Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2013, Article ID 178053, 9 pages
http://dx.doi.org/10.1155/2013/178053

Research Article

A New Iterative Method for Equilibrium Problems

and Fixed Point Problems

Abdul Latif' and Mohammad Eslamian’

! Department of Mathematics, King Abdulaziz University, P.O. Box 80203, Jeddah 21589, Saudi Arabia
? Department of Mathematics, Mazandaran University of Science and Technology, Behshahr, Iran

Correspondence should be addressed to Abdul Latif; alatif@kau.edu.sa

Received 31 October 2013; Accepted 15 December 2013

Academic Editor: Ljubomir B. Ciri¢

Copyright © 2013 A. Latif and M. Eslamian. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly

cited.

Introducing a new iterative method, we study the existence of a common element of the set of solutions of equilibrium problems for
a family of monotone, Lipschitz-type continuous mappings and the sets of fixed points of two nonexpansive semigroups in a real
Hilbert space. We establish strong convergence theorems of the new iterative method for the solution of the variational inequality
problem which is the optimality condition for the minimization problem. Our results improve and generalize the corresponding
recent results of Anh (2012), Cianciaruso et al. (2010), and many others.

“Dedicated to Professor Miodrag Mateljevic on the occasion of his 65th birthday”

1. Introduction

Let H be a real Hilbert space with inner product {,-) and
norm | - ||. Let C be a nonempty closed convex subset of H,
and let Proj. be a nearest point projection of H into C; that is,
for x € H, Proj.x is the unique point in C with the property
x — Projx| := inf{llx — y| : y € C}. It is well known that
y=Projoxiff (x - y,y-2z) 20forallz € C.

Let f be a bifunction from C x C into R, such that
f(x,x) = 0 for all x € C. Consider the Fan inequality [1]:
find a point x* € C such that

fx"y) 20,

where f(x,-) is convex and subdifferentiable on C for every
x € C. The set of solutions of this problem is denoted by
Sol(f,C). In fact, the Fan inequality can be formulated as
an equilibrium problem. Such problems arise frequently in
mathematics, physics, engineering, game theory, transporta-
tion, economics, and network. Due to importance of the
solutions of such problems, many researchers are working
in this area and studying the existence of the solutions of
such problems; for example, see, [2-4]. Further, if f(x,y) =
(Fx, y — x) for every x, y € C, where F is a mapping from C

VyeC, @

into H, then the Fan inequality problem (equilibrium prob-
lem) becomes the classical variational inequality problem
which is formulated as finding a point x* € C such that

(Fx",y-x")> VyeC. (2)

Variational inequalities were introduced and studied by
Stampacchia [5]. It is well known that this area covers
many branches of mathematics, such as partial differential
equations, optimal control, optimization, mathematical pro-
gramming, mechanics, and finance; see [6-11].

Here we recall some useful notions.

A mapping T : C — H is said to be L-Lipschitz on C if
there exists a constant L > 0 such that for each x, y € C,

ITx=Ty] < Lx =] (3)

In particular, if L € [0, 1[, then T is called a contraction on C;
if L = 1, then T is called a nonexpansive mapping on C. The
set of fixed points of T' is denoted by F(T).

Afamily T = {T'(s) : 0 < s < 0o} of mappings ona closed
convex subset C of a Hilbert space H is called a nonexpansive
semigroup if it satisfies the following: (i) T(0)x = x for all
x € C;(ii) T(s+t) = T(s)T(t) forall s, > 0; (iii) for all x € C,



s — T(s)x is continuous; (iv) [T(s)x — T(s)yll < llx — y| for
allx,y e Cands > 0.

We use F(J) to denote the common fixed point set of the
semigroup J; thatis, F(7) = {x € C : T(s)x = x,Vs >
0}. It is well known that F(9) is closed and convex [12].
A nonexpansive semigroup J on C is said to be uniformly
asymptotically regular (in short, u.a.r.) on Cif forallh > 0
and any bounded subset B of C,

tlirlgosug IT (h) (T (t)x) - T (t) x| = 0. (4)

X€E
For each h > 0, define 0,(x) = (1/t) f; T(s)xds. Then
tlim sup | T (h) (0, (x)) — 0, (x)| = 0, (5)
O xeB

Provided that B is closed bounded convex subset of C. It is
known that the set {o,(x) : t > 0} is a u.a.r. nonexpansive
semigroup; see [13]. The other examples of u.a.r. operator
semigroup can be found in [14].

A bifunction f : Cx C — R is said to be (i) strongly
monotone on C with a > 0if f(x, y) + f(y,x) < —afx - y||2,
Vx, y € C; (ii) monotone on Cif f(x, y)+ f(y,x) <0,Vx, y €
G; (iii) pseudomonotoneon Cif f(x,y) > 0= f(y,x) <0,
Vx, y € C; (iv) Lipschitz-type continuous on C with constants
¢ >0andc, > 0if f(x,y) + f(3,2) = f(x,2) — ¢ llx - ylI* -
olly - z|%, Vx, y,z € C.

Note that if T is L-Lipschitz on C, then for each x, y €
C, the function f(x,y) = (Fx,y — x) is a Lipschitz-type
continuous with constants ¢, = ¢, = L/2.

An operator A on H is called strongly positive if there is a
constant y > 0 such that

(Ax,x) = ¥llx|>, Vx e H. (6)

Recently, iterative methods for nonexpansive mappings
have been applied to solve convex minimization problems.
In [15], Xu defined an iterative sequence {x,} in C which
converges strongly to the unique solution of the minimization
problem under some suitable conditions. A well-known
typical problem is to minimize a quadratic function over the
set of fixed points of a nonexpansive mapping T on a real
Hilbert space H:

1
xg}}(r%)z (Ax, x) — (x,b), (7)

where b is a given point in H and A is strongly positive
operator.

For solving the variational inequality problem, Marino
and Xu [16] introduced the following general iterative process
for nonexpansive mapping T based on the viscosity approxi-
mation method (see [17]):

Xpir = ayyh(x,) + (I - a,A)Tx,, Vn>0, (8)
where A is strongly positive bounded linear operator on H,
h is contraction on H, and {a,} c ]0, 1[. They proved that,
under some appropriate conditions on the parameters, the
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sequence {x,} generated by (8) converges strongly to the
unique solution x* € F(T) of the variational inequality

((A-yh)x",x-x") >0, VxeF(T), 9)
which is the optimality condition for the minimization
problem

1
xlg}:l(l%)z <Ax) x) - g (X) > (10)

where g is a potential function for yh (i.e., g'(x) = yh(x),
Vx € H).

Iterative process for approximating common fixed points
of a nonexpansive semigroup has been investigated by various
authors (see [13, 14, 18-21]). Recently, Li et al. [19] introduced
the following iterative procedure for the approximation of
common fixed points of a nonexpansive semigroup J =
{T'(s) : 0 < s < 00} on a closed convex subset C of a Hilbert
space H:

x, = a,yh(x,) + (I - a, A) sl Ln T(s)x,ds, n>1, (11)

where A is a strongly positive bounded linear operator on
H and h is a contraction on C. Imposing some appropriate
conditions on the parameters, they proved that the iterative
sequence {x,} generated by (11) converges strongly to the
unique solution x* € F(J) of the variational inequality
((yh- A)x*,z-x") <0,Yz € F(T).

For obtaining a common element of Sol( f, C) and the set
of fixed points of a nonexpansive mapping 7T, S. Takahashi
and W. Takahashi [9] first introduced an iterative scheme by
the viscosity approximation method. They proved that under
certain conditions the iterative sequences converge strongly
t0 2 = Proj p)nsol( f,c)(h(z)).

During last few years, iterative algorithms for finding a
common element of the set of solutions of Fan inequality and
the set of fixed points of nonexpansive mappings in a real
Hilbert space have been studied by many authors (see, e.g.,
(2, 4, 22-28]). Recently, Anh [22] studied the existence of a
common element of the set of fixed points of a nonexpansive
mapping and the set of solutions of Fan inequality for
monotone and Lipschitz-type continuous bifunctions. He
introduced the following new iterative process:

w,, = argmin {/\nf (x,w) + %“w x| we C} ,

. 1 2
2 =argmin {1,f (w2) + 3le - iz ech

Xn+1 = “nh (xn) + ﬁnxn T Vn (#S (xn) + (1 - [4) Zn) >
Vn >0,

where p €]0, 1[, C is nonempty, closed convex subset of a real
Hilbert space H, f is monotone, continuous, and Lipschitz-
type continuous bifunction, h is self-contraction on C with
constant k €]0, 1[, and S is self nonexpansive mapping on
C. He proved that, under some appropriate conditions over
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positive sequences {e,}, {8,}, {y,}, and {A,}, the sequences
{x,}, {w,}, and {z,;} converge strongly to g € F(S) N Sol( f,C)
which is a solution of the variational inequality ((I — h)q, x —
q) = 0,Vx € F(S) N Sol(f,C).

In this paper, we introduce a new iterative scheme based
on the viscosity method and study the existence of a common
element of the set of solutions of equilibrium problems for
a family of monotone, Lipschitz-type continuous mappings
and the sets of fixed points of two nonexpansive semigroups
in a real Hilbert space. We establish strong convergence
theorems of the new iterative scheme for the solution of
the variational inequality problem which is the optimality
condition for the minimization problem. Our results improve
and generalize the corresponding recent results of Anh [22],
Cianciaruso et al. [18], and many others.

2. Preliminaries

In this section we collect some lemmas which are crucial for
the proofs of our results.

Let {x,} be a sequence in H and x € H. In the sequel,
x, — x denotes that {x,,} weakly converges to x and x,, — x
denotes that {x, } weakly converges to x.

Lemma 1. Let H be a real Hilbert space. Then the following
inequality holds:

lx+y|” <lxl>+2(px+y), Vx,yeH (13

Lemma 2 (see [15]). Assume that {a,} is a sequence of
nonnegative real numbers such that

Gpyp S (1 - ﬂn) a, + ’7n8n’ nz0, (14)
where {1, } is a sequence in 0, 1[ and J,, is a sequence in R such
that

(1) z;)il n, = 00,
(i) limsup,, _, .8, < 0 0r Y02 [17,,8,,] < 0.

Then lim,,_, .a, = 0.
Lemma 3 (see [16]). Let A be a strongly positive linear
bounded self-adjoint operator on H with coefficienty > 0 and

0<p<|Al™. Then |IT - pAl <1-p 7.

Lemma 4 (see [29]). Let H be a Hilbert space and x; € H,
(1 <i < m). Then for any given {A;}, 10, 1[ with Y2 A; =
1 and for any positive integer k, j with 1 < k < j <m,

m
QA%
i=1

Lemma 5 (see [30]). Let {t,} be a sequence of real numbers
such that there exists a subsequence {n;} of {n} such that t, <
ty for all i € N. Then there exists a nondecreasing sequence
{t(n)} < N such that T(n) — oo and the following properties
are satisfied by all (sufficiently large) numbers n € N:

2 m
Y Y e )
i=1

t‘r(n) < t‘r(n)+1’ tn < t‘r(n)+1' (16)

In fact
7(n) =max{k <n:t; <tp,}. (17)

Lemma 6 (see [2]). Let C be a nonempty closed convex subset
of a real Hilbert space H and let f : CxC — R be
a pseudomonotone and Lipschitz-type continuous bifunction
with constants ¢;,c, > 0. For each x € C, let f(x,-) be convex
and subdifferentiable on C. Let x, € C and let {x,}, {z,}, and
{w,} be sequences generated by

n

w, = argmin {)Lnf (x,, w) + %"w —x| iwe C} ,

(18)
z, = argmin {A,,f (w,,2) + %”z —x,|’ iz e C} :
Then for each x* € Sol(f,C),
low =" < lpw =" = (1= 20, &) |,
(19)

(-2, ) fuw, -z vno.

3. Main Results

In this section, we prove the main strong convergence result
which solves the problem of finding a common element
of three sets F(J), F(S), and Sol(f;,C) for finite family
of monotone, continuous, and Lipschitz-type continuous
bifunctions f; in a real Hilbert space H.

Theorem 7. Let C be a nonempty closed convex subset of a real
Hilbert space H and let f; : CxC — R (i = 1,2,...,m)
be a finite family of monotone, continuous, and Lipschitz-
type continuous bifunctions with constants c,; and c,;. Let
T ={Tw) : u>0tand § = {S(u) : u = 0} be two
u.a.r. nonexpansive self-mapping semigroups on C such that
Q = N2, Sol(f;,C) N F(T)(F(S) #0. Assume that h is a
k-contraction self-mapping of C and A is a strongly positive
bounded linear self-adjoint operator on H with coefficient y <
land 0 < y < y/k. Let x, € C and let {x,}, {w, ;}, and {z, ;}
be sequences generated by

w,; = argmin {An,ifi (xpw) + %"w —x,| iwe C} ,

n,i

ie{l,2,...,m},

. 1
Z,; = argmin {/\n),»fi (w,;»2) + Euz - xn"2 1z € C} ,

ie{l,2,...,m},

yn = ‘ann + Z:Bn,izn,i + YnT (tn) Xn + ﬂns (tn) Xn>

i=1

X+l = enyh (xn) + (I - enA) Yo Vn >0,

(20)



where a, + Z:ﬁl ﬁn,i TVt = 1 and {tn}’ {“n}’ {ﬁn,i}’ {Vn}’
{1} (A}, and {0, } satisfy the following conditions:

(i) lim,, _, o t, = 0o,
(i) {6,} <10, 1[, lim, _, .6, = 0, and ¥.°, 6, = 0o,

(iii) {A,;} € [a,b] c]0,1/L[, where L =max{2¢ ;,2¢,;, 1 <
i <m),

(i) {a, 1, {Bih (v i} € 10,1, liminf, o, B,; > 0,
liminf,e,y, > 0, liminf,ay, > 0, and
liminf, B, (1 -2, ; ¢;;) >0 foreach 1 <i <m.

Then, the sequence {x,} converges strongly to x* €
N, Sol(f;,C) N E(T)(F(S) which solves the variational
inequality:

((A-yh)x*,x-x") >0, VxeQ. (21)

Proof. Since F(9), F(S), and Sol(f;,C) are closed and
convex, Proj, is well-defined. We claim that Proj, (I - A+yh)
is a contraction from C into itself. Indeed, for each x, y € C,
we have

|Proj, (I A+ yh) (x) - Projg, (I - A+ yh) (y)]
< (1= A+yh) () - (I - A+yh) ()|
<|T-A)x-I-A)y|+y|hx-hy| (22)
< (1=7) |x =y + vk |x - ¥
<= -yk)|x-l-

Therefore, by the Banach contraction principle, there
exists a unique element x* € C such that x™ = Proj,(I - A +
yh)x*. We show that {x,} is bounded. Since lim,, _, ..,0,, = 0,
we can assume, with no loss of generality, that 8, € (0, lAI™,
for all n > 0. By Lemma 6, for each 1 < i < m, we have

2 =*"1 < Jn =71 (23)
This implies that

Iy =7l

Xy + Zﬁn,izn,i + ynT (tn) Xy ’7n5 (tn) Xn — x"

i=1

<

m
< &y "xn - x*" + Zﬁn,i "Zn,i - x*”
i=1
+ Vu “T (tn) Xy — x* || + 17, "S (tn) Xn— x*"
m
< aty [, = x| + Y B lxn = |
i=1
T Vn “xn - x*“ 1, "xn - x*”

= [ ="1-
(24)
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It follows from Lemma 3 that

[N

= 6, (vh (x,) - Ax") + (I - 6,A) (y, - x")|

<0, [yh (x,) - Ax"| + |1 - 6,4] |y, - x7]

< 0, [yh (x,) - Ax"|| + (1 - 6,7) |x, - x7|

< 0,y |1 (x,) - B (x| +6, Jyh (x") - Ax7|
+(1-6,9) |x, - 7|

< Ok |x, — x7[ + 6, |yh (x7) - Ax7]|
+(1-0,) |x, - x|

< (1-6,(y - yk)) |x, = x| + 6, [yh (x) - Ax"|

= (1 - en (?_ yk)) ”xn - x*"

_ lyh (x*) - Ax™||
10, (F—yk) XA
(v - vk) —
o lyhx™ = dx*| }
<max{|x,- x|, ——¢t.
fl -y =2

(25)

This implies that {x,} is bounded and so are {z,;}, {h(x,)},
{T'(t,)x,}, and {S(t,)x,}. Next, we show that lim, , [x, —
T(t,)x,|l =lim, _, . lx, — S(t,)x,| = 0. Indeed, by Lemma 6,
for each 1 < i < m, we have

Iz = %" < s = 277 = (1 = 2A,50,) %, = w1
) (26)
—(1-21,,6,) [[wn; = 2]

Applying Lemma 4 and inequality (26) for k € {1,2,...,m}
we have that

Iy, - I
2

ax, + z  +v.T(t)x, +1n.S(t)x, —x°
nvn Zﬁn,z n,i Yn (n) nt nl *n

i=1

m
< “n”xn - x*"2 + Z/)’n,i”Zn,i -x" "2
i=1

1l T () X = X |° + 718 (£) %, — 57
_ (Xnﬁn,k"xn - Zn,k||2 _ (xnyn“xn -T (tn) xn“Z

- ‘xnnn”xn =S (tn) xn”2
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<ol -+ iﬁn,iuxn e A
bl = 2 - Bl - 2l
= B (1 =24, 4) [|x, - wn,k”Z
— gl = T ) 5l = ol = S (6) 5,
=[x, - X*“z = Bk (L =22, 56 4) %, - wn,k“z
= &, Brllxn - Zn,k"2 —a,ylx, - T(t,) xn||2

- ‘xnrln”xn =S (tn) anZ‘

(27)
We now compute
% = %I
= 6, (vh (x,) = Ax") + (1= 6,4) (3, - x")|
<O llyh (x,) - A+ (1-6,9) 3, - x|
+20, (1-0,7) [yh (x,) = Ax™[ |y = x7|

<@l (x,) - Ax"|" + (1-6,9) %, - x|

(28)

+20,, (1-60,7) [yh (x,) = Ax"|| |, - x|
— (1= 0,7)Bux (1 = 22, 01) % = wis]®
— (1= 0,7 @Bl — 2l
= (1= 0,9 @ yllx, = T (8,) %,
— (1= 0,7 ol — S (8,) x, -
Therefore,
(1= 0,7) Bl =z’
< | = x| = s — x| + 26, (1-6,7)

x |yh (x,) - Ax™||||x, — x*|| + Oi”yh (x,) - Ax™ ||2
(29)

In order to prove that x, — x* asn — 00, we consider the
following two cases. O

Case 1. Assume that {||x, — x*||} is a monotone sequence.
In other words, for large enough ny, {llx, — x"[I},,, is
either nondecreasing or nonincreasing. Since {|x,, — x*||} is
bounded, it is convergent. Since lim 0, = 0 and {h(x,)}

n—-oo-"n

and {x,} are bounded, from (29), we have
nlglgo(l - en?)z‘xnﬁn,k"xn - zn,k"2 =0, (30)
and by assumption we get

nleréo ||x,, - zn,k“ =0, l1<k<m. (31)

By similar argument we can obtain that

lim |x, - w,,| = lim |x, =T (t,) x,|

e e (32)
= lim [x, =S (t,)x,] = 0.
Further, for all 1 > 0 and n > 0, we see that
I, = T () x|
< [l =T () %l + T (1) 2, = T (W) T (£,) x, |
+ T W) T (1) %, = T (h) x| (33)
< 2|x, = T (t,) x|

+ sup "T (tn) Xn — T(hT (tn) xn“ .

x€{x,}
Since {T'(t)} is wuw.ar nonexpansive semigroup and
lim, _, t, = 0o, we have
Jim |, = T (h) x,,|| = 0. (34)

Similarly, for all 4 > 0 and n > 0, we obtain that
Jim |x, =S (B) x,| = 0. (35)
Next, we show that

lim sup ((A - yh) x",x" - x,) <0. (36)

To show this inequality, we choose a subsequence {x,, } of {x,}
such that

lim <(A —yh)x*, x* - xni>
(37)
=limsup ((A - yph) x", x" - x,,) .

n—00

Since {x,,} is bounded, there exists a subsequence {x,, } of
: i

{xni} which converges weakly to X. Without loss of generality,
we can assume that X, = X. Consider

%, - T <

xnj -T (t) xnj

+ ”T (t)x,, T (t) 55”

< 1%, = T (t) X ||+ || X, —9?”
(38)
Thus, we have
lim sup "xni -T(t) 55" < lim sup “xni - 3?“ . (39)
n— 0o n— 00

By the Opial property of the Hilbert space H we obtain
T(t)x = X for all t > 0. Similarly we have that S(t))X = X
for all + > 0. This implies that X € F(J)[)F(S). Now we
show that X € Sol(f;,C). For each 1 < i < m, since f;(x,") is
convex on C for each x € C, we see that

1
w,; = argmin {/\n)i fi (% y) + E"y - xn"2 ty€ C} (40)



if and only if

)+ Ng(w,;), (41)

0€2, (4, () + by =)

where N (x) is the (outward) normal cone of C at x € C. This
follows that

0=Av+w,; —x,+u, (42)

where v € 0, f;(x,, w,;) and u, € No(w,;). By the definition
of the normal cone N we have

<wn,i XY~ wn,i> = An,i <V’ Wy — y> > Vy € C. (43)

Since f;(x,,-) is subdifferentiable on C, by the well-known
Moreau-Rockafellar theorem [31] (also see [6]), for v €
0, fi(x,, w,;), we have

fi (xn’ )/) - fz ('xn’ wn,i) = <V’ Y- wn,i> > V)’ eC. (44)

Combining this with (43), we have

/\n,i (fz (xn’ y) - fz (xn’

wn,i)) 2 <wn,i T X Wy — y) >

In particular, we have

Mo (Fi (%) = i (0 05)) 2 (s = %= ).

Vy e C.

(46)

Since x, — X, it follows from (32) that W, = X. And thus
we have

fi(xy)=0, VyeC. (47)

This implies that X € Sol(f;, C) and hence X € Q. Since x* =
Proj,(I — A+ yh)x* and X € Q, we have

lim sup ((A — yh) x*, x" - x,,)
= lim ((A-yh)x",x" - x, ) (48)

={(A-yh)x",x" -X) <0.

Abstract and Applied Analysis

From Lemma 1, it follows that

s = %I
< |(1-6,4) (3, - x|’
+ 29?1 <yh (xn) - AX*’ Xn+1 ~ X*>

< (1-6,9) %, - x|
+ 20ny <h (xn) ~h (x ) Xpy1 — % >
+20,, (yh (x") = Ax", x4y — %)

< (1-60,7) %, - x*|* + 26,ky ||, = x| [ per = %7
+20, (yh(x") = Ax", x4 — x7)

< (1-6,9)[x, - x|
+0,ky (||x,, - x*"2 + s — x*||2)
+20, (yh(x") -

n+l — x*>

<((1- 0,7) + 0,ky) |x, - x* I

Ax", x

+0,yk||x,y — x ”2 +20, (yh(x") = Ax", x4 —x7).
(49)
This implies that
s =7

1-20,y+ (9,1?)2 + 0,7k
1-0,yk

e ==

20,
n ]’1 LAY
e )

_(,_2G-vk)6, . 67 >
(1 M - (g,

20,
n ]’1 *\
o )

Z(V_Vk)en * |12
< (1 W ||Xn X " +

§ ( (envz)M

2(-9K)

* *
AX", Xy = X7)

* *
AX", Xy = X7)

2 (7 B yk) Gn
1-0,yk

o )—Ax*,xnﬂ—xw)
= (1 - ’771) "xn -x" ”2 + nn8n>
(50)
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where
M=sup{||xn—x*||2:n20}, qn=%,
8, = (GHVZ)M (yhx™ = Ax", x, — x7)
"T2G-k) 7o Vk N
(51)
It is easy to see that , — 0, Y 2,7, = o0, and

limsup, _, 0, < 0. Hence, by Lemma 2 the sequence {x,}
converges strongly to x*. From (32) we have that {w,;} and
{z,,;} converge strongly to x™.

Case 2. Assume that {||x,, — x"||} is not a monotone sequence.
Then, we can define an integer sequence {r(n)} for all n > n,
(for some large enough #,) by

7(n) :==max{k e N,k <n:|x, — x| < xpey — x|}

Clearly, 7 is a nondecreasing sequence such that 7(n) — oo
asn — 00, and for all n > n,,

”xr(n X*“ < ||x-r(n)+1 - x*"' (53)
From (33) we obtain that

= lim [x,

= lim_ “xf(n -T (tTn) xT(")“ =0.
(54)

lim ||x

n— 00 T(n) wT(Vl),i”

T(n) — rn)z

Following an argument similar to that in Case 1 we have

2 2
”x‘r(n)+1 - x*" < (1 - nr(n)) ”x‘r(n) -x" n T Me(n) r(n)’ (55)
where 7,y = 0, X2 #,) = 00, and limsup,, _, ,8,(,) < 0.
Hence, by Lemma 2, we obtain lim,, _, [l — ™| = 0 and
lim,, , 1%, (4 — %" [ = 0. Now Lemma 5 implies that
0 < [lx, =" < max {fxegy = x". 0 = 2"}
. (56)
< "xT(n X ”
Therefore, {x,} converges strongly to x*
yh)x™. This completes the proof.

= Proj,(I - A +

4. Application

In this section, we consider a particular Fan inequality
corresponding to the function f defined by the following: for
every x,y € C

f(xy)=(F(x),y-x), (57)

where F : C — H. Then, we obtain the classical variational
inequality as follows.

Find z € C suchthat (F(z),y-z) >0, VyeC. (58)

The set of solutions of this problem is denoted by VI(F, C).
In that particular case, the solution y, of the minimization
problem

argmin {An f(x,y)+ %”y —x,| i ye C} (59)
can be expressed as
Yn =P (xn - AnF (xn)) : (60)

Let F be L-Lipschitz continuous on C. Then

fxy)+f(rhz)-f(xz)=(F(x)-F(y),y-z), )
x, y,z € C.
Therefore,
[(F(x)=F(y),y-2)| <L|x-y| |y -2
62)

L
< S (= +ly-=l)

hence, f satisfies Lipschitz-type continuous condition with
q=¢=1LJ2.

Using Theorem 7 we obtain the following convergence
theorem.

Theorem 8. Let C be a nonempty closed convex subset of
a real Hilbert space H and let F, C - H(@G =
1,2,...,m) be functions such that, for each 1 < i < m,
F; is monotone and L-Lipschitz continuous on C. Let I =
{T(u) u > 0and § = {S(u u > 0} be two
u.a.r. nonexpansive self-mapping semigroups on C such that
Q =N, VI(E, C)(F(T) (| F(S) # 0. Assume that h is a k-
contraction of C into itself and A is a strongly positive bounded
linear self-adjoint operator on H with coefficient y < 1 and
0 <y < ylk Let x, € Cand let {x,}, {w,;}, and {z,;} be
sequences generated by

wn,i:PC(xn nz z(x ))’

Zn,i =PC(xn_ n,i z(wnz))

ie{l,2,...,m},

ie{l,2,...,m},
" (63)

Vn = O Xy + Zﬁn,izn,i + YnT (tn) Xy qns (tn) Xn

i=1

Xn+1 = Onyh (xn) + (I - enA) Y

where o, + Y B+ Y, + 1, = Land {0}, {B,} yva) (1.
A} and {0, )} satisfy the following conditions:

Vn=>0,

(i) lim,, _, o t, = 00,

(i) {6,} 10,1, lim,,_, .6, = 0, and Y2, 6,

(iii) {1} € [a,b] € 10,1/L[

(i) {1, {Bib v} i) € 10,1, liminf, «, B,; > 0,
liminf, &y, > O, liminf,&,n, > 0, and

liminf, 3, ;(1 -2, ;c;) >0 foreach1 <i<m.

Then, the sequence {x,} converges strongly to x* €
i, VI(E, C) (F(T) ( F(S) which solves the variational
inequality

((A-yh)x",x-x") >0, VxeQ. (64)



In [32], Baillon proved a strong mean convergence the-
orem for nonexpansive mappings, and it was generalized
in [33]. It follows from the above proof that Theorems 7 is
valid for nonexpansive mappings. Thus, we have the following
mean ergodic theorems for nonexpansive mappings in a
Hilbert space.

Theorem 9. Let C be a nonempty closed convex subset of
a real Hilbert space H and let F, C - H(@G =
1,2,...,m) be functions such that for each 1 < i <
m, F; is monotone and L-Lipschitz continuous on C. Let
T and S be two nonexpansive mappings on C such that
Q = (2, VI(F,,C)(F(T) (N F(S) # 0. Assume that h is a k-
contraction of C into itself and A is a strongly positive bounded
linear self-adjoint operator on H with coefficient y < 1 and
0 <y <y/k. Let {x,}, {w,;}, and {z,;} be sequences generated
by x, € C and by

ief{l,2,...,m},

w,; = Pg (%, = AiF; (x,)) >

2, = Po(x, = AiF (w,;)), i€f{l,2,....m},

m ., ., (65)
Yn = Xy + Zﬁn,izn,i + ynT X, + nns Xn>
i=1

Xp = 0,70 (x,) + (I-6,A) y,, Yn>0,

Where “n + Z:zl /311,1' + Yn + ’7n =1 and {(xn}’ {ﬁn,i}’ {Yn}’ {ﬂn}’
{Ani} and {0,} satisfy the following conditions:

(i) 16,,} 10,1, lim,,_, .6, = 0, and Y o2, 6, = oo,
(i) {A,.;} < [a,b] € ]0,1/L[, where L = max{2c;, 2¢,;,
1<i<m}

(111) {‘xn}) {,Bn,i}: {yn}) {nn} C ]0) 1[: hm infn“nﬁn,j > 0)
liminf,«,y, > O, liminf,&,y, > 0, and
liminf, 3, (1 -2, ; ¢;;) >0 foreach 1 <i <m.

Then, the sequence {x,} converges strongly to x* €
N, VI(E, C)(F(T) (| F(S) which solves the variational
inequality

((A-yh)x*,x-x") >0, VxeQ. (66)
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