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The A-power function and fractional A-integrals and fractional A-differential are defined, and then the definitions and properties
of A-Mittag-Leffler function are given. The properties of fractional A-integrals and fractional A-differential on time scales are
discussed in detail. After that, the existence of the solution and the dependency of the solution upon the initial value for Cauchy
type problem with fractional A-derivative are studied. Also the explicit solutions to homogeneous fractional A-differential equations
and nonhomogeneous fractional A-differential equations are derived by using Laplace transform method.

1. Introduction

The fractional differential equation theory is an important
subject of mathematics, which includes continuous frac-
tional differential equations and discrete fractional difference
equations. The theory of fractional differential equations
has gained considerable popularity and importance dur-
ing the past three decades or so. Many applications in
numerous seemingly diverse and widespread fields of science
and engineering have been gained. It does indeed provide
several potentially useful tools for solving differential and
integral equations and various other problems involving
special functions of mathematical physics as well as their
extensions and generalizations in one and more variables.
About these advances, one can refer to [1, 2], the books
[3, 4], and the references of them. For the recent devel-
opments about continuous fractional differential equations
and discrete fractional difference equations, one can refer
to [5-11]. To unify differential equations and difference
equations, Higer proposed firstly the time scale and built the
relevant basic theories (see [12-15]). Recently, some authors
studied fractional calculus on time scales (see [16, 17]), where
Williams [16] gives a definition of fractional V-integral and V-
derivative on time scales to unify three cases of specific time
scales. Bastos gives definitions of fractional A-integral and

A-derivative on time scales by the inverse of Laplace trans-
form in [17].

Inspired by these works, the aim of this paper is to give
a new definition of fractional A-integral and A-derivative on
general time scales and then study some fractional differential
equations on time scales. To define the fractional A-integral
and fractional A-derivative, we would need to obtain a
definition of fractional order power functions on time scales
to generalize the monomials. Different from definition of V-
power functions by axiomatization method in [16], we define
fractional A-power functions on general time scales by using
inversion of time scale Laplace transform and shift transform
in Section 3, and Riemann-Liouville fractional A-integral and
Riemann-Liouville fractional A-derivative on general time
scales are also given. In Section 4, we present the properties
of fractional A-integrals and fractional A-differential on
time scales. Then in Section 5, Cauchy type problem with
Riemann-Liouville fractional A-derivative is discussed. In
Section 6, for the Riemann-Liouville fractional A-differential
initial value problem, we discuss the dependency of the
solution upon the initial value. In Section 7, by applying
the Laplace transform method, we derive explicit solutions
to homogeneous fractional A-differential equations with
constant coefficients. In Section 8, we also use the Laplace
transform method to find particular solutions and general



solutions of the corresponding fractional A-differential non-
homogeneous equations.

2. Preliminaries

First, we present some preliminaries about time scales in [12].

Definition 1 (see [12]). A time scale T is a nonempty closed
subset of the real numbers. Throughout this paper, T or
T, (i=1,2,...,n) denotes a time scale.

Definition 2 (see [12]). Let T be a time scale. For t € T one
defines the forward jump operator o : T — T by o(t) :=
inf{s € T : s > t}, while the backward jump operatorp : T —
T is defined by p(t) := sup{s € T : s < t}. If o(t) > t, one says
that ¢ is right-scattered, while if p(t) < t, one says that t is left-
scattered. Points that are right-scattered and left-scattered at
the same time are called isolated. Also, ift < sup Tand o(t) =
t, then t is called right-dense, and if t > inf T and p(t) = ¢,
then t is called left-dense.

Definition 3 (see [12]). A function f : T — R is called
regulated provided that its right-sided limits exist (finite) at
all right-dense points in T and its left-sided limits exist (finite)
at all left-dense points in T.

Definition 4 (see [12]). Let hy : T > R ke N, be defined
by

hy(t,s)=1 Vt,seT 1)
and then recursively by
t
h, (£s) = J h,(t,s)At Vt,seT. (2)
N

Definition 5 (see [12]). One defines the Cauchy function y :
T xT¥ — R for the linear dynamic equation

Ly =0, whereLy= yAn + Z pi yAH, (3)

i=1

to be for each fixed s € T¥ the solution of the initial value
problem

Ly=0, y*(0(s),5)=0, 0<i<n-2,

- (4)
¥ (0(s),8) = 1.
Remark 6 (see [12]). Note that
y(t,s) :=h, , (t0(s)) (5)

is the Cauchy function of yAn =0.

Theorem 7 (variation of constants [12]). Let f € C,4; then the
solution of the initial value problem

Ly=f(1), yAi(t0)=0, 0<i<n-1, (6)
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is given by
t

y@=Ly@9ﬂ@M, %

where y(t, s) is the Cauchy function for
Ly =0, whereLy= yAn + ZpiyAnii. (8)
i=1

Definition 8 (see [2]). The factorial polynomial is defined as

o I(t+1)

1
O _TT(-) =
© _jzo(t D= Tarion ©)

For arbitrary v, define

t(,,) _ F(t+ 1)

T T(t+1-v) (10)

where I' denotes gamma function (see [3]).

Definition 9 (see [12]). One says that a function p: T — R
is regressive provided that

L+u()p() #0 (11)

forallt € T¥ holds. The set of all regressive and rd-continuous
functions f: T — R will be denoted by

R=R(M)=R(T,R). (12)

Theorem 10 (see [12]). If p € R, then the function ©p defined

by

__r®
1L+u(@)p)

is also an element of R.

op(t) = vt e TF (13)

Definition 11 (see [12]). If p € %, then one defines the A-
exponential function by

€, (t,s)

= exp (Lt ﬁLog(l +u (1) p(1)) AT> for s,t € T.
(14)

Definition 12 (see [12]). If p € R, then the first order linear
dynamic equation

y=p®)y (15)
is called regressive.

Theorem 13 (see [12]). Suppose that (15) is regressive and fix
to € T. Then e, (-, ,) is a solution of the initial value problem

yi=p®)y, y(t) =1 (16)

onT.
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Theorem 14 (see [12]). If p € R, then
e,(0(t),s):= e; ts)=(1+ut)p®)e,(ts). 17)

Definition 15 (see [12]). Assume thatx : T — Ris regulated.
Then the A-Laplace transform of x is defined by

Zix}(z,ty) = L x(t)el, (t,ty) At (18)

for z € D{x}, where D{x} consists of all complex numbers
z € C for which the improper integral exists.

Definition 16 (uniqueness of the inverse [12]). If the functions
f:T - Randg: T — R havethesame Laplace transform,

then f = g.

In order to give fractional integral and derivative on
a time scale, we need to define fractional power function
h,(t,s) which is derived by the inverse of Laplace transform
and is introduced in the following section. Before this, we
need definitions of shift and convolution and some properties
about convolution, such as convolution theorem and associa-
tivity, which are introduced in [18].

Definition 17 (see [18]). Let T be a time scale that sup T = co

and fix ¢, € T. For a given f : [t;,00); — C, the solution of
the shifting problem

W (o (s) = —u™ (t,5),
u(tty) = f (),

is denoted by f and is called the shift (or delay) of f.

t,seT, t>s>t,
(19)
teT, t>t,

Example 18 (see [18]). Consider PT,I-,T’)(I‘, s) = h(t,s) for all
t,s € T, independent of .

Definition 19 (see [18]). For given functions f,g : T — R,
their convolution f * g is defined by

(f +g)(®) = j F(t.o()g(s)As, (20)

where f is the shift of f introduced in Definition 17.

Theorem 20 (associativity of the convolution [18]). The
convolution is associative; that is,

(frg)xh=fx(g=h). (21)

Theorem 21 (see [18]). If f is delta differentiable, then

(f*9) = %g+f (k) (22)
and if g is delta differentiable, then

(f*9)" =f*g"+fa(ty). (23)

Theorem 22 (see [18]). If f and g are infinitely often A-
differentiable, then for allk € N,

k k k-1, k=1-v
(Frg)" =f* g+ Y f*(ty)g"
v=0
P .
=frgt+)f 9" (), (4
=0

(f * 9)™ (t0) = Zf (1) 8™ (1)

Theorem 23 (convolution theorem [18]). Suppose that f, g :
T — R are locally A-integrable functions on T and their
convolution f * g is defined by (20). Then,

Z1{f*g}(2)

=Z{fle)-Zgl @), ze2{finD{g}.
Theorem 24 (see [12]). Assumethatx : T — Cisamapping,

such that x* is regulated. Then
. k=1
< {xA } (z,t) = 2°" L {x} (2, t,) - sz”fle (t,) (26)
i=0
for those regressive z € C satisfying
Jim {x* 06, (B8)} =0, i=0,1,.. k-1 (7)

Theorem 25 (see [12]). Assume that h(t,t,), k € N, are
defined as in Definition 4. Then

1
2t} te) = @)
for those regressive z € C satisfying

Tim (i (1 8) oz (8:8)) = 0. 29)

3. A-Power Function and Fractional Integral
and Derivative on Time Scales

In this section, inspired by property of h (-, t,) in Theorem 25
for k € N, we define fractional A-power functions h,(t, s)
for & € R by using inversion of A-Laplace transform and give
definitions of fractional integral and derivative on time scales.

Definition 26. One defines fractional generalized A-power
function h(t,t,) on time scales

he(t0) = 27 b o (30)

Za+1

to those suitable regressive z € C \ {0} such that Z7 exist
for @ € R, t > t,. Fractional generalized A-power function
h,(t,s) on time scales is defined as the shift of h,(t,t,); that
is,

hy (t,s) = hy (+1,) () (E=s>1,). (31



Applying the initial value theorem of Laplace transform
(see, e.g., [15, Theorem 1.3], for & > 0, we have

hy (tg.ty) = lim z-

Z500 Zoc+1

=0. (32)

Theorem 27. For a, 3 € R, one has

(ha (510) * hg (5 15)) (£) =

Proof. According to convolution theorem,
< {(ha () * hﬁ ('»to)) (t)} (z.ty)

= Z{h, (1)} (z.t) £ {hﬁ (t, to)} (z.1)
1 1 1

Zotl Bl T

=Z {hoc+/3+1 (t’ to)} (z’ tO) .

By the uniqueness of inverse transform for Laplace transform,
we obtain

(ha (1) * hﬁ (mto

hoc+/3+1 (t’ tO) . (33)

(34)

ZoHp+2

) ®)

t (35)
= [ 1 G o @) s (70987 = B (1),
’ O

Moreover, if we take o = 0, then
t
(1 * hﬁ) (t.t,) = L hg (7,5) AT = hg,, (t,t,). (36)

That is,
h (ttg) = hg (t,1,) . (37)

Now, we will give the definitions of fractional A-integral
and A-derivative which are the main context in this section.

Definition 28. Let Q) be a finite interval on a time scale T
ty,t € Q. For « > 0 and for a function f : T — R, the
Riemann-Liouville fractional A-integral of order « is defined

by Iy, f(t) = £(£) and

(15, £) ©) = (hoy (5t0) % ) (1)

L) By (o) (b0 (7)) f (1) AT 38)

L hy , (t,0 (D) f (1) A,

fora > 0,t > t,,.

When T =R, h,_;(x,a) = (x - a)* T (), according to
Definition 17,
[ (x — t)(x_l
. = 7 39
h(x—l ( > a) (x’ t) T ((X) ( )
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satisfy

Oy () () Ohyy (5a) (x,8)
o0x B ot (40)

hey (@) (x,0) = By (x,0).
When T = Z, hy_,(x,a) = (x - a)* VT (a), according
to Definition 17,
N (X _ t)(lel)
By G ) = ————— 41
oc—l( a)(-x ) r(“) ( )
satisfy
By Ga) (x4 Lt 4 1) oy o) (it + 1)
= ~hoy (2a) (et + 1) + oy () (601), (42)

ho;T(Ta) (X, a) = hocfl (x, a) .

As an especial case of Definition 28, we have the following
examples.

Example 29 (see [3]). When T = R, the fractional A-integral
of order « is defined by

(% f) (x) := t)l —f(t)dt (x>a). (43)

I'(x) ,[ (x
Example 30. When T = Z, Consider the following.
(1) The nth integral of f is defined by

AT () = Z(t —o ()" Vx(s).  (44)

r()
Heret-n>a,o(s) =s+ 1.

Note that power function (¢t — G(s))("_l) /T'(n) vanishes
ats>t-n+1.So

A0 = r )Z(t—o<s)><” Vx(s)

fort—n>a.

- Z(t —a ()" Vx(s),

r( )
(45)
(2) The yth fractional sum of f is defined by
1 t—1
ATx() = =Y (-0 ()" Vx(s),
T4 (46)

fort>a-[-y].

Definition 31. Leta > 0,m = [a] + l,and f : T — R.
For s,t € T with s < t, the Riemann-Liouville fractional
A-derivative of order « is defined by the expression

Dy f () = DYILEf (@), (47)

if it exists.
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Throughout this paper, we denote " = Dy f = D}.f,
n € N, and, for a < 0, DY f(t) means I, f(t) and I}, f(t)
means D, f(t).

Finally, we present the definition of A-Mittag-Leffler
function which is an important tool for solving fractional
difference equation.

Definition 32. A-Mittag-Lefller function is defined by

AFa,ﬁ (A’ £ tO) = Z)Ljhjo&ﬁ—l (t’ t()) > (48)
j=0

provided that the right series is convergent, where &, 8 > 0,
AeR.

Example 33. When 0 < A < 1, for any j, |hje,p-1(t, )| <

M, we can obtain that the series Z;’ZO )Ljhjﬁﬁ_l(t, ty) is
convergent.

Example 34. When T = R, Y2, Mhjgop o (t:)) =
Y20 M (¢t P T(joc+ B). Since ¥ 520 M (£ o) P/
T'(jo+ f)) is convergent for any ¢ > t,, Z;’ZO Mhjo,p (1) is
convergent. That is, ,F, g(A,1,1y) is defined as ¢ > t,.

As to the Laplace transform of A-Mittag-Leffler function,
we have the following theorem.

Theorem 35. The Laplace transform of A-Mittag-Leffler func-
tion is

ZOC

L {aFap M1} (2,8) = (M < 2%).  (49)

z% —

Proof. According to the definition of Laplace transform, it is
obtained that

<z {AFa,ﬁ (At to)} (2.1)

o0
= J Fop(Mttg) el (tty) At
toA

0

0o O
= L z)‘]hjmﬁ—l (1) - g, (t: o) At
0 j=0

= )Lfroh.a (1) el (t,t,) At
]'20 " ]+,/31( 0) ez( 0) (50)

- i;u’:z {Hiaspr (B10)} (208)

j=0
< 1

= Z(;Ajzjwrﬁ - Z*ﬁ;/\j(zfa)f

j=

= (1Al < I2I%).

By differentiating k times with respect to A on both sides
of the formula in Theorem 35, we get the following result:

klz* P

—(z"‘ - /\)k+1 . (51)

ak
2] 5 sry )} ) -

4. Properties of Fractional A-Integral and
A-Derivative on Time Scales

In this section, we mainly give the properties of fractional A-
integral and A-derivative on time scales which are needed in
the following sections.

Theorem 36. Let & > 0, m = [a] + 1, and € R. Then
(1) Ig,tohﬁ—l (t.ty) = hﬁ+rx—1 (t.t5),

) Dz,tuhﬁ—l (t.tp) = hﬁ—:x—l (t.to)-

Proof. (1) According to Definition 28 and Theorem 27, we
have

IZ,tO hﬁ—l (t’ tO)

= (hoc—l (to) * h[;—l ( to)) (t) = hzx+[371 (t.to).
(2) By Definition 31, it is obtained that

(52)

(53)

Dz,tohﬁ—l (t» to) = DrAnIZt_Oah[s’—l (t) to) = Dmhm+ﬁ—a—1 (t’ to)-
(54)

Then
Dmhm+ﬁ—a—1 (tty) = hg_a-1 (t.to). (55)
L]

In particular, if § = 1, « > 0, then the Riemann-Liouville
fractional A-derivatives of a constant are, in general, not equal
to zero:

Dy, 1=h_(tt,) (0O<a<l). (56)
On the other hand, for j = 1,2,...,m,
Dz)toha_ i) =0. (57)
In fact,
Dz,toh«x—j (t,s) = DZ’IZ;U“ha_j (t,s)

(58)

= DV'h

AP (£,5) = 0.

From Theorem 36, we derive the following result in [3] when
T=R.

Corollary 37 (see [3]). Ifa > 0 and 3 > 0, then

« . I'(p)
(Iu+(t—a)ﬁ 1)(X) = m(x—a)ﬁ ! ((X > 0),
(D% (t-a)f ") (x) = %(x —a)f 7 (620).

(59)



In particular, if § = 1 and o > 0, then the Riemann-Liouville
fractional derivatives of a constant are, in general, not equal to
zero:

(D5, 1) (x )_% 0<a<l). (60)
On the other hand, for j = 1,2,...,[a] + 1,
(DE,(t—a)* ) (x) = 0. (61)

As to the fractional sum and difference, we have the
following result, which is an improvement of Lemma 3.1 in

(1].
Corollary 38. Let € R\ {...,-2,-1}. Then
M) A7t -a)® =t -a),  fortza-[-v],
(2) A (t- a)¥ = ‘u(v)(t — ), fort>a+1.

(62)

Lemma 39 (Taylor’s formula). Let n € N. Suppose that the

n n-1
function f is n times differentiable on T° . Let o € T* ,t € T,
and t > «. Then one has

@O =Yhtw @ +J h (6o @) 2 () Ar.
k=0 @

(63)

Proof. Let g(t) := wa1 (). Then f solves the initial value
problem

Aogw), =@, o0s<ksn  (64)

Note that the Cauchy function for yAn+l = 0is
y(t,s) = h,(t,0(s)). By the variation of constants formula
in Theorem 7,

JF@O=u)+ J; y(t,o (1) g (1) AT, (65)
where u solves the initial value problem
u (@ = (@),
= Y (@) £ (@), set

An+l

ut =0, 0<m<n. (66)

To validate the claim that u(t)

i k
w(t) =Y h(ta) f* (@) (67)
k=0
By the properties of I (£, @), 0" (£) = 0. We have moreover
that
t) = Z b () 2 (), (68)
k=m
so that

o @ = Y b ) 2 @ = @, (69)

k=m

for 0 < m < n. We consequently have that w also solves (66),
whence u = w by uniqueness. O

Abstract and Applied Analysis

Lemma40. (1) Fora > 0,n = [a]+1, let f be a function which

is n times A-differentiable on T with f " vd-continuous over
T, and it is valid that

Ine, f @)

n-1 X N
= thﬂx (o) £ (to) + (hnﬂxq (o) * ) ().
k=0
(70)

(2) Fora > 0, n = [a] + 1, let f be a function which is
n times A-differentiable on T with f*" rd-continuous over T
and Di’to f exists almost on T, and it is valid that

Dy, f ®
A A" 71)
= th « t to to) ( n—oa—1 (" to) * f )(t)~

Proof. By Taylor’s formula

£O=Fh0) 1% 0+ [ by €a@) @

(72)
we have
n-1 i
IZ‘,th (t) = thm (t> to) fA (to)
k=0
+ (htx—l (to) * (hn—l (to) * fAn)) ()
n—1 i
= thﬂx (t7 to) fA (to)
k=0 (73)

t (s (o) # ey (580)) * F27) (1)
= Y e (1) (1)

+ (hochn—l ("tO) * fAn) (t).

Besides,

Dy, f ()= DY f (1)

n-1 X
th+m—a (t’ tO) fA (tO)

k=0

+ (hm+n—¢x—1 (" tO) * fAn) (t)

_th“ t tO A t0)+( n-o— 1( tO) f )(t))
(74)
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where

DrAn (hmﬂdﬂxﬂ (" tO) * fAn) (t)

= (hn—oc—l (" tO) * fAn) (t) + zhm+n—¢x—l—k (tO’ tO) gAWkk

k=0

= (Bt (10) * ) ).

(75)
O

When T = R, there is the following corollary.
Corollary 41 (see [3]). Let « > O and n = [a] + 1. If

y(x) € AC"[a,b], then the fractional derivative D, y exists
almost everywhere on [a, b] and can be represented in the form

n—1 (k)
@ Yy @ ke
(Diy) () = 2Tk Y
(76)
L1 r Y (t) dt
I*(n_(x) ; (x_t)rx—nﬂ'

Theorem 42. For « > 0 and 3 > 0, then (Ig)tolf’tof)(t) =
(Il ().

Proof. According to Definition 28, Theorem 20 and 27,

(IZ,tOIf,tOf) (1) = (hoc—l (o) * (hﬁ—l (nto) * f)) (t)
= ((hrx—l (nto) * gy (- to)) * f) (t)

= (apor (o) = £) @®) = (I £) ).
(77)

O

Theorem 43. For o« > 0, n is a positive integer; if f is A-
differentiable and the highest order derivative is rd-continuous
over T, then it is valid that

(1) DyDy, f(t) = Dy f (1),
(2) DALY, f(6) =I5, F (8).

Proof. (1) Suppose that f is a function which is s times

A-differentiable on T* with f A" rd-continuous over T. By
Lemma 40(2),

DyDj,,f (®)

=D} ihkfix (t.to) fAk (to) + (hsflftx (tp) * fAs) ()
k=0

(78)

s—1

= th—(x—n (t’ tO) fAk (tO) + (hs—l—oc—n (" t()) * fAs) (t)

k=0
= Dy f ®).
(79)

By a similar way, we can get (2). O

When T = Z, we have the following corollary.

Corollary 44. Let f: N, — R be given. For any k € N, and
pu>0 withM —1 < u < M, one has

NAFF@) = A F @), fort=a-[-p],

AN () = A F (1), fortza+ .

(80)

Theorem 45. For o > 0, n is a positive integer; if f is A-
differentiable and the highest order derivative is rd-continuous
over T, then it is valid that

n—1 k
(1) DYEf (&) =Dy, Dy, f () + Y oy (t:ty) £ (&),
k=0

n-1

(2) D F () =15, Dy f O+ 3 Mran (ta10) £~ (1)
k=0
(81)

Proof. (1) In the proof of Theorem 43(1), if we take s = n+m,
then we have

DDy, f (£) = Dy f ()

n+m—1

= Z hk—(x—n (t’ tO) fAk (tO) (82)
k=0
+ (hs—l—tx—n (" tO) * fAs) ().

As D, f(t) is m times A-differentiable on T we have

m—1 «
Dy, (DAf 0) = Y I (t.t0) f* (to)
k=0 (83)

+ (h—oc+m—1 (" tO) * fAS) (t) .

By (82) and (83), if f is at least n times A-differentiable with
the highest order derivative rd-continuous over T, then we
have

DDy, f (t) = Dy, (DA f (1)

n—1 Ak (84)
+ Zh—a—n+k (t’ tO) f (tO) .
k=0
Thus
DDy, f () =Dy, (Dyf (1) (85)
is valid if and only if
P (t)=0, k=0,....n—1. (86)
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(2) Similarly, we have
m-1 k+n
DZf (t) = thﬂx (t’ to) fA (tO)
jr
+(oc+m1( tO) f )(t):
D; IAt f®= IZt:f (t) (87)

n+m-—1
Z hk+0¢ n(t t())f (tO)
+<tx+m1( tO) f )(t)

Therefore

k
DXIZ,tOf (t) - I DAf (t) + thﬂx n t t()) . (tO) .
(88)
Provided that f is at least n times A-differentiable with the

highest order derivative rd-continuous over T.
Thus

Dyly, f®) = Iy, Dy f (6) (89)

is valid if and only if
M(t)=0, k=0,....n—1. (90)
O

In particular, there are corollaries for T = R and for T =
Z.

Corollary 46 (see [3]). Let « > 0 and 3 > 0 be such that
n-l<a<nm-1<pf<mmmeN)anda+p <n,
andlet f € L,(a,b) and f,,_, € AC"([a,b]). Then one has
the following index rule:

(D5, DL f) () = (D3P £) (%)
_S(DF (x-a)y 7 OD
2 (PN e T

Corollary 47. Let f: N, — R be given. For any k € N, and
v >0,

_ Akfuf (f) _ kil Ajf (a)

(v=k+j)
[ A t_ S
FOF(v—k+j+1)( %)

AJAF ()

fort>a—[-v].
(92)
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Theorem 48. Let f be A-differentiable and let its highest order
derivative be rd-continuous over T. When o, § > 0, M = [B] +
1, one has the following:

1) (DR, I8, ) O = (15F) f @),

@ (15, D8, f) O = (DA2) f (@) )

Zha W (b)) DR S (t).
Proof. According to Theorem 42 and (24), we have
(D5, 15, ) @ = (DY PIE, £
= D} (Mptrapot (5 10) * 9) (®)
= (Mo g1 (5t) % g) (©)
= (I3) £ ®).

(94)

In addition,
15, DN, f () =I5, DYV P £ (1)
= DY'I3, Iy, f(t)
M-1

- ZhanJrk (t.tg) D, k+ﬁ Mf (to) )
k=0

=L - Zha K (tt) DY f (t).

O

As a direct corollary of Theorem 48, we get Lemma 2.5 in

[3].

Corollary 49 (see [3]). Let R(a) > 0, n = [R(«)] + 1, and

let f,_o(x) = (I, )(x). If f(x) € L,(a, b) and f,_,(x) €
AC"[a, b, then
f(” J) )
_ _ AN
(I%,D%, f) (x) = f (x) Z rn 1)(x a)*’  (96)

holds almost everywhere on [a, b].

For fractional sum and difference, there is also the follow-
ing theorem in [1].

It is different from Theorem 3.3 in [1],
Theorem 48, we can get the following corollary.

and from

Corollary 50. Let f: N, — R be given. For any k € N, and
vu>0withM—-1<pu<M,

AJAGS (®)
- M-1 J(Mﬂf(a) o (97)
_ AMU _ Za S\ \(W-M+))
= AV F (1) ]Zo (U_k+]+1)(t a) :
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Next, we will give the Laplace transform of fractional
integral and derivative on time scales.

Theorem 51. (I) Let « > Oand f : T — R be locally A-
integrable. For s,t € T witht > t, one has

2113, f ®} (z.t,) = Z%Sf {fO}(z.t,). (98

(2) Letaw > 0and f: T — R be locally A-integrable. For
to,t € T with t > s, one has

Z{D},. f O} (z.to)
(99)
=2°Z{f O} (2. ty) - ZZ] 'D Atof(t())

j=1

Proof. (1) According to Definition 28 and convolution theo-
rem, we have

LI, f O} (zt0)
= L {(hey (510) * £) O} (2:0)
= L by (B10)} (2,80) Z{f (O} (2,1)
= L1 W ato).

(2) By Definition 31 and (26) and taking the Laplace
transform of fractional integral into account, we get

2{Dg, f ®)} (z.t,)

= 2D}, I F ()} (2.1)

(100)

= "L f 0} (2.1) - sz DI f (to)

= Z{f )} (z,t,) - sz a IDJ mwf (to)

j=0

Z{f 0} (z.t0) - ZZJI At (to) -
(101)

5. Cauchy Type Problem with
Riemann-Liouville Fractional Derivative

In this section, we consider Cauchy type problem with
Riemann-Liouville fractional derivative

Dy, y®)=f(ty®) (a>0), (102)
Dify(t) =t (k=1l...m=-[-al).  (103)

In the space L, [a, b) defined for « > 0 by
Ly [a,b) ={y e L [a,b): D}, €Lyla, bl.  (104)

Here Lp[a,b) := Ly,la,b) is the space of A-Lebesgue
summable functions in a finite interval T := [a, b)y.

In the following, we prove that Cauchy type problem and
nonlinear Volterra integral equation are equivalent in the
sense that if y(t) € L,[a,b) satisfies one of these relations,
then it also satisfies the other.

Theorem 52. Leta > 0, m = —[—-a], T := [a, bly, to,t € T

Let G be an open setin R andlet f: TxG — R be a function

such that f(t,y) € Lpla,b) forany y € G. If y(t) € Lpla,b),

then Cauchy type problem (102) and (103) is equivalent to
YO = Yhog (bt b+ I, f(y®) . (109)

k=1
Proof. First we prove the necessity. We apply Iz,to to both sides
of (102) and get by Theorem 48

Iy, Dy, y(t) = y(t) - kzha k(1) DYy (t)
(s ) = 16O, (106)
=1y, f(ty®).
Thus
y(t) = kiha_k (tto) b+ Ix, f (67 (1)) (107)

Now we prove the sufficiency. Applying the operator D}, to
both sides of (105) and by (57) and Theorem 48(1), we have

Dy y (6) = Y Di, ho i (1) by
k=1

108
SDE I fy@)
=ft.y®).

Now we show that the relations in (103) also hold. For this,
we apply the operators DZ;}: (k = 1,...,m) to both sides of

(105):
Dy fy (t)
= Z Ztkh (t’ to) bj + Dy, t]:IAt fty®)
j=1
< m—k b k (109)
= ZDAtO Jhe (1) by + Iy, f (6 y ()
j=1
= Z rAntkhm ](t tO)b +1 ,tof(t’y(t))'
j=1
Since
0, k< j,
qu;okhm—j (t’ tO) =1L k=j,
by (t.tg), k> j, (110)
Kyt =b, (k=1,...,m).
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O

In the following, we bring in Lipschitzian-type condition:

fty )= fty, ) <Ay ) -y, @), (1)

where A > 0 does not depend on t € [a, b);. We will derive
a unique solution to the Cauchy problem (102)-(103).

Theorem 53. Let the condition of Theorem 52 be valid, let
f(t, y) satisfy the Lipschitzian condition (111), and | f(t, y)| <
M, AF, (A t,t,) is defined on T := [a,bly, where A is
the Lipschitzian constant in (111). Then there exists a unique
solution y(t) to initial value problem (102)-(103) in the space
L% [a,b).

Proof. Since the Cauchy type problem (102)-(103) and the

nonlinear Volterra integral equation (105) are equivalent, we

only need to prove that there exists a unique solution to (105).
We define function sequences:

W=y @O+, fEya @) (=12...,), 112)
where

Yo 1) = D oy (t:10) by (113)
k=1

We obtain, by induction that,
1 (6) = yio1 (O] < MA™ g, (8,8) (114)
In fact, for I = 1, as | f(t, y(¢))| < M, we have
1 (8) = yo (D] < MI, o (t:t0) = My (1) (115)

If
[y (8) = yp (O] < MA Ry, (B8),  (116)
then
1) =y 0] < A(I3, [y = 31a]) @)
< A(I5, MAhy ), (+t0)) (8)
l 117)
= MA™! (IZ,toh(l—l)a ( to)) (t)
= MA™'hy, (1,1,).
Let

y®) = lim (56 =y 0) =Y (1 ®) =y ), (18)

I=1

and we have
Y1y ® -y, 0] < Y MA by, (1.1,)
I=1 =1
M (oe]
- XZAlhla (t,t,)
=1 (119)

MI
— > A'hy, (b,t
< A; loc( 0)

M
= [ sFor (AD1) - 1],

Abstract and Applied Analysis

By Weierstrass discriminance, we obtain y,(t) convergent
uniformly. Next we will show the uniqueness. Assume that
z(t) is another solution to (105); that is,

z(t) =y (1) + I3, f (2 (1)), (120)
As
|f (ty )] < M,
(121)
lvo 1) -z (O] < I3, |f (t.z ()] < Mh, (t.t,).
If
Ly, () = z (1) < MA™ 'y, (8, 1,), (122)
then
i -z®)] < (Ia, 1f Gy O) = FzON) O
< (I, Aly —2]) @)
< (I3, AMA™ y, (1)) () (123)
6 MAI (Ig,tohloc (" to)) (£)
= MA'hgy ) (t,1)
By mathematical induction, we have
Iy (6) = 2 ()] < MA'hy, 1) (8 10) (124)

and then get z(t) = y(t) owing to the uniqueness of the limit.
This completes the proof of the theorem. O

Next we consider the generalized Cauchy type problem:

DY, y(®) = f(ty®,Dy, y(®,....DY, y(®))

0=ay<a < <y<a),

(125)

DZ;’jy(to)=bk k=1,...,n,n=[a] +1).  (126)

Theorem 54. Let f : [a,b); x G — R be a function such

that f(t, v, y1»..., y1) € Lola,b) forany (y, y,...,¥) € G. If
y(t) € Lpla,b), then y(t) satisfies a.e. the relations (126) and
(125) if and only if it satisfies a.e. the integral equation

y(t) = Zhoﬁk (t.t0) by
k=1
+ (I3, f (r.y (@), DY, y(@),.... DY, y(D)) (©).
(127)
Assume that f satisfies generalized Lipschitzian condi-

tion

z)| <A

|f &y yom) = f (6220

1
Sy |] |
j=1

(128)

According to Theorem 54 and by a similar proof to that
of Theorem 53, we have the following theorem.
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Theorem 55. Let the condition of Theorem 54 be valid and let
[t v, y15. .., ¥,) satisfy the Lipschitzian condition (128). Then
there exists a unique solution y(t) to the generalized Cauchy
type problem.

6. The Dependency of the Solution upon
the Initial Value

We consider fractional differential initial value problem
again:

Dyy® = f(ty®),

3 (129)
DA,tOy (fo) =1
where 0 < o < 1.
Using Theorem 52, we have
y () =nh,, (61,) + (IZ‘JO fmy@))®. (130)

Suppose that z(t) is the solution to the initial value problem:
Dj.y ) = f(t,y @),
Di,toy (to) = 7.

We can derive the dependency of the solution upon the initial
value.

(131)

Theorem 56. Let T := [a,bly, ty,t € T and suppose that f
satisfy the Lipschitz condition; that is,

lf z®) - f(tLy®)| < Alz@) -y (@) (132)
Then one has
|Z (t) -y (t)| = Iﬁ - ’7| AF(x,oc (A’ b, tO) . (133)

Proof. By the proof of Theorem 53, we know that y(t) =
lim,, , o ¥,,(t), z(t) = lim,, , o, 2,,(t), where

Yo () = nhyy (6:10),
I (©) = 30 &)+ (In, £ (T, et (0)) (),
zo (t) = hy_, (£,15),
2 (1) = 20 (O + (I8, f (1,204 (1)) ().
Using the Lipschitz condition, we have
EROESAG]
< |1 =1l oy (t:10)
+(Ing, 1f (120 @) = £ (1. 70 D)]) (1)
< 711l ot (t:0) + (I, Al2o (0 = 3o (D) ®
= [77 =1l oy (Et0) + 1= 1] A (T g s (7:0)) ()
= {71 = 1 By (t:10) + |77 = 1| Abggy (8 0)
= {71 = 1] [Bas (t:10) + Al (t:1)] -

(134)

(135)

11
Suppose that
|Zm—1 (t) ~ Vm-1 (t)|
m-1l (136)
< |ﬁ - ’7| Z Ajhjaﬂx—l (t’ t()) .
=0
Then
|Zm (t) ~Vm (t)l
s lﬁ - ’7| oy (t10)
(I |f (0201 @) = £ (5 yms @)]) )
< lﬁ - ’7| oy (t10)
+ (IZ,tOA |Zm-1 (T) = Yot (T)l) (t)
< |77 1| By (.10)
m—1 .
+ (IZ,tOA Iﬁ - ’7| Z Ath(eroc—l (T’ tO)) (t)
=0
= |ﬁ - ’7| oy (t:t0)
m—1
+ Al =1 Y A (I3, Hiara (710)) (0)
=0
= |ﬁ - ’7| oy (t:t0)
m—1
+ |ﬁ - ’7| Z AJ+1h(j+1)¢x+tx—1 (t.t,)
=0
= |ﬁ - 77| ZAjhjoc+o¢—l (t’ tO) .
=0
(137)
According to mathematical induction, we have
lzm (t) - Ym (t)| < |ﬁ - ’1| ZAjhjaﬂx—l (t7 tO) . (138)

j=0

Taking the limit 1 — 00, we obtain that

l2@®) =y O] < [1-1] Y A hjgpeer (£10)
=0 (139)

< lﬁ - ’7| AFoc,oc (A’ b’ tO) .
]

As a special case, when fractional equation is linear, we
can obtain its explicit solutions and we will explain it in next
section.
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7. Homogeneous Equations with
Constant Coefficients

In this section, we apply the Laplace transform method to
derive explicit solutions to homogeneous equations of the
form

ZAk[ Yy O]+ Agy ) =0
(140)

(t>tymeN;0 < < <a,,)

with the Liouville fractional derivatives DZ’}O yk =1,...,

m). Here A, € R (k = 0,...,m) are real constants, and,
generally speaking, we can take A,, =

In order to solve the equation, we need the following
Laplace transform formula:

2{D5,y ®} (z.t)) = 2" 2 {y (O} (z.1y)
1
-y
j=1

d; =Dy (t) (j=1L....1).

(141)
(I-1<ac<leN),

(142)

First, we derive explicit solutions to (140) with m = 1:

Ay =0 (t>tpl-1<a<lleN;AeR).

(143)

D Z,toy (t) -
In order to prove our result, we need the following definition

and lemma.

Definition 57. 'The function W,(t) is defined by

W, (1) = det(Df2y) ), (n=lal+Las<t<b).
(144)

Lemma 58. The solutions y,(t), y,(t),..., y,(t) are linearly
independent if and only if W, (") # 0 at some point t* € [a, b].

Proof. We first prove sufficiency. If, to the contrary, y;(f) (j =

1,2,...,n) are linearly dependent on €, then there exist n
constants {cj};’:l, not all zero, such that

G

(CresHIC) N 0 (145)

Cn

holds, and thus W, (t) = 0 which leads to a contradiction.
Therefore, if W, (t")#0 at some point t* € Q, then
Y1), y,(t), ..., y,(t) are linearly independent. Now we prove
the necessity. Suppose, to the contrary, for t € Q, W, (t) = 0.
Consider

(146)

(( Aty])( ))kjl =0,

Abstract and Applied Analysis

G
o
wheret” € Q,C = < . ) As W_(t") = 0, the equations have

G
nontrivial solution ¢; (j = 1,2,...,n). Now we construct a

function using these constants:

y(t) = Z ¢y (1), (147)

and we get that y(¢) is a solution. From (146), we obtain that
y(t) satisfies initial value condition

(ngt’o‘y (t")) =0,

However, y(t) = 0 is also a solution to equation satisfying the
initial value condition. By the uniqueness of solution, we have

2671 =0,
=

and, thus y;(t) (j = 1,2,...,n) are linearly dependant,
which leads to a contradiction. Thus, if the solutions y,(¢),
Y, (), ..., y,(t) are linearly independent, then W, (t*) #0 at
some point t* € Q. O

k=1,...,n (148)

(149)

There hold the following statements.

Theorem 59. Letl -1 < a <[ (Il € N)and A € R. Then the
functions

Vi) = Foa1-; (At to)( Z/\kilkaﬂx—j (3 to)) (150)

k=0

(j=1...,0)

yield the fundamental system of solutions to (143). Moreover,
}’j(f), j=12,...,1 satisfy

a—k . .

Dy yi(t)=0 (kj=1....Lk#j),

; (151)
Dy ity (to) =1 (k=1,...,0).
Proof. Applying the Laplace transform to (143) and taking
(141) into account, we have

! 21
[y} (z.t,) = de — (152)
=1
where dj (j=1,...,1) are given by (142).
Formula (49) with f = a + 1 — j yields
2! o
"CZ{A a,o+1— ](Atto)}(z’to)zza_A (|A|<|Z| )
(153)

Thus, from (152), we derive the following solution to (143):

1
y(t) = zd]y] (t)’ y] (t) A tx(x+1 -j (A £, tO) (154)
j=1
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It is easily verified that the functions yj(t) are solutions to
(143):

Dy, [A aatl— J(}Lt’to)]

=\ F (Mt ty)

AT aatl-j

(155)
(j=1...,10).

In fact,

Dz,to [A a,ot1l— ] /\ £, to)] Ato [ZAkhkoﬁa—j (t>t0)]
k=0

> Mhpe; (,t0)
=0

N ke
= Z AT Riesnyaej (t: 1)
k=1

= 2 (t,t,)

(oe)
+ Z/\kﬂh(kﬂ)a—j (t.to)
k=0

=AY Mhypas (t:10)

k=0
=AA o,o+1— ](/\ t to)
(156)
Moreover,
Di}fyj (t) = Dg‘t’ﬂ‘ [Z Nhe o i to)]
s=0
(157)
= ZAshso&k—j (t’ to) .
s=0
It follows from (157) that
DAty](tO) 0 (kj= Lhk>j),
k (158)
Dy ity (to) =1 (k=1,...,0).
If k < j, then
DSy (1) = Y Mg (1:1,)
s=1
(159)

00 1
= Z/\S+ hstx+tx+k—j (t’ tO) >

s=0

andsincea+k—j>a+1-1>0foranyk,j=1,...,1, the

following relations hold:
DS fyi(tg) =0 (ki j=1,....Lk<j). (160)
By (158) and (160), W, (t,) = 1. Then yj(t),j =1,...,1,
yield the fundamental system of solutions to (143). O
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Corollary 60. Consider that
Dy, y®) -y =0 (t>t;0<a<l;AeR) (161)

has its solution given by

7 = yFau (btto), (162)
while
Dy y®) -y =0 (t>tl<a<2AeR) (163)
has the fundamental system of solutions given by
=, aa(A tty), Y2 (1) = (\Fya- (At tg).
(164)

Next we derive the explicit solutions to (140) with m = 2
of the form

Dy, y (®) = ADS, y () py (1) =

(165)
(t>tpl-1l<a<lhleN;0<fB<a)

with A, u € R.

Theorem 61. Let [ -1 < o <1 (I € N),0 < 3 < &, and
A, p € R. Then the functions

oo  k
y =Y B g (Mtty)  (166)
k

~ kI OAF &

yield the fundamental system of solutions to (165) provided that
the series in (166) are convergent. Moreover, ifa +1—1> 5 >
I =1, then y;(t), j = 1,2,...,1, in (166) satisfy (151).

Proof. Let m — 1 < B < m(m < Im € N). Applying
the Laplace transform to (165) and using (141) as in (152), we
obtain

I i1

Zz t s ty) = d,—

{y 0} (z.ty) ]; e v

= ngjy(to) _ D
Dyl y(ty) (j=m+1,...,0).

For z € C and [uz#/(z"F - )| < 1, we have

where d :

1 _zF 1
AP - 2P - 1-uz P/ (z2F-))
o kg Bk

i=o (2P - A)kﬂ ,

(168)

and hence (167) has the following representation:

LI 1-Bk

o (169)

1 00
Z{y®} (z.t0) = Yd; )
j=1 k=0
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By (51), for z € C and [AzF7*| < 1, we have

LI 1Bk La-B)~(atkp1-))
(Za_ﬁ _ A,)k+1 - (za_ﬁ _ A)k+1
ak
= k_g {akk AFa —Boctkfp+1- ](A £ t())]> (Z’to)-

(170)

From (169) and (170), we derive the solution to (165) as
I
y(6) =Y dy; (1), a71)
=1

where yj(t) (G = ., 1) are given by (166). For q,j =
., 1, the direct evaluation yields

DZ;ZJ’J' ()

w
Atoz Kl Ok A Foparkpri-j (A t,ty)

S Mk ak 5 (172)
= ;)FW Ato ZA s(a—p)+a+kf— ;(t t())
S 7
Z k_ ZA s(a—P)+kp+q—j (t’ tO) .
For g > j, ngzyj(to) = 0,and for g = j, DZ;Zyj(to) =

1. Thus we have W,(t,) = 1. It follows from Lemma 58
that the functions yit), j = 1,2 .,1in (166) are linearly
independent solutions, and then they yield the fundamental
system of solutions to (165). Furthermore, if g < j, then we
rewrite (172) as follows:

Diy0y; () = Dy iho (1)

00
+ sths(zxfﬁ)ﬂrj (t’ tO)
s=1

Z k! aAkhkﬁ+q -j (t tO)

akoo

(&) ‘[/l o

s(a B)+kp+q-j (t tO)

Ifa+1-1>p>1-1,thens(a—f)+gq-j= (x—p)+1-1>0
fork=0,q9,j=1,....,L,seN",andkB+q—j=B+1-1>0

Abstract and Applied Analysis

for s=0,9,j=1,...,1,k € N*. Besides, we also have s(a —
B +kB+q-j= (oc—ﬁ)+ﬂ+1—l—oc+1—l > 0 for
¢j=1,....,,s;k € N*. These imply that DM yi(t) = 0.
Thus the relatlons in (151) are valid. The proof is ﬁmshed. ]

Corollary 62. Consider that

DS, y () - ADK, y(t) =

(174)
(t>tpl-1<a<hleN;0<B<a)
has its fundamental system of solution given by
Yi®)= \FopanjMtite) (j=1...1).  (175)

Finally, we find the explicit solutions to (140) with any m €
N\ {1, 2}. It is convenient to rewrite (140) in the form

m—2

DS,y () -ADS, y(t) - Y ADS, y(t)=0
k=0
(176)
(t>tymeN\{1,2};0 =0y < o

< <@y, <PB<aAAg... A, €R).

Theorem 63. Letm € N\{1,2},I-1 <a <I (I € N), let fand
0.y, o besuchthata > B> o, 5 > >0 >0 =0,
andlet A, Ay, ..., A,,_, € R. Then the functions

< 1
(0= —
Vi nZ(:) <k0+~~§m_2—n> ko! o km*Z!

an

i aFacpari—pes (g e (b 1 To)

177)

yield the fundamental system of solutions to (176) provided that
the series in (177) are convergent. The inner sum is taken over

allky, ..., k,_, € Ny such thatky + - -- + k,,_, = n. Moreover,
ffat+t1-1>B>a,,+1-1thenyt), j=12,...,1in
(177) satisfy (151).

Proof. Letl, -1 <pB<l, L -1<a <l (k=1,...,m-

2,0< <--- <1, <I). Applying the Laplace transform to
(176) and using (141) as in (167), we obtain

j—1

!
0} (z,t,) d;
LU0} =) T 26— 2P - Y2 Az

j=1

, (178)
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where

dj= DZ,Z)’ (to) - /\Dﬁjti)’ (to)
—ZA DY Ty (t)) (j=1....L),

dj = DZ;{,)’ (to) - /\DAt )’(to)
m—2

- ZAkDZf;ij (to) (=hL+1...L),
k=2

dj = Dz;é)’(to) - /\Dﬁ}jy (t)) (G=luatLlyy),
d; =Dy y(t)) (j=lua+1....0).
179)
Here ZZ mAr = 0(m > n). For z € C and
| S Az P 1(z%7F — )| < 1, we have
1
Azﬁ Zk -0 AkZ“k
_ zF 1
z0 B _ ) (1 _ ;;n;oZAkZak—ﬁ/ (z%P - )\))
3 [
— O~
_,;)(z“ﬂ Am(ZAZ > (180)
n=0 \ ko+--+k,,_,=n kol - - Koy s!
m=2 7 BE (Ba
x 1_[ n+l °
v=0 ‘X_ﬁ - /\)
if we also take into account the following relation:
(X0 + -+ Xp0)"
(181)

1 m—2
i
a ... ] v’

I ko! Ko v=0

where the summation is taken over all k, . ...
thatky +--- +k,,_, = n.
In addition, for z € C and |AzF™*

I 1B-E (Ba )k,

yk,, 5 € Ny such

| < 1, we have

(za_ﬁ _ A)VHI
2@ B+ T (B, )k,
- (Z‘x_ﬁ _ A,)n+1

1 o
= %t {W oFacpariojerzd -ap, M5 to)} (2).
(182)
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From (178), (180), and (182), we derive the solution to (176),
as

1
y () =Y dy; (1), (183)
=1

which shows that arbitrary solution y(¢) can be expressed by
yi(),j=1... , I, where ¥ (G=1,.. ., 1) are given by (177).
For g, j =1,...,1, the direct evaluation yields

Dy ®)

3 00 1 m—2
= DZ,I‘? {Z ( Z > W H(Ay)kv
n=0 \ ko+-+k,,_,=n 0 m-2 v=0

aﬂ
XW AF“_ﬁ’a"'l_j"'z::]z(ﬁ_“v)kv (A, t’ tO) }

00 1 m—2 B
= - - A"

"
X WDM? [ZAS s(a-P)ra-j+ S0 (B-a, )k, (t’t‘))]

1 m—2 B
= _— Av v
22 e

* WZOA L e SR GLOR
s=|
(184)
For g > j, DZ;Zyj(to) = 0,and forg = j, DZ;zyj(tO) =
1. Thus we have W, (t,) = 1. It follows from Lemma 58
that the functions yj(t), j = 1,2,...,1in (177) are linearly
independent solutions and then they yield the fundamental

system of solutions to (176). Furthermore, if g < j, then we
rewrite (184) as follows:

Dy.1y; (®)

I o
=D A)toha_

i (tto)

o0
+ Y VP52t 2q-s (o)
s=1

1 \ kot p=n kot -+ ks

m—

+

i3

N

B-o,)k,+q— ](t tO)

aA" pa(

v=0

Z 1
1\ kgtetky,_p=n ko! o k”"—z!

+
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m—2 X o
X H(A WZA hs(a—ﬁ)+z;1;2<ﬁ—a7)kv+q_j (f)to)
r=0 s=1
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Asﬁs(a—ﬂ)+q—j (t’ tO)

S 1
P2 <ka > Kol o)

0" ~
thzgz(ﬁfocv)kﬁq— j (t.to)

“
Il
—

X

\ 1
' r; <k0+~~~§m_2_n> kO! e km—2!

m—

S}

W;A s B+E (Ba )k, +q-j (t:19) -
(185)

k

v

=0

fa+1-1>B>a,,+l-1thens(wa-f)+q—-j =
(@a-pB)+1-1>0forn=20,qj=1,..,Ls €N, and
Z:,":_Oz(ﬁ—ocv)kv+q—j2ﬁ—ai+l—lzﬁ—ocm_2+l—l>
0fors =0, q,j = 1,...,L,n € N*. Besides, we also have
5(“ B)+ Y (B- “)k +tg-j2@-P +f-a+1-12

-B+B-a, 2+1—l>0forq,]—1 lsnel\fr
These imply that D Aty yJ(tO) = 0. Thus the relations in (151)
are valid. The result follows. O

8. Nonhomogeneous Equations with
Constant Coefficients

In Section 7, we have applied the Laplace transform method
to derive explicit solutions to the homogeneous equations
(140) with the Liouville fractional derivatives. Here we use
this approach to find particular solutions to the correspond-
ing nonhomogeneous equations

m
Y ADY, y () + Agy (1)
k=1 (186)

t>t;0<a, <--<a_;méeN
0 1 m

=f(®
withreal A, e R (k=0,...,m).

By (141)-(142), for suitable functions y, the Laplace
transform of D}, y is given by

2Dy, y O} (2.t) = "L {y O} (.t,).  (187)

Applying the Laplace transform to (186) and taking (187) into
account, we have

Z{y 0} (z1) = Z{f O} (z:1).
(188)

m
A+ ZAkz“"
k=1

Abstract and Applied Analysis

Using the inverse Laplace transform &' from here, we
obtain a particular solution to (186) in the form

A [ 2 W) (= 0) ]
=< [+ t). 189
y () yoen vy CONNC
Using the Laplace convolution formula
ZA{f * g} (zt0) = Z{f}(z10) Z g} (z:1,),  (190)

we can introduce the Laplace fractional analog of the Green
function as follows:

(191)

and we can express a particular solution of (152) in the form
of the Laplace convolution G, (f) and h,(t,1,):

y® =(f %Gy o )(®).

Generally speaking, we can consider (186) with A,, = 1. First
we derive a particular solution to (186) with 2 = 1 in the form

Dy, y ()= Ay(®) = f ()

Theorem 64. Let o > 0, A € R. Then (193) is solvable, and its
particular solution has the form

y(t (f*Aaa(AStO))()

provided that the integral in the right-hand side of (194) is
convergent.

(192)

(t>ty;>0).

(193)

(194)

Proof. Equation (193) is the same as (186) withm = 1, &y = «,
and A; =1, A, = —A and (191) takes the form

(195)

G = 2 =0 = B ().

Thus (192), with G, | «, (t) = G,(t), yields (194). Theorem is

proved. O

Next we derive a particular solution to (186) with m = 2

of the form
D}y (6) = ADK, y ()~ uy (1) = £ (1),

(t>tpa>p>0).

py ()
(196)

Theorem 65. Let o« > 3 > 0, A, u € R. Then (196) is solvable,
and its particular solution has the form

Y () = (f * Gapan () (®) (197)
ak
Goc,ﬁ;)t,y (1) = ‘Z' Ak A a Btk (A £ tO) (198)

provided that the series in (198) and the integral in (197) are
convergent.
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Proof. Equation (196) is the same as (186) with m = 2, o, = «,
a,=BA,=1,A; =-Aand A, = -y, and (19]) is given by

{z“—/\z/;—y}(t)'

According to (168) for z € C and Ig/tzfﬁ/(z"‘f‘6 -A)| <1, we
have

Gupt)=Z (199)

) —B-np
Gopp () = P! { Z " (z“-zﬁ—)t)”“ } ®). (200)
n=0 -

In addition, for z € C and I/XZ'B | < 1, we have

ZzFh 0" A
e ——— Lt t
(Z‘x_ﬁ B /\)wrl {B)L” A a—PBa+np ( 0)} (Z 0)
(201)
and hence (200) takes the following form:
' "
aﬁ/ly (t) Z n! a)t" A oc—,B a+nf3 (/\’ t, tO) . (202)

Thus the result in (197) follows from (192) with Gal)._‘,am(t) =
Gopiru(®)- [

Finally, we find a particular solution to (186) with any m €
N\ {1, 2}. It is convenient to rewrite (186) just as (176) in the
form

m—2

DY,y -AD5, y(t) = Y ADY, y(t) - Agy (t)
k=1 (203)

=h, (t.t))  (t>ty)

withm € N\ {1,2},0 < a; < ---
AAg .. A, €R.

< &, , < P < a and

Theorem 66. Letm € N\ {1,2},0 =0y < o; <+ < ¥, <
B<aand letd Ag,..., A, , € R. Then (203) is solvable,
and its particular solution has the form

() =(f *Gap o par ) (®) (204)
Gocl,...,acm,z,ﬁ,oc;}t (t)
$(.3 et
n=0 \ ko+-+k,_,=n 0" " P2
m—2 B an
" E(A“) "| o aFeparziip-agn, (b tto)
(205)

provided that the series (205) and integral in (204) are
convergent. The inner sum is taken over all ky, ..., k,,_, such
thatky+ -+ k,,_, = n.
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Proof. Equation (203) is the same equation as (186) with «,,, =
an,  =pBA,=1..,A -A, and with —A instead

m-1 =

of A  fork =0,...,m— 2. Since &, = 0, (191) takes the form
G ) =" { L } )
O 5eeesOpy 5350654 A(xﬁ Zk : Akz‘xk .

(206)

Forz € C and | ZZ:OZ Akz“"fﬁ/(z“fﬁ — )| < 1, in accordance
with (180), we have

Go‘l 2ot (t)

.....

_ g S n!
{r;) <ko+-~»+zkm_2—n> kO! e km—Z!

[m 2 ] g S (=
X

H v) T/\)"”}(t)'

v=0
For z € C and |Az#™%| < 1, we have

(207)

2 BT Bk,
(Z‘x_ﬁ _ A)n+1

an
) _g{am aFaparsi-ak, (A t, to)} (z:0)-
(208)

The proof is finished. O

As in the case of ordinary differential equations, a general
solution to the nonhomogeneous equation (186) is a sum
of a particular solution to this equation and of the general
solution to the corresponding homogeneous equation (140).
Therefore, the results established in Section 7 and in Section 8
can be used to derive general solutions to the nonhomo-
geneous equations (193), (196), and (203). The following
statements can thus be derived from Theorems 59, 64, 61, 65
and Theorems 63 and 66, respectively.

Theorem 67. Letl—1 < a <1 (I € N), A € R. Then (193) is
solvable, and its general solution is given by

y(t)—Z CinFaarr-j (Mtte) + £ (), (209)

wherec; (j =1,...,1) are arbitrary real constants.

Theorem 68. LetI -1 <a<l(leN),0<f<a AyuecR.
Then (196) is solvable, and its general solution has the form

1

"o
y(t) ZC Z l a/\” A oc B.at+np+1- ](/\ t, tO)

j=1 n= (210)
+ (f * G(x,ﬁ,)»,p (S)) (t) >
where Ga)ﬁ)w(t) is given by (198) and ¢ (G = 1,...,1) are

arbitrary real constants.
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Theorem 69. Letm € N\ {1,2},[ -1 <a <l (Il e N), let 3
and &), 0, ..., &, 5 besuchthato > B> o, 5 > -+ > a; >
ay=0anda—1+1> B, andlet A, A,...,A,,_, € R. Then
(203) is solvable, and its general solution is given by

1 0
JOEDY))

1
2 kol k, !

j=1 n=0 \ kg+-+k,, ,=r
m—2 K
x [ ](A)"
1_! v (211)
an

5 afapario iz ok, (At to)

where Gy, | o pan(t) is given by (205) and ¢; (j = 1,...,1)
are arbitrary real constant.

9. Conclusions

In this paper, we first give a generalized definition of frac-
tional A-power function on general time scale by inversion
of Laplace transform and shift transform. The fractional A-
power function on a time scale is an important basis of
fractional A-integral and fractional A-differential on time
scales. Then, based on the fractional A-power function,
we give a new definition of Riemann-Liouville fractional
A-integral and Riemann-Liouville fractional A-derivative
on time scales. Some of properties of Riemann-Liouville
fractional A-integral and Riemann-Liouville fractional A-
derivative on time scales are studied in detail. On this
basis, equivalencies of Cauchy type problem with Riemann-
Liouville fractional A-derivative and nonlinear Volterra inte-
gral equation are obtained. By employing Laplace transform,
we derive explicit solutions to homogeneous and nonho-
mogeneous equations of Riemann-Liouville fractional A-
derivative with constant coefficient. We give the conditions
when the solutions of linear fractional differential equation
will be linearly independent and when these linearly inde-
pendent solutions form the fundamental system of solutions.
On the other hand, we know that continuous fractional
differential equation theory and discrete fractional difference
equation theory have been studied by many authors, the
existence and uniqueness of the solution to the boundary
value problems for fractional differential equations have
been studied a lot by many methods involving partial order
method, fixed point method, lower and upper solutions
method, transform method, and so on. For example, for the
recent developments about continuous fractional differential
equations and discrete fractional difference equations, one
can refer to [3, 5-11] and the references therein. However, the
fractional differential equation theory on time scales is still an
open problem. Therefore, the authors believe that the present
work will potentiate further research in the study of fractional
differential equation theory on time scales in the future.
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