(s) according to lin-
guistic nondominance degrees. The approach can be briefly
described as follows.

(1) For each linguistic preference relation of each expert,
LW, find its respective linguistic strict preference
relation, A (Sllg()) , such that

T “nxn

s L <1
WP =Ases 10210 with P =5, (36)
(k) _ -
lji =s, I=t+h

(2) For each linguistic strict preference relation of each

N
expert, L™, determine the individual linguistic
non-dominance degree of each alternative x;, called
INng), according to linguistic OWA operator:

IND{ = LOWA (neg ("), j = 1,....m j#i), -
i=1,...,n k=1,...,m.
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(3) For each alternative x;, calculate the social linguistic
non-dominance degree, called SND;, as follows:

SND, = LOWA (IND{¥, I=1,...,m), i=1,...,n.
(38)

(4) Rank or select the alternatives with respect to
SND; (i =1,2,...,n).

Here, we extend those definitions to rank or select the
alternative(s) for UALPRs. To do so, we give the following
definitions.

Definition 19. Let L = (Tij)nxn be an UALPR; then the

uncertain linguistic dominance relation in terms of L is
defined as

0, = [max (0B ) max ([ o). 9)

The linguistic dominance relation is used to measure the
“degree of preference” of x; over x; that exceeds the “degree
of preference” of x; over x;.

Definition 20. Let L = (Tij)nxn be an UALPR; then the
uncertain linguistic non-dominance relations are defined as:

IND;; = Neg(LD;;)
= [(max (7 07} 50)). (40)
Neg (max (1 oT.,)]-

Since each uncertain linguistic preference value associates
with its consistency level and consensus level, at the same
time, from Theorem 6, ctiLj = ct%, ctJLi = ctg, and
Theorem 12, ca{} = cag, cafi = cag, it is obvious that
the uncertain linguistic non-dominance relations have still
preserved consistent consistency level and consensus level
of its compositions Tij and ;. Hence we can utilize the C*-
TULOWA operator to obtain individual uncertain linguistic
non-dominance degrees of alternatives.

For simplicity of calculation, the uncertain linguistic
non-dominance relations are split into two crisp rela-
tions, INDiLj = [Neg(max(z}g ei{;,so))]nxnand END,FJ? =
[Neg(max(fjfieig,so))]nxn; similar ideas can also be found in
many existing references [26, 27, 34, 35]. Then motivated
by [36, 37], we give alternative uncertain linguistic non-
dominance degrees of alternatives by utilizing C>-TUOWA
operator:

IND{" = IULOWA,., ((cal?, &, Neg (LD?)) ,
j=L..mj#i),

k=12,....m,i=12,...,n

(41)

Finally, we obtain collective uncertain linguistic non-
dominance degrees of alternatives by utilizing the C*-
TULOWA operator again:

IND{” = ITULOWA,,, ((Ca®,Ct™, INDV),
k= 1,...,m), (42)

i=1,2,...,n

To rank the uncertain linguistic non-dominance degrees,
we adopt to the degree of possibility of uncertain linguistic
variables a; > a; [18-20].

Definition 21. Let LND(® = [LND*9,INDY“] ¢ §, i =

1,2,...,nben, uncertain linguistic values; then the degree of
possibility Pos(IjNDl(C)) of iNDfC) is defined as

Pos; = Pos (INDEC))

M=

Pos (LND{” > LND”)
1

-
1l

M=

((max 1 (IND;C)U <] ZND§C)L, 50)
1

.
I

(43)
—max [ (ENDEC)U o IjNDEC)L, 50))

x (I (LND{“Y e IND{")
+1(INDY e INDOH)) ),
i=1,...,n

Now we can rank or select alternatives in descending
order in accordance with Pos;, i € {1,...,n}.

The main steps of the proposed approach are summarized
as follows.

Step 1. Obtain UALPRs over alternatives from DMs, I® =
k
T k= 1,.0sm.

Step 2. Calculate the consistency levels of preference values
and preference relations c}f;‘),i,j = 1,2,...,n, Cty, k =
1,2,...,m, by using (8) and (12).

Step 3. Calculate the consensus levels of preference values
and preference relations cﬁi(;c),i,j = 1,2,...,n, Eak, k =
1,2,...,m, by using (16) and (17).

Step 4. Determine the ordered weights by using (34).

Step 5. Calculate the uncertain linguistic non-dominance
relations according to the uncertain linguistic preference

relations (iNDgf)) , k=1,2,...,m, by using (40).

nxn
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TaBLE 1: Consistency levels of preference values provided by e, .
X, X, X3 X,
x, a,1) (0.8125,1) (1, 0.8125) (0.9375, 0.9375)
x (1, 0.8125) 1,1) (0.8125, 0.9375) (0.9375,1)
X3 (0.8125,1) (0.9375, 0.8125) (1,1) (1,0.9375)
x, (0.9375, 0.9375) @, 0.9375) (0.9375,1) a,1)
TABLE 2: Consistency levels of preference values provided by e,.
X1 ) X3 X4
X 1,1) (0.5625, 0.625) (0.375, 0.5) (0.75, 0.5625)
X, (0.625, 0.5625) 1,1) (0.625, 0.5625) (0.75, 0.875)
X3 (0.5,0.375) (0.5625, 0.625) 1,1 (0.5625, 0.375)
x4 (0.5625,0.75) (0.875, 0.75) (0.375, 0.5625) a,1)

Step 6. Determine the individual uncertain linguistic

non-dominance degrees of alternatives INDEk), k
1,2,...,m, i=1,2,...,n, by using (41).

Step 7 Calculate the collective uncertain linguistic non-

dominance degree of alternatives IjNDfC), i=1,2,...,nby
using (42).
Step 8. Rank the alternatives with ENDEC), i=12,...,nby

using (43).

6. Numerical Examples

In this section, we consider a group decision making problem
that concerns the evaluation and selection of chief quality
officer to demonstrate the details of the proposed method.

Over the last decades, organizational competition is
shifting from price to quality in many industries. The chief
quality officer (CQO), similar to the CEO, undertakes overall
responsibility of the quality work of enterprise. Hence, the
selection of the most appropriate CQO is naturally one
of the key factors for an enterprise’s survival. A high-tech
enterprise wants to introduce a CQO according to a main
criterion of the leadership of quality improvements. After
preliminary screening, four alternatives x; (j = 1,2,3,4)
have remained in the candidate list. Three experts ¢, (k =
1,2, 3) from a committee act as decision makers; the decision
makers compare these four alternatives with respect to the
criterion of the leadership of quality improvements by using
the linguistic term set

S = {s, = extremely low, s; = very low,
s, =low, s; = slightly low, s, = fair,
(44)
s5 = slightly high, s¢ = high,

s, = very high, sg = extremely high}.

To get the most desirable CQO, the following steps are
involved.

Step 1. Three decision makers (e, e,, and e;) provide their
preference on alternatives and form UALPRs as follows,
respectively,

S4>S4] |S0>S2] 152554 [S1> 53
Al = S6> 581 154> 54 |54>S6] [S4> S5
S4>S6] 152> S4] [S4>S4] |S535 54
S5557] 53> Sa [Sa> 5] [Sa> S4

S4>S4] |S4> S6| 1S0>S2] 155557
A% = 52> 54 |S4>S4] |S4>S5] [S2> 54 (45)
S6> 58] 153> 54 [S4>S4] [S4> S5
S1>S3) 184> S| 153554 154> 54

S4>Sa) 150> St [S45S5] 155 S6
A3 = S, S| [S4>S4] [56 S7] [525 53
$3> 54 |S1>S2] [S4>S4) [S7> S8
52> 53] |S55 S6| 150> S1] 154> 54

Step 2. Calculate the consistency levels of preference values
by using (8); the consistency levels of preference values
provided by three decision makers are listed in Tables 1, 2,
and 3, respectively.

According to the results from Tables 1, 2, and 3, calculate
the consistency level of preference relations by utilizing (12);
the results are as follows:

Ct,; =0.927, Ct,=0594,  Ct;=0438. (46)

Step 3. Calculate the consensus measures of preference values
by utilizing (16). The consensus levels of preference values
provided by three experts are listed in Tables 4, 5, and 6,
respectively.
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TaBLE 3: Consistency levels of preference values provided by e,.

X1 x> X3 X4
X a,1) (0.4375, 0.5625) (0.4375, 0.4375) (0.4375, 0.4375)
X, (0.5625, 0.4375) 1,1 (0.4375, 0.4375) (0.3125, 0.5625)
X3 (0.4375, 0.4375) (0.4375, 0.4375) 1,1 (0.4375, 0.3125)
X, (0.4375, 0.4375) (0.5625, 0.3125) (0.3125, 0.4375) a,1)

TABLE 4: Consensus levels of preference values provided by e;.

X1 X X3 X4
X a,1) (0.75, 0.6875) (0.75, 0.8125) (0.5, 0.5625)
X, (0.6875, 0.75) 11 (0.875, 0.875) (0.75, 0.8125)
X (0.8125, 0.75) (0.875, 0.875) a,1) (0.6875, 0.6875)
X, (0.5625, 0.5) (0.8125, 0.75) (0.6875, 0.6875) 1)

Then calculate the consistency levels of preference rela-
tions by (17); the results are as follows:

Ca; =0.729,  Ca,=0719, Cay=0719. (47)

Step 4. Determine associated weights of decision makers and
preference values. By using (34) determine the associated
weights of three variables:

w2:Q<§)—Q<§>:O.239, (48)

Step 5. Calculate the individual uncertain linguistic non-
dominance relations by utilizing (40):

[= =1 [50 S4] [54> 5] [$25 56
INDD = [ L5858 [= =1 [$g>Sg] [58> 55
& S5 Ss) [SaSg| [ —1 [S6>Ss] |’
sg 5] [6> 5] [Sg 5] [ =
[— =] [ss>5s] [So» 54] [Ss> 55
~ 2) SpsSg| [= =] |Sg>Sg | |S4> S
LNDEJ' - 54,58 50 [8—, E] 54’58 ’ (49)
858 156> 58] 1> 8> Sg
$2>S6] 158> Sg [56’58] (- -]
(- -] [50’52] [58’58] Sg> Sg
IND® = [ L858 [= =1 [S> 55] [54> S6
g Se> g [52)54] [— =] [ss>5Ss

$4> 56 [5g> Sg] [50> 52] [ —]

Step 6. Determine the individual uncertain linguistic non-
dominance degrees of alternatives by (41). For instance, the
individual non-dominance degree of x; provided by e, is
calculated as follows:

INDV = [(0.184 x 0.408s, ® 0.577
x0.408s, @ 0.239 x 0.184s,)

x (0.184 x 0.408 + 0.577
x 0.408 + 0.239 x 0.184) ",
(0.577 x 0.239s, ® 0.184 (50)

% 0.577sg ® 0.239 x 0.184s;)

x (0.577 x 0.239 + 0.184

x 0.577 +0.239 x 0.184)"' |

= [52.90> 55.78] .

Similarly, we can obtain the other individual non-
dominance degrees:

INDY = [s4, 4],
IND{" = [s535 5]
INDY = [s5.4 5] »
INDY® = [sg0257.16]»
INDEZ) = [s406 5] >
iND;Z) = [55,72)58] >
IjNfo) = [57,16)57.52] >
IjND(f) = [54,74» 55.71] >

IND;3) = [56.42’56.81] >
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TABLE 5: Consensus levels of preference values provided by e,.
X1 o) X3 X4
x, 1, 1) (0.5, 0.4375) (0.625, 0.6875) (0.75, 0.6875)
X, (0.4375, 0.5) 1,1) (0.875, 0.8125) (0.875, 0.875)
X3 (0.6875, 0.625) (0.8125, 0.875) (L1 (0.75, 0.75)
Xy (0.6875, 0.75) (0.875, 0.875) (0.75, 0.75) (L1
TABLE 6: Consensus levels of preference values provided by e;.
X1 ) X3 Xy
X, 1,1) (0.75, 0.625) (0.625, 0.75) (0.75,0.75)
X, (0.625, 0.75) (L1 (0.75, 0.8125) (0.875, 0.8125)
X5 (0.75, 0.625) (0.8125, 0.75) L1 (0.5625, 0.5625)
Xy (0.75, 0.75) (0.8125, 0.875) (0.5625, 0.5625) (L1
TaBLE 7: Collective non-dominance degrees of alternatives by sg — : :
utilizing C>-TULOWA, Ct-TULOWA, and Ca-TULOWA operators. ; i ] i ‘ ‘ ‘
77 I 1 1
1 1 1
CE-IULOWA Ct-IULOWA Ca-TULOWA sl ! ! !
1 1 1
Xy (53525 S5.94] (54> S5.73] [53.44> S6.66] ss |- : : :
X3 [57.49> S7.89] [57.03> S7.56] [57.01> S7.83] sl i i i
X3 (539 $7.76] [S6.1> 577 (538> $7.51] ' ' '
X4 [S6.44> S7.83] [S6.3> 736 [S6.49> S7.55] sr | | i
s | | | |
1 1 1
s | i i i
7 (3)
LND3” = [s406 S5.43]» i i i
So . . .
T,NDf) = [Sse8 S6.2] - N 2 3 4
(51) — C*-ITULOWA
—— Ct-IULOWA
Step 7. Aggregate the individual non-dominance degrees — Ca-IULOWA

of alternatives into collective non-dominance degrees of

alternatives by utilizing (42):
LND, = [$3.52 Ss.04] >

ZNDz = [$7.49: S7.80] >

) (52)

LND; = [s530, 87.76) »

LND, = [S6.44-S7.83] -

Step 8. Obtain the ranking result of the alternatives according
to the magnitude of collective non-dominance degrees by
utilizing (43). The ranking result of the four alternatives is
X, > X4 > X3 > xp, and then the most appropriate CQO
is x,.

In order to validate the proposed method, in what follows,
we use the Ct-TULOWA and the Ca-IULOWA operators for
the same decision structure. The final results derived by
C*-ITULOWA, Ct-TULOWA, and Ca-TULOWA operators are
shown in Table 7, and they are represented graphically in
Figure 1.

Obviously, the ranking results derived by C*-TULOWA,
Ct-IJULOWA, and Ca-IULOWA operators all are x, > x, >
x5 > x,; the situations verify each other; the results derived

FIGURe 1: Collective non-dominance degrees of alternatives by
utilizing C>-TULOWA, Ct-IULOWA, and Ca- IULOWA operators.

from the C2-TULOWA, Ct-TULOWA, and Ca-IULOWA oper-
ators are feasible and effective. The reasons of the differences
of the final results are intuitive; that is, as discussed above, the
Ct-TULOWA operator focuses solely on the consistency and
ignores the consensus of the uncertain linguistic preference
information, while the Ca-IULOWA operator focuses only on
the consensus and ignores the consistency of the uncertain
linguistic preference information. The C>-TULOWA operator
comprehensively considers both the consistency and consen-
sus of the uncertain linguistic preference information. Hence,
the results derived by C*-TULOWA operator are more feasible
and effective.

7. Conclusion

In group decision making with uncertain linguistic pref-
erence relations, the aggregation of preference information
plays important roles in reaching a reasonable decision result.
Considering the fact that when carrying out rational decision
making, the consensual or consistent information is more
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appropriate than the inconsistent or decentralized ones, in
this paper, we investigated the aggregation of uncertain
linguistic preference information by fusing its consensus and
consistent information. To do so, we first proposed the con-
sistency and consensus measures, to assess the consistency
level and consensus level of uncertain linguistic preference
relations and preference values of them, and studied some
of their desirable properties. Based on both consistency level
and consensus level, we proposed a co-induced uncertain
linguistic OWA operator, namely, C>-IULOWA operator,
to aggregate uncertain linguistic preference information,
in which consistency level and consensus level synergisti-
cally serve as inducing variables and participate in guiding
the determination of associated weights in the preference
aggregation process. We have verified that the C:-TULOWA
operator is able to maintain the indifference, reciprocity,
and consistency properties of uncertain linguistic preference
relations after aggregation is carried out. For applying the C*-
TULOWA operator to group decision making with uncertain
linguistic preference relations, we developed a direct group
decision making approach. The approach is very suitable
for the situations with time pressure and decision makers
unwilling to revise their initial judgments, in which the
inconsistent or decentralized information would be still
retained and yet it is considered to be less important for
ranking the alternatives. The proposed approach is effective
and feasible just as shown in the illustrative example. It is
expected that the proposed approach can be applied to the
fields of quality management and mobile business.
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