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This paper is concerned with the existence of positive solutions for a class of boundary value problems of fractional differential
equations with parameter. The main tools used here are bifurcation techniques and topological degree theory. Finally, an example

is worked out to demonstrate the main result.

1. Introduction

During the last few decades, fractional calculus and fractional
differential equations have been studied extensively since
fractional-order models are found to be more adequate
than integer-order models in some real-world problems. In
fact, fractional derivatives provide an excellent tool for the
description of memory and hereditary properties of various
materials and processes. The mathematical modeling of sys-
tems and processes in the fields of physics, chemistry, aerody-
namics, electrodynamics of complex medium, polymer rhe-
ology, and so forth involves derivatives of fractional order.
For details and examples, see [1-7] and references therein.
Recently, there have been a few papers which deal with the
boundary value problem for fractional differential equation.
For example, in [8], Tian and Liu investigated the following
singular fractional boundary value problem (BVP, for short)
of the form

“DEu(t) +Af (Lbu(t) =0, 0<t<l1,
u(0)=0, 0<j<n-1, j#2, 0))
J"(1) =0,

where CDS‘+ is Caputo’s fractional derivatives,n—1 < a < n,
n>4,and f:(0,1)%x(0,+00) — [0, +00) is continuous; that
is, f(t,u) may be singular att = 0,1 and u = 0. By con-
structing a special cone, they obtained that there exist positive

numbers A* and A" with A* < A™* such that the above
system has at least two positive solutions for A € (0,1") and
no solution for A > A** under some suitable assumptions
such as the following.

(Al) There exists an interval [a,b] < (0,1) such that
lim, ., f(s,u)/u = +oo uniformly with respect to
s € [a,b].

In [9], Bai and Lii consider the following nonlinear frac-
tional differential equation Dirichlet-type boundary value
problem:

Dyeu(t) + f (L,u(t) =0, te€(0,1),
()
u(0)=u(l)=0,

where I < a < 2 is a real number and Dj. is the standard
Riemann-Liouville differentiation. The corresponding Green
function is derived. By means of some fixed point theorems
on cone, the existence and multiplicity of positive solutions
for BVP (2) were investigated.

In [10], Jiang and Yuan further investigated BVP (2).
Comparing with [9], they deduced some new properties of
the Green function, which extended the results of integer-
order Dirichlet boundary value problems. Based on these new
properties and Krasnoselskii fixed point theorem, the exis-
tence and multiplicity of positive solutions for BVP (2) were
considered.



In this paper, by using bifurcation techniques, we con-
sider the following boundary value problem of fractional dif-
ferential equation:

Dy (t) +nf (tu(t) =0,
u(0)=u(l)=0,

te(0,1),
3)

differentiation, r > 0 is a given constant, and f : [0,1] x
R™ — R" is a given continuous function satisfying some
assumptions that will be specified later.

It is remarkable that the method used in references men-
tioned above was fixed point theorems and the same kind of
conditions was used such that the nonlinearity f (¢, u) satisfies
superlinear or sublinear condition at 0 and co, which is sim-
ilar to (Al). To the best of our knowledge, there is no paper
studying such fractional differential equations using bifurca-
tion ideas. As we know, the bifurcation technique is widely
used in solving BVP of integer-order differential equations
(see, e.g., [11-13] and references therein). In [14], by virtue
of bifurcation ideas, the authors studied a kind of BVP of
differential inclusions. The purpose of present paper is to
fill this gap. By using bifurcation techniques and topological
degree theory, the existence of positive solutions of BVP (3) is
investigated. The main features of present paper are as follows.
First, the nonlinearity f(t,u) is asymptotically linear at 0 and
00, not super-linear or sub-linear (see the condition (HI) in
Section 2 and example in Section 4). Next, the main method
used here is bifurcation techniques and topological degree,
not fixed point theorem on cone, which is different from the
references.

The paper is organized as described below. At the end of
this section, for completeness, we list some results on bifur-
cation theory from interval and topological degree of com-
pletely continuous operators. Section 2 contains background
materials and preliminaries. In Section 3, by using bifurcation
techniques and topological degree theory, bifurcation results
from infinity and trivial solution are established. Then the
main results of present paper are given and proved. Finally in
Section 4, an example is worked out to demonstrate the main
results.

where 1 < « < 2, D, is the standard Riemann-Liouville

Lemma (Schmitt and Thompson [15]). LetV be a real reflex-
ive Banach space. Let G : R x V to V' be completely continuous
such that G(A,0) = 0, forall A € R. Leta,b € R (a < b) be
such that u = 0 is an isolated solution of the equation

u-GAu)=0, wucey, (4)
for A = aand A = b, where (a,0), (b,0) are not bifurcation

points of (4). Furthermore, assume that
deg(I-G(a,-),B,(0),0) + deg (I - G(b,"),B,(0),0),
(5)

where B,(0) is an isolating neighborhood of the trivial solution.
Let

T ={(Au): (A,u) is a solution of (4) with u+0}
U ([a,b] X 0).
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Then there exists a connected component € of I containing
[a,b] x 0in R x V, and either

(i) € is unbounded in R x V or

(i) N [(R\ [a,b]) x 0] 0.
Lemma 2 (Schmitt [16]). Let V be a real reflexive Banach
space. Let G : R x V to V be completely continuous, and let
a,b € R (a < b) be such that the solution of (4) is, a priori,

boundedin'V for A = a and A = b; that is, there existsan R > 0
such that

G(a,u) +u+G(b,u) (7)
for all u with |lu|| > R. Furthermore, assume that

deg (I —G(a,-),Bg(0),0) # deg (I - G (b,-), Bx (0),0),
(8)

for R > 0 sufficiently large. Then there exists a closed connected
set € of solutions of (4) that is unbounded in [a,b] x V, and
either

(i) € is unbounded in A direction or

(ii) there exists an interval [c, d] such that (a,b)N(c,d) = 0
and € bifurcates from infinity in [c,d] x V.

Lemma 3 (Guo [17]). Let Q be a bounded open set of real

Banach space E, andlet A: Q — E be completely continuous.
If there exists y, € E, y, # 0 such that

x€0Q, T20=x-Ax#1Y, 9)
then

deg (I - A,Q,0) =0. (10)

2. Background Materials and Preliminaries

For convenience, we present some necessary definitions and
results on fractional calculus theory (see [6]).

Definition 4. The fractional (arbitrary) order integral of the
function h € L'([a,b]) of order a € R" is defined by

t a-1
o (t B 5)
ho = [ s 1
arh () . T (s)ds (1
where T is the gamma function. When a = 0, we write

I°h(t) = [h = @,](t), where @, (t) = t* 1 /T(e) for t > 0, and
¢, (t) =0fort <0,and ¢, — (t) asx — 0, where § is the
delta function.

Definition 5. For a function h given on the interval [a,b],

the ath Riemann-Liouville fractional-order derivative of h is
defined by

im0 - (%)

wheren = [«] + 1.

Jt (t-9)""Th(s)ds, (12)
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Lemma 6. Let & > 0; then, the differential equation

Dyu (t) = 0. (13)
has solutions u(t) = c;t* " + t*? + -+ + c,t*", for some
G €R,i=0,1,2,...,n wheren is the smallest integer greater
than or equal to «.

Notice that Dg, I*h(t) = h(t) for all h € C(0, 1) N L(0, 1).
From Lemma 6, we deduce the following result.

Lemma?7. Assume thatu € C(0,1)NL[0, 1] with a derivative
of order n that belongs to C(0,1) N L0, 1]. Then

EDGut) =u() + ot + ot gt (14)

forsomec; € R,i=0,1,2,...
greater than or equal to «.

,n, where n is the smallest integer

For more detailed results of fractional calculus, we refer
the reader to [6].

Now let us list the following assumption satisfied
throughout the paper.

(H1) There exist two positive numbers 7, Rwith7 < Rand
functions ay,a’, by,,a’ € C(J,R") with ay(t),a’(t),
b (1), a’(t) # 0in any subinterval of [0, 1] such that

f(tu)  ag () (u-& (tw),a" ) (u+& (tw)],
V(t,u) € J x [0,7],
Ftu) € [by (1) (u =&, (1)), 6% (1) (u+ &, (1 w))]

Y (t,u) € J x [§,+oo),
(15)

where J = [0,1],&,{; € C(JxR*) with &(t, t**u) = o(t* *u)
asu — 0 uniformly with respect to t € [0,1] (i = 1,2), and
§(t, 172 u) = o(t“ *u) asu — +00 uniformly with respect to
te[0,1](i=1,2).

To solve BVP (3), we first consider the following linear
boundary problem of fractional differential equation:

Dyu(t)+g@t) =0, te€(0,1),

(16)
u(0)=u(l)=0,

where g € C[0, 1]. We cite the following two lemmas from
references.

Lemma 8 (see [9]). Given g € CI[0, 1], then
1
u(t) = J G(t,s)g(s)ds (17)
0
is a solution of (16), where

1 {[t(l—s)]“_l—(t—s)“_l, 0<s<t<l,

G(f,5)=m [t(1—-8)]%", 0<t<s<l.
(18)

Lemma 9 (see [10]). The function G(t,s) defined by (18) has
the following properties.

(i) G(t,s) > 0, Vt,s € (0, 1).
(i) The function G*(t,s) =: t*"*G(t,s) has the following

properties:
a-1 a-1 *
1“((x)t(l -t)s(1-35)" <G (t,5)
1 el (19)
< T ((x)s(l ),

Vt,s € [0,1].

The basic space used in this paper is
E=1{ueC[0,1]: u(0) =u(l)=0}. (20)

Obviously, E is a Banach space with norm [lu]| = max;; [u(t)]
(for allu € E).
Let

Q={veE:v(t)2(a-1)t(1-1t)v(s) =0,Vs,t € (0,1)}.
(21)

It is easy to see that Q is a cone of E. Moreover, from (21), we
have, forall v € Q,

v(ie)=(a-1DtA-t)|vl, Vtel0,1]. (22)

For the sake of using bifurcation technique to investigate
BVP (3), we study the following fractional boundary value
problem with parameter A:

Dg.y () +Af (£ y (1) =0,
y(0)=y(1)=0.

A function (A, u) is said to be a solution of BVP (23) if
(A, u) satisfies (23). In addition, if A > 0, u(t) > 0 fort €
(0, 1), then (A, u) is said to be a positive solution of BVP (23).
Obviously, if A > 0, u € Q\ {6} is a solution of BVP (23), then
by (22), we know that (A, u) is a positive solution of BVP (23),
where 6 denotes the zero element of Banach space E.

Define

te(0,1),
(23)

(t,u) € ] xR,
(t,u) € ] X (-00,0).

- _ f(t’u)a
fw = {f(t,O),

Then ?(t, u) >0onJ xR. Let

(24)

Ay (1) =:AJ01G* (t:9) f (55" v (s))ds, VveQ. (25)

By assumption (H1) and using a similar process of the proof of
Lemma 4.1 in [10], we know that A, : C[0,1] — Q is com-
pletely continuous.

From Lemma 8, if v € CJ[0, 1] is the the fixed point of
operator A, then y(t) = t* v(t) is the solution of

Dy.y®) +Af (ty(®) =0,
y(0) = y(1) = 0.

te(0,1),
(26)



Let

Y2={(Av) e R*xC[0,1] : v=A,v,v+0}, (27)

where 0 is the zero element of C[0, 1]. From Lemma 9 and the
definitions of f and the cone Q, it is easy to see that £ c Q.
Moreover, we have the following conclusion.

Lemmal0. For A > 0, ifvis a nontrivial fixed point of operator
A,, then (A, *729(t)) is a positive solution of BVP (23). Fur-
thermore, (A, y) is a positive solution of BVP (23) if and only if
(A, ) is a nontrivial solution of BVP (26).

For a € C(J,R") with a(t) # 0 in any subinterval of J,
define the linear operator L, : C(J) — C(J) by

Lu(t) = J: G* (t,s)a(s)s* u(s)ds, (28)

where G*(t, s) is defined by Lemma 9.
From Lemmas 8 and 9 and the well-known Krein-Rut-
man Theorem, one can obtain the following lemma.

Lemma 11. The operator L, defined by (28) is completely con-
tinuous and has a unique characteristic value A,(a), which is
positive, real, and simple and the corresponding eigenfunction
o(t) is of one sign in (0, 1); that is, ¢(t) = A(a)L,¢(¢t) for all
te].

Notice that the operator L, can be regarded as L,
L*[0,1] — L?*[0,1]. This together with Lemma 11 guarantees
that A, (a) is also the characteristic value of L), where L, is
the conjugate operator of L. Let ¢* denote the nonnegative
eigenfunction of L, corresponding to A, (). Then we have

9" () =A (@)L (1), Vte]. (29)

3. Main Results

The main results of present paper are the following two
theorems.

Theorem 12. Suppose that either
(i) 1 € [A1(a), A, (6™)] or
(if) € [)11(boo)>A1(a0)]-
Then BVP (3) has at least one positive solution.

Theorem 13. Suppose the following.
(H2) There exist R > 0 and h € L[0, 1] such that
ft,u)<h(®)u, fortel0,1], ue|0,R],
T () (30)

< 1 .
Jo st =9)1""h(s)ds

In addition, if
A (beo)} (31)

then BVP (3) has at least two positive solutions.

n > max {4, (a)
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To prove Theorems 12 and 13, we first prove the following
lemmas.

Lemma 14. Let [c,d] < RY be a compact interval with
[Al(ao),/ll(ao)] N [c,d] = 0. Then there exists §, € (0,7) such
that

v#+A,v, VAeled], VveEwith0<|v|<6,. (32)

Proof. If this is false, then there exist {(¢,,v,)} < [c,d] x
C[0,1] with [lv, = 0 + (n — +00) such that v, = =A, Ve
Without loss of generality, assume y, — u € [c,d] and
v, <7 for all n. Notice that v, € Q. By Lemma 10 and (21),
we have v,(t) > 0in (0,1). Set w, = v,/||v,|l. Then w, =
A,V /v, |l. From the definition of 7(t, u), it is easy to see that
{w,} is relatively compact in CJ0, 1]. Taking a subsequence
and relabeling if necessary, suppose w,, — win C[0, 1]. Then
lwll =1andw € Q.
On the other hand, from (H1), we know

f(tu)e [ao ) (u—-& (t,u),a’ @) (u+&, (t,u))] ,
V(t,u) € ] x[0,7].
(33)

Therefore, by virtue of (25), we know
1
w, (t) < u, J G* (t,5)a" (s) <s"“2wn (s)
0

+—£ (’ n (S)))ds,
A

(34)

1
w, (t) = u, L G* (t,5) aq (s)
(35)

a—2
X <s‘x—2wn (s) - —El (S,S " (S)) ) ds.
V.l

Lety” and y, be the positive eigenfunctions of Ly, L, corre-

sponding to )tl(ao) and A, (a,), respectively. Then from (34),
it follows that

<wn> 1//*> < Uy <La°wn’ 1//*>
1 *
[ v 6
& (s, sy, (s))
[Vl

Lettingn — +o00 and using condition (H1), we have

1
X J G* (t,5) ay (s) dsdt.
0

(") < (Lany®) = u(mLipy")

* (37)
_ v
”< x (a°>>’

which implies 4 > A,(a”). Similarly, one can deduce from

(35) that u < A,(ay).
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Consequently, Al(ao) < p < A(ay), which contradicts
p € [c, d]. Therefore, there exists §; € (0,7) such that

VAe[cd], Vve Ewith0<|v|<§,. (38)
O

V%AAV,

Lemma 15. For u € (O,Al(ao)), there exists 8, € (0,7) such
that

deg(I- A, B50)=1, V8€(0,6,]. (39)

Proof. Notice that [0,u] N [)\l(ao),/\l(ao)] =
Lemma 14, there exists §; € (0,7) such that

VA e [0,u], Vv eC[0,1] with 0 < [v] <6,
(40)

0. From
v#EAW,

which means

vETA,Y, VT € [0,1], Vv € C[0,1] with 0 < |lv|| < &;.

(41)

Therefore, by the homotopy invariance of topological
degree, we have

deg(I- A, Bs,0) = deg(I,B5,0) =1, V&€ (0,8].
(42)
O

Lemma 16. For A > A,(ay), there exists §, € (0,7) such that
deg(I-A,,B5,0) =0, V&¢€(0,8,]. (43)

Proof. First we prove that for A > A,(a,), there exists §, €
(0,7) such that

V120, Vv e C[0,1] with 0 < |lv]| <6,,
(44)

v —AWWE TP,

where @, is the positive eigenfunctions of L, corresponding
to A, (ay).
If this is false, then there exist v, € C[0, 1] with [|v,[| — 0
(n — +00) and 7, > 0 such that
Vn = AAVn = Tu%Po- (45)

By Lemma 10, we have v,(t) > 0 in (0,1). From A >
A (ay), there exists o > 0 satisfying A > (1 — 0)A,(a,). Then
condition (H1) guarantees that there exists § € (0,7) such
that [£,(t,t“*u)| < ot *u for u € (0,9). Noticing ||v,| —
0(n — +00), there exists N > 0 such that ||v,|| < § forn > N.
Consequently, by virtue of (25) and (45), for n > N, we know

Vi (t) = A)\,Vn (t) + TuPo
1
> J G* (t,5) a ()
0
X (s“_zvn (s) - & (s, 72y, (s))) ds  (46)
>A(1-0) Jl G* (t,s)ay (s)s* v, (s)ds
0

=A(1-0)L,v, (D).

Let y, be the positive eigenfunction of L; correspondingto
Ay (ay). Then

Vpy,) 2 A(1-0) <L%vn,1//*>

=A(1-0) (vn, LZUW*> (47)

v,
=A(1- , .
( 0)<Vn /\1("0)>

This together with (v,, v, ) > 0 guarantees that

A(l-0) <A (ag), (48)

which is a contradiction. Therefore, (44) holds. By Lemma 3,
for each A > A,(a,), there exists §, > 0 such that

deg(I - A,,B;0) =0, V€ (0,8,]. (49)

O

Theorem 17. [/ll(ao), A(ay)] is a bifurcation interval of
positive solutions from the trivial solution for BVP (23); that is,
there exists an unbounded component €, of positive solutions
of BVP (23), which meets [)Ll(ao), Ay(ay)] x {0}. Moreover,
there exists no bifurcation interval of positive solutions from the
trivial solution which is disjointed with [Al(ao), Ay (ag)l.

Proof. By virtue of (27) and Lemma 10, we need only to prove
that there exists an unbounded component €, of %, which
meets [/\l(ao), Ay(ay)] x {0}, and there exists no bifurcation
interval of X from the trivial solution which is disjointed with
[A1(@), A, ().

For fixed n € N with )Ll(ao) - (1/n) > 0, by Lemmas 15
and 16 and their proof, there exists r > 0 such that all of the
conditions of Lemmal are satisfied with G(A,u) = A,u,
a= Al(ao) —(1/n),and b = A,(a,) + (1/n). This together with
Lemma 10 guarantees that there exists a closed connected set
@, of X containing [/\l(ao) - (1/n), A (ay) + (1/n)] x 0 in
R*xCJ[0, 1]. From Lemma 14, the case (ii) of Lemma 1 cannot
occur. Thus, €, bifurcates from [A, (@®)-(1/n), Ay (ay)+1/n]x
0 and is unbounded in R* x C[0, 1]. Moreover, for any closed
interval [¢,d] c [A,(a®)—1/n, A, (ay) +1/n]\ [A,(a°), A, (ap)],
by Lemma 14, there exists §; > 0 such that the set {v €
C[0,1] : (Av) € 0 < |v| € 8,4 € [cd]} = 0.
Therefore, €, must be bifurcated from [A, (@), A (ay)] x {0},
which implies that &, can be regarded as &,. In addition,
using Lemma 14 again, there exists no bifurcation interval of
positive solutions from the trivial solution which is disjointed
with [A,(a’), A, (ag)]. O

By a process similar to the above, one can obtain the fol-
lowing conclusions.

Lemma 18. Let [c,d] < R" be a compact interval with
(A, (6%),A,(by,)] N [c,d] = 0. Then there exists R, > R such
that

u#Azu, VAelcd], YueCl0,1] with |ul| > R,.

(50)



Lemma19. For u € (0,A,(b™)), there exists R, > R such that
deg(I- A, Bp,0)=1, VYR2R,. (51)
Lemma 20. For A > A,(b,,), there exists R, > R such that

deg (I — A,,Bg,0) =0, VR>R,. (52)
Theorem 21. [A,(b™), A, (b,)] is a bifurcation interval of pos-
itive solutions from infinity for BVP (23), and there exists no
bifurcation interval of positive solutions from infinity which is
disjoint with [A,(b%°), A, (by,)]. More precisely, there exists an
unbounded component € of solutions of BVP (23) which
meets [A1 (™), A1(by,)] x 00 and is unbounded in A direction.

Now we are in position to prove Theorems 12 and 13.

Proof of Theorem 12. Obviously the solution of the form (, y)
(y#0) of (23) is a positive solution of BVP (3). So by
Lemma 10, it is sufficient to show that there is a component
€ of T that crosses the hyperplane {#} x C[0, 1], where ¥ ¢
R* x C[0, 1] is defined by (27).

Case i (A(ay) < 17 < A,(b™)). By Theorem 17, there exists an
unbounded component €, of positive solutions of BVP (23),
which bifurcates from [, (@), A (ay)] x {6}. Therefore, there
exists (u,,, v,) € €, such that

t + |va| — 400 asn — +oo. (53)

If there exists somen € N such that y,, > #, the conclusion
follows. Suppose, on the contrary, y, < # for alln € N. Since
(0,0) is the only solution of (23) with A = 0, by Lemmas 14
and 18, we know &, N ({0} x C[0,1]) = @. Therefore, y, €
(0,n) for all n € N. Taking a subsequence and relabeling if
necessary, suppose 4, — u* asn — +o0o. Then yu* € [0,7].
This together with (53) guarantees that ||v,|| — +oo.

Choose [¢,d] = [0,A,(b™) — (1/m)] for m € N. From
Lemma 18, it follows that u* > A, (b™°) — (1/m) for each m €
N, which means p* > A,(b*) > #. This is a contradiction.

Caseii (A;(by,) <7 < Al(ao)). From Theorem 21, there exists
an unbounded component €*° of solutions of (23) which
bifurcates from [, (b™°), A, (b,,)] X 00 and is unbounded in A
direction.

If € N (R* x {0}) = 0, using the fact that € n ({0} x
C[0,1]) = 0 and € is unbounded in A direction, we know
that €°° must cross the hyperplane {#} x C[0, 1].

If €*° N (R" x {0}) #0, by € n ({0} x C[0,1]) = @ and
Theorem 17, we know € n (R* x {0}) € [A,(a"), A, (a,)] x
{0}. Therefore, € joins [A,(a’), 1,(ay)] x {0} to [A,(b™),
A1 (by)] x 0. This together with A,(b,,) < # < )Ll(ao) guar-
antees that € crosses the hyperplane {#} x C[0, 1]. O

Proof of Theorem 13. First we show that there exists ¢ > 0
such that

2n ([0, +¢] xOBg) =0, (54)

where By = {v € C[0,1] :
defined by (27).

vl < R}, £ ¢ R* x C[0,1] is
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In fact, from assumption (H2), it follows that there exists
& > 0 such that

e (N - gt
r@ L [s(1-39)]" h(s)ds< 1. (55)

If there is a solution (A, v) of v= A vsuchthat0 <A <n+e¢
and ||v|| = R, then

0<v(@)<|v|=R fortel0,1]. (56)

By virtue of (25) and Lemma 9, we have

1
_ _ * i a—2
R=|v| = r{lea}x)t L G (t,s) f (s,s v(s)) ds

1
<(n+e) Rma}xj G* (t,5)s" h(s)ds (57)
te 0
(7] + 8) R ! _ a—1
< ) Jo [s(1-9)]" h(s)ds<R,

which is a contradiction. Thus, £ N ([0, % + €] x 9Bg) = 0.

Next, from Theorem 17, there exist unbounded compo-
nents 6, of solutions of (23), which meet [Al(ao), Ay (ag)] x
{0}. By (54), we know €, N ([0, 77+¢€] x0Bg) = 0. This together
with the fact that €, is unbounded, A,(a,) < #, and €, N
({0} x C[0, 1]) = @ guarantees that &, crosses the hyperplane
{7} x C[0, 1]. Then BVP (23) has a positive solution v, with
(n,v,) € €yand |v,| < R.ByLemma 10, t"‘*zvl(t) is a positive
solution of BVP (3).

Similarly, by Theorem 21 and (54), BVP (3) has a positive
solution t*72v,(t) with (5,v,) € €* and |lv,]| > R. The
conclusion follows. O

Immediately, from the proof of Theorem 13, we have the
following corollary.

Corollary 22. Suppose that assumption (H2) holds. In addi-
tion, suppose that one of the following two conditions holds:

(i) Ay(ap) <
(ii) A1(by) < 7.
Then BVP (3) has at least one positive solution.

Remark 23. Corollary 22 is different from Theorem 12
though their results are similar.

4. An Example

Let p be the unique characteristic value of L, corresponding
to positive eigenfunctions with a(t) = ¢t in (28). From
Lemmall, it follows that p exists. Now we are ready to
give the following example.

Example 1. Consider the following boundary value problem
of fractional differential inclusions:

Dylu(t) +nf (t,u(t)) =0,
u(0)=u(l)=0,

te(0,1),
(58)
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where

f(t,u) = ptu [h(u) + sini + tsin (tu)] ,

3 1

) ue<0)_];

2 2 (59)
h(u) = 1+u, ue[%,.%);

4, u € [3,+00).

Then BVP (58) has at least one positive solution as # €
[1/3,2/5].

Proof. BVP (58) can be regarded as the form (3). Let f(t,u) =
0 for u = 0; then, f(t,u) is continuous.

From (59), choose 7 = 1/2, R = 3, ay(t) = pt/2, a(t) =
(5/2)pt, boo(t) = 3pt, b™(t) = 5pt, & (t,u) = —2tusin(tu),
Etu) = (/5)tusin(tu), {;(t,u) = —(1/3)u sin(1/u),
Gt u) = (1/5)usin(1/u).

It is easy to see &(t, *2u) = o(t**u)asu — 0 and
((t,tu) = o(t**u) asu — +0o both uniformly with
respecttot € [0,1], (i = 1,2).

Therefore, (H1) is satisfied.

By the definition of p, it is easy to see A,(a’) = 2/5,
Mby) = 1/3.

As aresult, by Theorem 12, BVP (58) has at least one pos-
itive solution as # € [1/3,2/5]. O
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