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A new certain differential operator T;r,lﬁ,é,it f(2) and a subclass S:‘n’w(oc, B,7v,8,A) are introduced for functions of the form f(z) =

(z—w) - ZE‘;Z a,(z — w)" which are univalent in the unit discU = {z € C : |z| < 1}. In this paper, we obtain coefficient inequalities,
distortion theorem, closure theorems, and class preserving integral operators of functions belonging to the class S},  («, 8,7, 8, A).

1. Introduction

Let H(U) be the set of functions which are regular in the unit
discU ={z € C: |z] <1}, A ={f € HU) : f(0) =
f'(O) -1=0}andS={f € A: fisunivalent in U}.

We recall here the definitions of the well-known classes of
starlike and convex functions:

S*:{feA:Re(%)>0,zeU},

sfz{feA:Re(1+Z;,(Z))>o, zeU}.
Let w be a fixed point in U and A(w) = {f € H(U) :
fw) = f'(w) - 1=0}.

In [1], Kanas and Renning introduced the following
classes:

@)

Sy =1{f € A(w) : f is univalent in U},

STw:SZ:{feSw:Re(%>>O, zeU},
svwzsfuz{fesw:HRe((z_;‘j,)#)m, zeUl».
(2)

These classes are extensively studied by Acu and Owa [2].

The class S, is defined by geometric property that the
image of any circular arc centered at w is starlike with respect
to f(w) and the corresponding class S; is defined by the
property that the image of any circular arc centered at w is
convex. We observe that the definitions are somewhat similar
to the ones for uniformly starlike and convex functions
introduced by Goodman in [3, 4], except that in this case the
point w is fixed.

In fact, several subclasses of S have been introduced by a
fixed geometric property of the image domain. It is interesting
to note that these subclasses play an important role in other
branches of mathematics. For example, starlike functions and
convex functions play an important role in the solution of
certain differential equations (see Robertson [5], Saitoh [6],
Owa et al. [7], Reade and Silverman [8], and Sokét and
Wisniowska-Wajnryb [9]). One of the important problems
in geometric function theory are the extremal problems,
which pose an effective method for establishing the exis-
tence of analytic functions with certain natural properties.
Extremal problems (supremum Re{ f}) play an important role
in geometric function theory, for finding sharp estimates,
coefficient bounds, and an extremal function. The results
we obtained here may have potential application in other
branches of mathematics, both pure and applied. For example
the extremal problems are closely connected to Hele-Shaw
flow of fluid mechanics [10], exterior inverse problems in
potential theory, and many others.



Now let us begin with our definitions as follows.
The function f(z) in S,, is said to be starlike functions of
order y if and only if

z-w) f (2)
ke { [e)

for some y (0 < y < 1). We denote by ST, (y) the class of all
starlike functions of order y. Similarly, a function f(z) in S,
is said to be convex of order y if and only if

(z-w) f" (2)
Re {1 + —f' 2

for some y (0 < y < 1). We denote by SV ,(y) the class of all
convex functions of order y.

It is easy to see that S, denoting the subclass of A(w) has
the series of expansion:

}>y (z €U) (3)

}>y (z € U) (4)

f@)=@E-w+) az-w)" (5)
n=2

For the function f(z) in the class S,, we define the

following new differential operator:
Tf(2) = f (@),
Toponf @ =(1-BA-w) f(2)

+BA-)(z-w) [ (2) +8(z-w)’ [ (2),
T2 ponf (@) = (1= B =) (Tops.f (2)

+BO-a) (z-w) (Thpsnf (@)

"
>

w>

+8(z - w)z(Tolc,ﬁ,é,Af (2))

(6)
andform=1,2,3,....
Togonf (@) =(1-BA-a) (T:,',L;,g,)tf (Z))
FBO - a) (2 —w) (T055,f @)
+8(z ~w (T35, F (@)
=(z-w)+ i [1+n-1)(BA-a)+nd)]"
n=2
x a,(z —w)",

(7)

fora >0,820,6 20,1 >0,andm € N, = NU {0}
It easily verified from (7) that

BO—0) (z~w) (Tls5,f @)
= TZE,%S,/\J( (2) - (1 -B(A- 0‘)) TZ;;,@,,\f (2) (8)

n

8z ~ W) (Tss0f (@)
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Remark 1. (i) When w = § = 0, we have the operator
introduced and studied by Darus and Ibrahim (see [11]).

(ii) When w = « = 6 = 0 and 3 = 1, we have the operator
introduced and studied by Al-Oboudi (see [12]).

(iii) When e = § = 0and A = 3 = 1, we have the operator
introduced and studied by Acu and Owa (see [2]).

(iv) And whena = § = w = 0and A = 8 = 1, we have the
operator introduced and studied by Salagean (see [13]).

With the help of the differential operator Tzﬁ,&/\’ we
define the class S, , («, B3, 7,0, A) as follows.

Definition 2. A function f(z) € S,, is said to be a member of
the class S, (e, B, 7,0, A) if it satisfies

(z~w) (Togonf @) -1
Togonf (@)

, ©)
(z~w) (Tog o0 f ()
T;r,lﬁ,a,;xf (2)

forsome0 <y <1,a>20,>0,6 >20,A>0,andm € N,
and forall z € U.

+1-2y

It is easy to check that S;,(0,1,¥,0,1) is the class of
starlike functions of order y and (0, 1,0, 0, 1) gives the all
class of starlike functions.

Let T, denote the subclass of A(w) consisting of functions
of the following form:

f@)=(z-w)- i a,(z-w)", a,=0. (10)
n=2

Further, we define the class S, («, 8, 7,0, 1) by

S:n,w ((X, ﬁ’ Y’ 6’ /\) = Sm,w (06, ﬁ’ Y’ 6’ A) n Tw' (11)

In this paper, coefficient inequalities, distortion theorem,
and closure theorems of functions belonging to the class
S:n)w(oc, B,9,0,A) are obtained. Finally, the class preserving
integral operators of the form

c+1
(z - w)*

F(z) =

r E-w F@Bdt (c>-1) (12)

for the class S, («, B, y, 8, A) is considered.

2. Coefficient Inequalities

Our first result provides a sufficient condition for a function,
regular in U, tobein S, (e, 3,78, A).

Theorem 3. A function f(z) being defined by (10) is in
Spuw(0 By, 8, A) if and only if

[ee]

Y(n-y)[1+n-1)B(A-a)+nd)]"a,<1-y
n=2 (13)

(meN,),
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where 0 < y < 1. The result (13) is sharp for functions of the
following form:

fu2) = (z-w)

_ 1-y .
) [+ DBy -

(n>=2smeN).

Proof. Suppose that (13) holds true for 0 < y < 1. consider
the expression

M(ff")
= |(Z —w) (T f @) = (Tlponf (Z))l

_ |(z ~w) (T2gaf @) + (1= 2y) (T 5 f (z))| .
(15)

Then for |z — w| = r < 1, we have

M(ff")

Y (n-1D)[1+n-1)B(A-a)+nd)]"
n=2

X a,(z - w)"

2(1-y)(z-w)
—OZO: (n=2p+1) [1+(n-1) B (A-a)+nd)]™
n=2

x a,(z —w)"

>

M(f. f")
< i(n—l)
n=2
x[1+(n-1)B(A-a)+nd)]"a,r"
—2(1—y)+§(n+2y—1)
n=2
x[1+A(n+p-2)]"a,"
<Y 2(n-y)[1+@-1)B(A-a)+nd)]"
n=2

xa,-2(1-y)<0.
(16)

So that f(z) € S}, (o, B, 7,6, A).

For the converse, assume that

(z = w) (Tysonf (2)) ~1
TS (2)

(z - w) (T2, ()
TZﬁ,B,Af (2)

+1-2y

:‘(—Z(n—1)[1+(n—1)[3((/\—(x)+n8)]m

n=2

X a,(z - w)") a7)

><<2(1—y)(z—w)

=Y (n=2y+1) [1+(n-1) B((A-)+nd)]"

n=2

-1
X a,(z - w)")

<1

Since Re(z — w) < |z — w| for all (z — w), it follows from (17)
that

Re{(i(n—l)[l+(n—l)ﬂ(()t—cx)+n6)]m

n=2
X a,(z - w)”)
x (2(1 -y)(z - w)

- i (n=2p+1)[1+(n-1) B(A-a)+nd)]™

n=2

-1
X a,(z - w)”) }

<1
(18)

Choose values of (z — w) on the real axis so that
(z - w)(T;i‘ﬁ’&/\f(z))'/T;','ﬁ,&}tf(z) is real. Upon clearing the



denominator in (18) and letting r — 1~ through real values,
we obtain

(o)

Y n-1[1+n-1)B(A-a)+nd)]"a,

n=2

<2(1-y)

—i(n—2y+1)[1+(n—l)ﬂ((/\—oc)+n8)]man.

n=2

(19)

This gives the required condition. Hence the theorem follows.
O

Corollary 4. Let the function f(z) be defined by (10) and
f2) €S, If feS,, (apBy,08,A), then

1_
a, < Y

"Tn-y)[1+n-1DBA-a)+nd)]™ n>2

(20

The result (20) is sharp for functions f,(z) given by (14).

3. Distortion Theorem

A distortion property for functions in the class f €
(@ B, 7,8, A) is contained in

Theorem 5. Let the function f(z) one has defined by (10) be
intheclass f €S, («,B,y,8,A). Then for |z—w| =7 < 1, we
have

I-y "
-y [1+B(A-a)+28)]"

<|f @)

<r+ 1_V mrz
2-y)[1+B((A-a)+20)]

2(1-y) .
-y [1+B(A-a)+28)]"

| o)

(21)

<1+ 2(1_)}) r.
2B - +20)]"

Proof. Since f € S, (a, B,7,0,A), Theorem 3 readily yields
the inequality

(]

I-y
,,;“” S+ A-w 20"

(22)
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Thus, for |z — w| = r < 1, and making use of (22), we have

[ee]
If @|<lz-wl+ ) a,lz-w/"
n=2

<r+r Z a,
n=2
-y 2
ST TN B —w 20
(23)
If@|2lz-wl-) a,lz-w|"
n=2
>r—r i a,
n=2
. -y 2
e[ BA - +20)]"
Also from Theorem 3, it follows that
C-y[1+B((A-a)+28)]" &
5 nzznan
< i(ﬂ—y) [1+(n-1)B(A-a)+nd)]"a, (24)
n=2
<l-y.
Hence
|7 @)
<1+ OZO: na,|z - w|""
n=2
<l+r 020: na,
n=2
. 2(1-y) .
Q-y)[1+B(A-a)+20)]""
(25)
|7 @)
>1- OZO: na,|z - w|"
n=2
21-r OZO: na,
n=2
~ 2(1-y) N
2-p)[1+B(A-a)+28)]"
This completes the proof of Theorem 5. O

4. Radii of Starlikeness and Convexity

The radii of starlikeness and convexity for the class
w0 B>y, 8, A) is given by the following theorems.
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Theorem 6. If the function f(z) defined by (10) is in the class
S;)w(oc, B,y,0,7), then f(z) is of order n(0 <y < 1)in |z —
w| < ry, where

r; = inf
n>2

{(1_’7)(”—V)[1+(n— I)ﬁ((A_a)+n8)]m}l/n.

(n-n)(1-y)
(26)

The result is sharp for the functions f,(z) given by (14).

Proof. It suffices to prove that

(z-w) f'(2)
/@

for |z — w| < r;. We have

1’ <l-7 27)

(z-w) f'(@) _ 1‘
f@

-y, (n-1a,(z-w)
E-w - e,z -w) 29
Yo, (n-1)a,lz —wl"
1=y alz—wl®
Hence (28) holds true if
io: (i’l - 1) anlz - wln
n=2 (29)
<-n)(1- S ak-wr)
n=2
or
© n-n€n n
Z;l—qa’“lz_wl <1 (30)
with the aid of (13), (30) is true if
n-n |Z _ wln
L-n
31
g (n-y)[1+@-1)B(A-a)+nd)]" Gy
< =y .
Solving (31) for |z — w|, we obtain
|z — wl
< {(1 —n) (n-y) [1 +<n—1>ﬁ((A—a)+n8)]”‘}”"
- (n-n) (1-y)
(n=>2)
(32)

This completes the proof of Theorem 6. O

Theorem 7. If the function f(z) defined by (10) is in the class
(0 By 8, A), then f(z) is convex of order n (0 < 1 < 1)
in |z —-w| <r, where

r, = inf
n=2

n(n+n-2)(1-y)

(n=2).
(33)

The result is sharp for the functions f,(z) given by (14).

Proof. By using the technique employed in the proof of
Theorem 6, we can show that

(z-w) f" (2)

@ <l-gn, (34)

for |z — w| < r,, with the aid of Theorem 3. Thus we have the
assertion of Theorem 7. O

5. Closure Theorems

Let the functions fj(z),j =1,2,...,1, be defined by

fi@=@E-w-Ya,z-w" (a,;20) (35
n=2

forz e U.

Theorem 8. Let the functions f;(z) be defined by (35) in
the class S, (e, B,y, 0, A) for every j = 1,2,...,1. Then the
function G(z) defined by

G@)=(E-w)-)bz-w)" (b20) (36)
n=2
is a member of the class S,  (a, B, 7,0, ), where

1
b=ty (n22). (37)

!
j=1
Spw(e By, 8, 4), it follows from

Proof. Since f;(z) €
Theorem 3 that

(o)

Y (n-y)[1+@m-1)B(A-a)+nd)]"a,;<1-y

n=2

(38)



for every j=1,2,...,1. Hence,

Y (n-y)[1+(n-1)B((A-a)+nd)]"b,

n=2

=Y (n-y)[1+(n-1) B(A-a) +nd)]"

n=2

x[1+n-1)B((A-«a)+ "5)]m“n,j>

1 1
<72 (-y)=1-y
=1
(39)

which (in view of Theorem 5) implies that G(z) ¢
S (0 B 5 6, ). O

Theorem 9. The class S, ,(«, 3, y, 8, A) is closed under convex
linear combination.

Proof. Suppose that the functions f;(z) (j = 1,2) defined by
(35) be in the class S:n,w(“’ B,y,0,A), it is sufficient to prove
that the function

H(z) = uf, (&) + (1 - ) £, (2)

is also in the class S,  (a, B, 7,0, ). Since, for 0 < u < 1,

(0<u<1) (40)

H(z) = (z-w)- z {pa,, + (1-p)a,,} (z-w)", (41)

n=2

we observe that

Z(n—y)[1+(n—1)[3((A—a)+n6)]m

n=2

X {Man,l + (1 - /’l) an,z}

= ‘uz (n-y)[1+®n-1)B(A-a)+nd)]"a,,

n=2

H1-0) (-7)

x[1+(n-1)B(A-a)+nd)]"a,,

<su(l-p)+0-pw)(1-y)=0-7y).
(42)

Hence H(z) € S;, (e, 3,y,9, A). This completes the proof of
Theorem 9. O
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Theorem 10. Let

foz)=z-w,
fn@ = (z-w)
_ l_y _ n
(n—y)[1+(n—1),8(()\—cx)+n8)]m(z w)
(n=2meN).
(43)

Then f(z) € S,, (&, B, ¥, 8, A) if and only if it can be expressed
in the form

f@ =) Mfu(2), (44)
n=1

where A, >0and Y 2 A, = 1.

n=1""n

Proof. Suppose that

f@ =) A Ja(2), (45)
n=1

where A, >0 (n>1)and Y2, A, = 1. Then

f@ =) A fu(2)
n=1

=AM fi(2) + z Anfn (2)

n=2

=(z-w) (46)

Y -y
S n-p)[1+@-1)B(A-a)+nd)]"

x A, (z —w)".

Since
Z (n-y)[1+(n-1)B(A-a)+nd)]"
n=2

1-y
: i hn
(n=y)[1+@-1)B(A-a)+nd)] (47)

=<1—y>§2an

=(1-y)(1-2) <1~y

it follows from Theorem 3 that the function f(z) ¢
Spuw(a By, 8, A). Conversely, let us suppose that f(z) €
(0 By, 8, A). Since

a, < Ly
T -y)[1+(n-1DB(A-a)+nd)]" (48)

(n=2meN,).
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Setting
Lo =) [+ (=D B =) +nd)]"
n - an’
-y
(n=2meN,), (49)
Lo S,
n=2

it follows that f(z) = an’w(tx, B, .98, A). This completes the
proof of the theorem. O

6. Extreme Points

Theorem 11. Let

fo(2) =z-w,
fn(z)= (Z—‘LU)
B 1-y (50)
(n-y)[1+m-1)B(A-a)+nd)]™

(n=2meN,).

x (z - w)"
Then f(z) € S,, (&, B, ¥, 8, A) if and only if it can be expressed
in the form

f@ =) \Ja(2), (51)
n=1

where A, > 0and Y2 A, = 1.

Proof. Suppose that
f@ =) Mfu(@), (52)
n=1

where A, >0 (n>1)and Y2, A, = 1. Then

f@) =) LSl
n=1

=Mfi2)+ Z Anfn (2)
n=2

Cew (53)

> Ly
= (n-y)[1+(n-1) B(A —a) +nd)]"

x A, (z —w)".

Since

[0

Z(n—y)[l+(n—l)ﬂ((/\—oc)+n8)]m

n=2

. 1-y A
(n-y)[1+m-1D)B(A-a)+nd)]" " (54)

1934,

=(1-9)(1-2A)<1-»
it follows from Theorem 3 that the function f(z) e
Spw(c By, 8, A). Conversely, let us suppose that f(z) €
Spw(® B, 7,8, A). Since

< L=y
an - m
(n-y)[1+n-1)B(A-a)+nd)] (55)
(n=2meN,).
Setting
L)1 - DB - a) 4 n8)]”
n 1 _ y n>
(n=2smeN), (56)
A=1-Y 21,
n=2
it follows that f(z) = S:n)w(oc, B,7,06,A). This completes the
proof of theorem. O

7. Integral Operators

Theorem 12. Ifthe function f(z) defined by (10) is in the class
an)w((x, B,y,0, ), and let ¢ be a real number such that ¢ > —1.
Then the function F(z) defined by

Fo= L [ e-wfoa @)

(z —w)*
also belongs to the class S, («, B, 7,6, A).

Proof. From (57), it follows that F(z) = (z — w) -
Y02, b(z —w)", where b, = ((c + 1)/(c + n))a,. Therefore

o0

Z (n-y)[1+(n- DA -«) +nd)]"b,

n=2

=Y (n-y)[1+m-1)B(A-a)+nd)]"

n=2

X(C+1>a (58)

c+n

< Z(n—y) [1+(n-1)B(A-a)+nd)]"a,
n=2

<l-vy,



since f(z) € S;’w(oc, B, .98, A). Hence by Theorem 3, F(z) €
S (06 B 5 6, ). O
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