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Neutral differential equations have been used to describe the systems that not only depend on the present and past states but
also involve derivatives with delays. This paper considers hybrid nonlinear neutral stochastic functional differential equations
(HNSFDEs) without the linear growth condition and examines the boundedness and exponential stability. Two illustrative examples

are given to show the effectiveness of our theoretical results.

1. Introduction

Many dynamic systems not only depend on the present and
past states but also involve derivatives with delays. Neutral
differential equations have been used to model such systems.
Deterministic neutral differential equations were introduced
by Hale and Meyer [1] and discussed in Hale and Lunel
(see [2]) and Kolmanovskii et al. (for details see also [3, 4]),
among others. Such equations were used to study two or
more simple oscillatory systems with some interconnections
between them, such as Brayton [5], Rubanik [6], and Driver
[7].

Generally speaking, many practical systems commonly
encounter stochastic perturbations and may experience
abrupt changes in their structure and parameters caused
by phenomena such as component failures or repairs and
abrupt environmental disturbances. Of course, there is no
exception to neutral systems, mentioned previous. Tak-
ing these stochastic factors into account, Mao and Yuan
developed hybrid systems driven by Brownian motion and
continuous-time Markovian chain to cope with such a sit-
uation (see [8]). Hu et al. [9] investigated the stability and
boundedness of stochastic differential delay equations with
Markovian switching. Kolmanovskii et al. [10] discussed the

neutral stochastic delay differential equations with Marko-
vian switching, also known as hybrid neutral stochastic delay
differential equations (HNSDDEs).

The boundedness and stability analysis of the neutral
stochastic systems without switching has attracted much
attention; see [11-18] to mention a few. For hybrid neutral
systems, studying boundedness and stability of the solutions
is also a challenging and interesting work. Kolmanovskii et
al. [10] established a fundamental theorem of HNSDDEs and
discussed the boundedness and exponential stability of the
solutions. They also gave an example to show that Markovian
can average the subsystems; that is, when some subsystems
are stable and others are not stable, the overall system formed
by the Markovian switching may be stable. Bao et al. [19]
discussed stability in distribution of the HNSDDEs. Hu
and Wang [20] studied the stability in distribution for the
general HNSFDEs. The stability of HNSDDEs with interval
uncertainty was investigated in [21]. Mao et al. [22] gave
a criterion related to almost surely asymptotic stability of
HNSDDE:s. These results are undoubtedly remarkable.

However, there are few publications on the boundedness
and exponential stability of the general HNSFDEs with highly
nonlinear terms. To fill in this gap, this work gives the
boundedness and exponential stability criterions for such



HNSFDEs. Moreover, when this HNSFDE degenerates to the
HNSDDE, our stability criterions improve the related results
in [10]. Further, these stability criterions can also be used to
investigate the exponential stability of NSFDEs or NSDDEs
with more accurate Lyapunov exponent bound than that
obtained in [23, 24].

The rest of the paper is arranged as follows. The next
section provides necessary notations and definitions for
the use of this paper. Section 3 establishes the bounded-
ness and exponential stability criterions of the solutions to
HNSEDEs. Section 4 further gives the generalized results
for the HNSDDEs with variable time delay. Finally, two
illustrative examples are provided to show the effectiveness
of our theoretical results.

2. Notations and Definitions

Throughout this paper, unless otherwise specified, we use
the following notations. | - | denotes both the Euclidean
vector norm in R" and Frobenius matrix norm in R™“.
If A is a vector or matrix, its transpose is denoted by
AT If A is a matrix, its trace norm is denoted by [A|l =
trace(AT A). Let (Q, &, P) be a complete probability space
with a filtration {},., satisfying the usual conditions; that
is, it is right continuous and increasing while &, contains all
P-null sets. Let w(t) = (w,(t),...,w,(t)) be a d-dimensional
Brownian motion defined on this probability space. Let R, =
[0,00) and T > 0. Denote by C([-7, 0], R") the family of
continuous functions from [—7, 0] to R" with the norm ||| =
SUP_p<ol@(6)]. Let C% ([-7,0], R") be the family of all -
measurable bounded C([-7, 0], R") valued random variables
E={£0): -1 <0 <0} aVbrepresents max{a,b},anda A b
denotes min{a, b}.

Let #(t) be a Markov chain (independent of w(t)) taking
values in a finite state space S = {1,2,...,m}. Assume the
generator of r(t) is denoted by I' = (¥;;),y,x» S0 that

%ij0 +0(5), iti#j,
1+y;0+0(), ifi=j
@

P{r(t+6)=j|r(t)=i}:{

where § > 0. Here y; is the transition rate from i to jand y;; >
0ifi+# j while y; = =X, ;. Let us consider the following
n-dimensional nonlinear HNSFDE:

dx ) —u(x,r@))]
= f(xp,r@®)dt+g(x,r@)dw (),

2)
t>0,

with initial data x, = & € C%O([—T, 0];R") and (0) =, € S,
where

x,={x({t+0);-1<0<0}eC([-1,0];R"), (3)

u:C([-1,0,R") xS —» R", f: C([-7,0],R") xS — R",
and g : C([-7,0],R") xS — R™ In order to guarantee the
existence and uniqueness of the solution to (2), we give the
following assumptions for the functionals u, f, and g.
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Assumption 1 (local Lipschitz condition). f and g satisty
the local Lipschitz condition; that is, for each j > 0 there
exists a positive constant C; such that for any maps ¢, ¢ €

C([-7,0; R™) with gl V llpll < j

|f ($1) = f ()| Vg ($:i) = g ()]
<Cjle¢-¢|. Vies,

where [|¢ — @]l < sup___g_01¢(6) — @(0)].

Assumption 2 (contractive mapping). There exists a positive
constant k € (0, 1) such that for all ¢, ¢ € C([-7,0]; R") and
i€S

| (1) —u(p.0)| < x| - o] ©)
and u(0,i) = 0.

Note that the previous assumptions are standard for
the existence and uniqueness of the local solutions (see
(19, 22]). Additional conditions should be imposed for the
local solution to be global. In view of this, we need a
few more notations. Let C*(R” x S;R,) denote the family
of all nonnegative functions V(x,i) on R” x S which are
continuously twice differentiable in x. For each V(x,i) €
C*(R"xS; R,), define an operator ZV from C([-, 0]; R") x
StoR:

2V (i)
=V, (¢(0) —u(p,i),i) f (¢,i)

+ ZY;’;V (¢ (0) —u(e,i), j)
jes

1
+Strace[g' (9,1) Vi (9.0) ~u(91),1) 9 ()],
(6)

where

V. (60) = <aVaECx,i))m,a\;§Cx,i)))
1

n

7)

2 .
V., (x,i) = (_a V(x”)) .

0x ;0x;

In the following sections, we will impose the some con-
ditions on the diffusion operator ZV for the global solution
and its asymptotic behavior.

3. The Boundedness and Exponential
Stability of HNSFDEs

The following theorem gives the boundedness and exponen-
tial stability criterions of the solution to (2).

Theorem 3. Let Assumptions 1 and 2 hold. Assume that there
are two functions V. € C*(R" x S;R,), U € C(R%;R,),
three probability measures 1, y, y on [-7,0], and a number
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of positive constants k € (0,1), ¢, ¢;, ¢, p = 1, Ay, Ay, As, Ay
such that for any x € R" and (¢,i) € C([-7,0],R,) X S

0
u(e.il <x | p@nd), ®

alxl? <V (x,i) < glx|?, )

2LV (9,i)

0
<c-Mlo@F + 1 [ lp@f () - 1,U (9 (0)

0
1, | Ulp@)ad).
(10

IfA, > Ay and Ay > Ay, then we have the following assertions:

(i) for any given initial data & € C%O([—T, 0], R™), there
is a unique global solution x(t) = x(t; &) to the hybrid
system (2) on't € [-T,00);

(ii) the solution x(t) obeys

lim sup E|x (t) — u (x,, 7 (t))|P < %, (1)
t— 00

lim su 1 Jt EU (x (s))ds < ¢ (12)
el £ Jo RPN

where A == YA(1/71) log(A3/A)Ar withy and r defined
by

¥ = max {q > Oicyq(1+ P00,

1P
+ [Qq(l +sl/(P_1))p 1% +)L2] e" =0, ¢> O}
(13)

andr = (p/7)log(1/x) — £ for sufficiently small € > 0.

(iii) If, in addition, ¢ = 0, then the solution of (2) has
properties that

o B EROP)

lim s , (14)
t— 00 t
ro EU (x (s))ds
0
0
e [[EV (yor 7 (0)) + 1, L Elx(s)Pds (15)

0
+ AE J U (x(s)) ds] ,

where y, = x(0) — u(x,, 7(0)).

Proof. We prove these three assertions, separately. For any
given initial data & € C%O([—T, 0], R"), by Assumptions 1 and
2, there exists a unique maximal local strong solution x(¢) to

(2) ont € [-T,p,), where p, is the explosion time. To show
that this solution is global, we only need to prove that p, = co
a.s. Define y, = x(t) — u(x,, r(t)), then by Assumption 2, we
have

lyo| < 1 (0)] + |t (50,7 (0))] < (1 +x) €] - (16)

Let k, be sufficiently lager positive number, such that [|&] <
ky. For each k > (1 + x)k,, define the stopping time p, =
inf{t € [0, p,) : |¥,| > k}. Clearly, p, is increasing as k — oo
and p, — po, < p. as. If we can show p, = oo a.s., then
p. = 00, which implies that the solution x(t) is actually global.
By the generalized It formula (see [20]) and condition (10),
we can obtain that, for any k > kjand t > 0,

EV (y(t/\pk)> r(tA Pk))

tA

=EV (3,7 (0) +E J " LV (x,7(s))ds

0

APy
Sct+ﬂEV(y0,r(0))—/\1IEJ lx (s)|P ds
0
tApe 0 (17)
N j J Ix (s + 0)[P 4 (d6) ds
0 -T
2
—/\3[Ej U (x(s))ds
0
tApe 0
+AE j J U (x (s + ) (d6) ds.
0 -T
By the Fubini theorem, we compute
tApe 0
[EJ. J lx (s + 6)|Pdyu (6) ds
0 -T
0 rtAp
= [EJ J lx (s + 0)|Pds du (0) (18)
-t JO
0 EAPy
< J Elx (s) Ipds+[EJ |x (s)|F ds.
-T 0
Similarly,
tApe 0
[EJ J U (x (s + 0)) B (d6) ds
0 -T (19)

0 EAPy
< I EU (x (s)) ds + [EJ- U (x () ds.
—-T 0



Substituting (18) and (19) into (17) yields

EV (y(t/\pk)’ r(tA Pk))

< EV (yp,7(0))

0

0
+Azj [E|x(s)|pds+A4[EJ U (x(s)) ds

+ct—-(A, - A,)E

APy EApk
X J |x (s)|Pds — (A, —/\4)[Ej U (x(s))ds
0 0
< Hy +ct,
(20)
where
0
Hy =EV (y5,7(0)) + A, J- E|x (s)|’ds
- 1)
0
+ A4E J U (x(s))ds.
Note that

EV (y(t/\pk)’ r(tA Pk))

> E [V (y(t/\Pk),r (t N pk)) 1{Pk§t}] > Clkp[p {pk < t} .

(22)
Hence,
akPP{p. <t} < Hy+ct. (23)
Then, for any ¢ > 0,
Jim P {p <t} =0, (24)

which together with the arbitrariness of ¢ implies that p , =
00 a.s. Therefore, the solution x(¢) is global, and assertion (i)
follows.

Then by Itd’s formula and condition (10), we have, for any
y >0,

Ee’ "My (y(t/\pk))’ r(tA Pk))

= EV (3,7 (0))

+E Impk e” [yV (31 (s)) + LV (x,,7 (s))] ds
0
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tA
0

P
< EV (30,7 (0)) + yE J ‘ eV (y,,r(s))ds
ENpk
—/ll[EJ e¥|x (s)|? ds
0

tApe 0
+/12[EJ J e"|x (s + 0)|Pu (d6) ds
0 -T (25)

t
+c J e’’ds
0

- AE Jmpk e”U (x(s)) ds

0

EAPy 0
+\,E j o J U (x (s + 0)) 7 (d0) ds.

0 —
For p > 1 and any ¢ > 0, we have
V(yer(s)

<glx(s) —u(x,r (5))|P

< oz[l + s”(P"l)]P_l (Ix(s)lp + %|u(x5,r(s))|P>

<a[te e @) [l + [ v oran®).
- (26)

where we used the Hoélder inequality and condition (8).
Substituting (26) into (25), we obtain

Y (y(t/\pk)’ r(tA Pk))

<EV ()’0) + [czy(l + sl/(p—l))p—l ~ Al]

x E Jt/\pk eV (x (s))ds

0

+ czy(l + 81/(}7_1))1]71%

tApe (0
x[EJ J- e"|x (s + 0)|75 (d0) ds

0 —

tApe (0
+)L2[EJ J eyslx(s+9)|Py(d9)ds+cJ e’ ds

t
0 -T 0
tApk

-AE J e”U (x (s)) ds
0
EAPy 0

+)L4[EJ eVSJ U (x(s+6))u(do)ds.

0 —

(27)
Define a probability measure v on [-7, 0]

cy(1+ e Y ™ (kP €)1 (6) + Ayua 6)

; (28)
oy(1+eVe0YP " (epje) + A,

dv(0) =
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then from (27), we have

Ee""™y (Yenpr (EAPY))

t
< [EV(y0)+cJ e ds
0

+ [(‘2)/(1 + sl/(p’l))p_l - Al]

ENpy
x E J e’V (x (s)) ds
0

_1 4P
+ [czy(l +81/(p_1))P 1% +A,

] (29)
« E Jmpk o JO Ix (s + 0)|Pv (d6) ds
0 —T

EApL
- J U (x (s)) ds
0

tApy 0
F\E J e J U (x (s + 0)) 7 (d0) ds.

0 —

By the Fubini theorem
t 0
J e’ J |x (s + 0)|[Pdv (8) ds
0 -7

_ JO Jte"(s+9)|x(s +0)Pdsdv (6) (30)

0

0 t
<e” J e”lx (s)|P ds + e J- e”|x (s)|P ds,
-7 0

we have from (29)
Ee’"Py (y(t/\pk)’ r(tA Pk))

_1 P
<EV (y,) + [ozy(l +el/(p_1))‘D g /\2]
€

0 t
x e’’ J e”EV (x(s))ds +c J e’ ds
0

-T

+ (czy(l + el/(Pfl))Pil

o1 icP (31)
A+ [Qy(l + sl/(P_l)) -+ /\2] e”r>
€

x E Jmpk eV (x(s))ds
0

0
+A,e"" j e"EU (x (s))ds — [A; — 1,€""]

=T

x E jmpk e”U (x (s)) ds.

0

5
Denote
H(y) = A3 = Age’,
hpe) = cap(1+ &) .
A+ [QY(I + sl/(p'l))pflg + AZ] e’

Let e be fixed; then it is easy to obtain h;(y, e) > 0andh(0,¢) =
—-A; + A, <0, which implies that for any fixed ¢ > 0, function
h(-, &) has a unique positive root, denoted by q. Choose a ¢ =
€" > 0 such that

y= sup g=

sup g.
£>0,h(g,£)=0 (33)

h(g.e*)=0

Noting that for any y € (0, A], h(y,¢*) < 0 and I(y) > 0, we
therefore have

Ee'""Py (y(t/\pk)7 r(tA Pk))

0 t
<EV () +)L4e”TJ' e”EU (x (s)) ds+cj e’ ds
T 0

(-1 \PL &P .
+[c2y(1+s u ) 8—*+/\2]e” (34)

0
X J e”EV (E(s)) ds

-7

e
< ¢C, sup [E|£(6)|P+c7

-7<60<0

for some positive constant C, > 1. Letting k — 00, we have

vt
e"EV (y,,r (1)) < qC, sup E|¢ (6)|P +ce7, (35)
0

-7<0<

which implies the desired assertion (11). Assertion (12) can be
obtained from (20) by letting k — ©0. Hence assertion (ii)
follows.

Let ¢ = 0. For any € > 0, we have that

_ -1
x ()P < [1+€®V)°

P CAC)]
[ 2t

(36)

< [1+even)

0
X[Iysl"+§j |x(s+9>|f’dn<9>].



6
By (34) and (36), we have fort > s > 0
e Elx (s)|”
< [1+eM0-0]

xf 0
x e"s[E|ys|P+ —e"sJ [E|x(s+9)|Pd11(9)]
€ -7

< [1+ 0]

P
x [eyst|y5|P L e sup [eyG[Elx(0)|P]]
€ s—T<0<s

< [1 + el/<p—1>]P‘1

P
X [CO sup E|E©O)|" + Ko sup [eye[Elx(6)|p].
—-7<0<0 € —7<0<t

(37)

This inequality also holds for all -7 < s < 0. In view of y <
r < (p/7)log(1/x), there exists a positive number ¢, > 0 such
that

p-1
—14cP
— o 1/(p-1)1P IK_ yT _ 1 Py
a(ey) .—[1+€0 ] 6Oe = 1+—€1/(P-1) xPe’ < 1.
0

(38)
Therefore,
sup ¢ E|x (s)[?
—T<s<t
—1)71p-1
<[1+¢/" "] C, sup EE©O) (39)

-7<60<0

+a(ey) sup e"Elx (s)]”,
—T<s<t

which implies
-1
[+
1-a(e)

Finally, the required inequality (14) follows by taking log-
arithm and limitation. Inequality (15) can be also obtained
from (20) by letting Kk — o©o. Hence assertion (iii)
follows. O

0 sup EJE (1)]F. (40)

—7<t<0

e"Elx (1)|F <

Remark 4. If the Markovian switching vanishes, Theorem 3 is
also true and gives the pth moment exponential stability with
the decay rate bigger than that in [24, Theorem 2]. Since the
decay rate in [24] is the special case of Theorem 3 with € = 1
in (13).

If A; = A, = 0, then we directly obtain the following
corollary.

Corollary 5. Let Assumptions 1 and 2 hold. Assume that there
exist a function V. € C*(R" x S;R,) x S, two probability
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measures 1, y on [—7,0], and a number of positive constants
k € (0,1), ¢, & p = 1, Ay, A, such that for any x € R" and
((P) l) € C([_T) 0]) RJr) xS

0
u(p.dl x| p@no),

alxlf <V (x,1) < |x|?, (41)

0
FV (i) <Ml OF + 1 [ @ ().

IfA, > A,, then for any given initial data & € Cb%o([—r, 0], R™),
the solution of (2), denoted by x(t) = x(t;§), has property that

lim su -(ynr), (42)

t — 00

plog([E|;c t)17) B

wherey and r satisfy
Y = max {q > 05 ozq(l + sl/(P_l))P_l -\

1 xP
+ [czq(l + sl/(P’l))p 1% + )Lz] e =0,e> 0]»
(43)

and r := (p/7)log(1/x) — € for sufficiently small € > 0.

Although the pth moment exponential stability and
almost sure exponential stability of the exact solution do not
imply each other in general, under a restrictive condition
the pth moment exponential stability implies almost sure
exponential stability (cf. [11]). Here, we give the following
theorem about the almost sure exponential stability of the
exact solution to (2).

Theorem 6. Let p > 1. Assume that there exists a constant
K > 0 such that

Y (¢,i)eC([-7,0],R,) x S.
(44)

|f (9. 0)|+|g (.7)] < K|lg||»

Then (42) implies

YA
lim sup% log|x ()] < _YAT a.s. (45)
t— 00

In other words, the pth moment exponential stability implies
almost sure exponential stability.

Remark 7. One may question that whether the semimartin-
gale technique can be used to obtain the almost sure expo-
nential stability directly. In fact, semimartingale technique
may fail, since it may not be true to transfer the almost sure
exponential stability from x(t) — u(x,, 7(t)) to x(t).
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4. The Boundedness and Exponential
Stability of HNSDDEs

In this section, we investigate the exponential stability of the
hybrid NSDDE with varying delay

dfx () = N(x(t =), )]
=F(x(®),x(t-1(t),r)dt (46)
+G (@), x(t-7(1),r ) dw(t),

where 7(t) : R* — [0,7] is a continuously differentiable
function such that

<T (47)

for some constant T < 1, while
N:R"xS —» R",

G:R'"xR"xS — R™,
(48)

F:R"xR"xS —» R",

For (46), we impose the following assumptions.

Assumption 8 (local Lipschitz condition). F and G satisfy the
local Lipschitz condition; that is, for each j > 0 there exists a
positive constant C; such that

|F (x, 3,1) = F (%, 7,1)| V |G (x, y, 1) - G (%, 5 1)
<C; (lx =l +]y-7])
foralli € Sand x, y, X,y € R" with |x| V [y| V [X| V [J] < j.
Assumption 9 (contractive mapping). N isa contractive map-

ping; that is, there exists a positive constant « € (0,1) such
thatforallx, y e R"andi € S

IN (x,i) = N (i) < x|x - y]. (50)

Under the previous two assumptions, HNSDDE (46)
admits a unique local solution. We also need more conditions
to guarantee that the local solution is actually global. So we
introduce an operator LV from R” x R" x S to R by

LV (x, y,i)
=V, (x = N (9:1),1) F (x, 1)

+ ZYijV (x =N (».1), j)

jes

+ %trace [GT (% 351) Vi (x = N (3,1),1) G (x, )]
(51)

for each V(x,i) € C}*(R" x S; R,), and we will impose the
same conditions on the diffusion operator LV for the global
solution and its asymptotic behavior.

Although HNSDDE can be regarded as the special case of
HNSFDEs, we still establish the boundedness and exponen-
tial stability criterions of the solution for (46) so as to obtain
more accurate results.

Theorem 10. Let Assumptions 8 and 9 hold. Assume that there
are functions V € C*(R" x S;R,), U € C(R™;R,) as well as a
number of positive constantsc, ¢, ¢,, p = 1, A}, Ay, A3, Ay such
that forany x, y € R" andi € S,

alxl? <V (x,i) < glx/|?, (52)
LV (x, y,i)
(53)
<c—MIxlP + Ay|y” = AU (%) + AU ().

IfA, > A, /(1-T) and A5 > A,/(1-T), then for any given initial
data& € C%O([—‘r, 0], R™), (46) admits a unique global solution
x(t) = x(t;£). Moreover, we have the following assertions:

(i) the solution x(t) obeys

limsup Elx (6) - N (x (£ = 7(0), r (O < = (54)
t— 00

lim supl Jt EU (x(s))ds < ;, (55)
t—oo t Jo A=A/ (1-7)

where A := YA(1/7)log(A; /A )Ar withy and r defined
by

7 = max {q > 030,q(1+ PV 22,

kP
+ [clq(l + sl/(p’l))p 1% + /\2] e =0, e> 0}
(56)

andr = (p/7)log(1/x) — € for sufficiently small € > 0.

(ii) If, in addition, ¢ = 0, then the solution to (46) has

properties that
log (Elx ()|
lim sup—Og( ltx( ") < -A, (57)
t— 00
J EU (x (s))ds
0

P S
/\3_/\4/(1_?)

x [[EV (x(0) = N (x (=7(0)),7(0)),7(0))

0 0
e | Elxrass g | v (s))ds] .
(58)

+

Proof. The proof is similar to that of Theorem 3, so we only
give an outlined one. Denote y, = x(t) — N(x(t — 7(t)), r(t)).
Let p, be the stopping time defined similarly in the proof



of Theorem 3. By the generalized It6 formula (see [10]) and
condition (53), we can obtain that, for any k > k, and t > 0,

EV (y(t/\pk)’ r(tA Pk))

N

P
£ct+[EV(y0,r(0))—/\1[EJ |x (s)|F ds

t
0
APk

+/\2[EJ

0

lx (s —7(s))P ds (59)

- mek U (x (s)) ds

tAPL

+/\4[EJ U(x(s—1(s)))ds.

0

Noting that

Jt lx (s =7 (s)|F ds

0

<L JO |x (s)I” ds (60)
T

then we have

EV (y(t/\pk)’ r(tA Pk))

<ct+EV (y,r(0) +

0
)‘2_[E J |x (s)|P ds
l_T -7

A 0
+ N 4 J_T EU (x (s)) ds (61)

tAp,
- ()Ll - )‘2_) EJ “Ix ()P ds
1-7 0

A EApL
- ()t3 1 _4?) E Jo U (x(s)) ds.

Then by the similar arguments used in the proof of Theo-
rem 3, we easily obtain p, — 00 as k — oo; that is, the
solution x(t) is global. The desired assertions (55) and (58)
follow from (61) by letting k — ©co.

Applying It6’s formula to e”'V(y,, r(t)) and using condi-
tion (53), we have for any y € (0, A]

[Eey(t/\pk)v ()’p " (t))

=EV (¥,,7(0))

EAPk
B[V ()

0

+ LV (x(s),x(s—1(s)),r(s)]ds
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t.
0

<EV (3,7 (0)) + yE J " eV (y,,r(s))ds

t
—AI[EJ e”|x (s)|? ds

o

+
(=1

e”*U (x (s)) ds

t
-Aﬁj

(=]

NPre
tApk
AZ[EJ ePlx (s — 7 (s))|P ds
NPk
NPr

t
M[EJ

+ e”*U (x (s — 1 (s))) ds.
0
(62)
For p > 1 and any ¢ > 0, we have
V(yer(s)
<Glx(s) = N (x(s=7(s),r ()P
< o1 + 0]
(63)

x (|x(s)|P  UN s - r(s)),r(s))V’)
&

< cz[l + sl/(‘v_l)]lk1

P
x [|x(s)|P + "—|x(s—r<s)>|f’],
&

where we used the Holder inequality and Assumption 9. Sub-
stituting (63) into (62), we therefore obtain

[EeV(t/\pk)V (y(t/\pk)’ r (t A Pk))

<EV (y,) + [czy(l + 81/(1,,1))1)71 - /\1]

APy
x E J eV (x (s))ds
0
p-1xf

+czy(1 +el/(p71)) E

£
A 64

X Jt Pkey$|x(s—‘r(s))|Pds (64
0

EAPL
e’|x (s — 7 (s))|P ds
0

+/\2EJ

EApL
- /\3[EJ e”*U (x (s))ds
0

tAPk
e”U (x (s =1 (s)))ds.
0

+/\4[EJ
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Noting that

Jt e”lx (s —1(s)|F ds
0

t
<e” J ST x (s — 7 (5)) P ds
0

(65)

et 0
< — J e”|x (s)|F ds
1 -7 -7

VT

e t
_ j lx () ds,
-7 Jo

then we have from (64)

Ee’"Py (y(t/\pk)’ r(tA Pk))

_1 4P
<EV(y,) + [Qy(l +sl/(p_1))P g /\2]
£
0
xe'" J e”EV (x(s))ds

ENpy s
+h(ye)E Jo eV (x (s)) ds

EApL
e”’U (x (s))ds
0

-10)E |

ey‘r 0
s ?I PEU (x () ds,

where

I Ao,
(Y)— 37 4?’

h ()/, s) _ QY(I " 81/(17—1))10—1 67)

_1 P
Ay [w(l )

+ )»2] e,
e

Let e be fixed; then it is easy to obtain h;(y, e) > 0and h(0,¢) =
-A; + A, <0, which implies that for any fixed € > 0 function
h(-, &) has a unique positive root denoted by q. Choose a € =
€" > 0 such that

y= sup gq=

sup q.
£>0,h(g,€)=0 (68)

h(g,e*)=0

Noting that for any y € (0, Al, h(y,&") < 0 and I(y) > 0. We
therefore have

Ee 0y (y(t/\pk)’ r (t A Pk))
ey‘r 0
<EV(y) + /\417? J e"Elx (s)|ds
-7

L(1/(p-1)\P 1P
a/(p 1>)> K—+A2]

+ [czy(l re - (69)

0
x e’ J e”EV (E(s)) ds

< ¢C, sup EE(©O))

-7<60<0

for some positive constant C, > 1. By the similar skills used
in the proof of Theorem 3, we can easily obtain the desired
assertions (54) and (57). O

If the delay 7(¢) = 7 is a fixed constant, then T = 0. Hybrid
system (46) becomes the following HNSDDE:

dlx()-N(x(t-1),7 ()]
=F(x(t),x(t—-1),r(t)dt (70)
+G(x(t),x({t—-1),rt)dw(t).

Resorting to Theorem 10, we have the following corollary.

Corollary1l. Let Assumptions 8 and 9 hold. Assume that there
are functions V € C*(R"x S;R,), U € C(R";R,) as well as a
number of positive constants c, ¢;, ¢, p = 1, A}, Ay, A3, Ay such
that forany x,y € R" andi € S

alxl? <V (x,i) < ¢|xI?,
LV (x, y,i) < c = A |x|P (71)
+ 4,00 = AU (x) + AU (y).

IfA, > A, and Ay > A, then for any given initial data
Ee C%O([—T, 0], R™), (70) admits a unique global solution x(t).
Moreover, we have the following assertions:

(i) the solution x(t) obeys

limsup Elx ()~ N (x (¢ = 0).r ) < 5. (72
t— 00
) 1 (! c
lim sup— J EU (x (s))ds < , (73)
t— 00 0 A3 - A4
where A := YA(1/7) log(A5 /A )NAr withy and r defined

by
Y = max {q > 0;%‘1(1 + 81/(p_1))P_1 -\
kP
+ [czq(l + sl/(l”l))p A Az] e =0,e> 0]»
€

(74)
andr = (p/7)log(1/x) — € for sufficiently small € > 0.
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(ii) If, in addition, ¢ = O, then the solution of (70) has
properties that

i s 98 (EIX OFF)
msup—— < —

t— 00 t

A)

joo EU (x (s)) ds
0

nLoA, (75)

X [[EV (yo,7(0)) + A, JO E|x (s)|? ds

+ AE J_OT U (x(s)) ds] .

Further, if U(x) = 0, Corollary 11 implies.

Corollary 12. Let Assumptions 8 and 9 hold. Assume that
there is a function V € C*(R"xS; R, ) and a number of positive
constants ¢, ¢, p > 1, Ay, A, such that for any x, y € R" and
i€S
qlxlf <V (x,i) < glx|?,
(76)
LV (x, i) < =M Ixl? + A,y

IfAy > A,, then for any given initial data & € Cb%o([—‘[, 0], R™),
(70) admits a unique global solution x(t). Moreover, the
solution x(t) obeys

log (E|x ()|?
limsup 2B EFOF)

t — 00 t

A, (77)
where A .=y Ar withy and r defined by

_ -1
1/(p 1))1’ -4

y= max{q > O;Qq(l +e

1wl
+ [czq(l +£1/(P_1))P Ky Az] " =0,e> O}
€
(78)
andr := (p/7)log(1/x) — € for sufficiently small € > 0.

Remark 13. Corollary 12 improves Theorem 5.2 in [10, Chap.
5, pp- 838]. In [10], Theorem 5.2 states that if the assumptions
and conditions in Corollary 12 hold, then

1 *
lim sup— log (E|x (£)|7) < —=A", (79)
t— 0o
where
A =7 A log () (80)
=Y 2T 8 K
with 7 > 0 being the unique root to equation
Yo+ T [/\2 +y oK(l+ K)P_I] =1,. (81
It is easy to see y = 7§ . Moreover, (p/7)log(l/x) >

(1/27)log(1/x). That means A* < A for sufficiently small
¢ > 0, where A is defined in Corollary 12.

Abstract and Applied Analysis

5. Examples

In this section, we give an example to illustrate the usefulness
and flexibility of the theorems developed previously. Let w(t)
be a scalar Brownian motion. Let r(¢) be a right-continuous
Markov chain value in S = {1, 2} with generator

I = (y,.j)2 = (‘12 2_1> (82)

Assume that w(t) and r(t) are independent.

Example 1. Consider the one-dimensional linear HNSDDEs

d [x ) —x(r(s)) JOT x(s+0) d@]

0

x(t+0) d@] dt  (83)

_ [y ()0 -25(0)° + |

N [a () J_O Ix (£ + 0)[2d6 + c] dw (£),

where «(1) = 1/8, x(2) = 1/4, u; = -3, 4, = -4, 0(1) =
1/4/8, 0(2) = 1/4/2, and 7 = 1. To find out whether (83)
is mean-square exponential stability, we use the Lyapunov
function

V (%) = glxI’, (84)
where g, = 1 and g, = 0.5. One can show that

2LV (9.1)

0
_2g [(p 0) +x (i) L 0 (0) d@]

0
x [#(i)sv(o) -390+ 9@ de]
- (85)

2

+ Z Yiid;

j=1,2

1 0
0@ +3 | p@a0

2

+2c%

2 0 2
+2q007|[ o @) do




Abstract and Applied Analysis
By the elementary inequalities a“b? < (af(a + ﬁ))a“*ﬁ +
(B/(a + )P, we have
ZV(9.1)
<2 [ =3lp O ~3lp [
1 2 0 2
+ 5 (le@P + [ oo
31 2 (° 2
22 (loF + [ lp@)de
-1
3/(3 4 1 (° 4
v (G0l [ o)
1(° > 1 (° 4 2
—p(0)+ §J1|(p(0)d0| - j Ip@)'do-+2c

45
<288 - §|go (0)|2

97 (° 2 87 s 7 (° 4
+2 L lp@[do- oo + L lp (6)[*d6.
(86)
Similarly,
ZV (9,2)
<2 - %]go o/
13 (° > 39 4 (87)
v | le@Fdo- o)
L2 jo lp (0)]'do
16 ., ¢ '

Let A, = 29/8, A, = 97/64, A, = 39/16, and A, = 23/16.
Then we have from (86), and (87) for eachi € S,

2LV (9.i)

<2 - )Ll|(p (0)|2

0 2 4 0 4
2, [ lo@Pdo-1lp* + 2, | lp@‘ap.
(88)

Then one can compute A = 0.5281 by Theorem 3. If c 0,
then

2
litrrlsolip Elx (t) - u(x,r ()| < 0?,;81’

(89)
2

1(* 2c
lim su —J Elx (s)|*ds < )
P ) XA,

If ¢ = 0, the solution to HNSDDE (83) has the property

_ log(Elx(1)P)
lim sup—————

t— 00

< -0.5281. (90)

11
Example 2. Consider the HNSDDE:
dlx(t)-N(x(t-1),r ()]
=F(x(t),x({t—-1),r(t)dt (91)
+Gx (@), x(t—-1),r()dw(t),
where the functions N(y,1) = 1/3y, N(»,2) = 1/4y,

F(x,y,1) = -2x - 3x° + y/4, F(x, y,2) = =3x — ax® + /2,
G(x, y,1) = 1/2)/2, and G(x, ¥,2) = y/2. Let V(x,i) = qilxl2
for q; = 1, g, = 0.5. Then one can compute

23, 214 14

41 ,
LV X, )1 < ——X"+ = X + — s
( 4 ) 2 24)’ 4 6y

29 31 13 1 (92)
LV (x,9,2) s ——=x*+ =y - —x*+ -y,
(xy ) l6x 64y 4x 4)’
Then we have from (92) that fori € S
29, 23, 13, 1,
LV (x9,i) < —x"+—y " ——x +—-y. 93
( y) 16 24 4 4}’ 93)

One can compute A = 0.2767 by Corollary 11. Then the
solution to HNSDDE (91) has the property

lim sup < -0.2767. (94)

t— 00

log ([Elx(t)lz)
t
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