Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2012, Article ID 952601, 20 pages
doi:10.1155/2012 /952601

Research Article

Asymptotic Behaviour of a Two-Dimensional
Differential System with a Finite Number

of Nonconstant Delays under the Conditions
of Instability

Zdenék Smarda® and Josef Rebenda?

I Department of Mathematics, Faculty of Electrical Engineering and Communication,
Brno University of Technology, 616 00 Brno, Czech Republic

2 Department of Mathematics and Statistics, Faculty of Science, Masaryk University,
611 37 Brno, Czech Republic

Correspondence should be addressed to Zden&k Smarda, smarda@feec.vutbr.cz
Received 20 February 2012; Accepted 4 April 2012
Academic Editor: Miroslava Rtizickova

Copyright © 2012 Z. Smarda and J. Rebenda. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

The asymptotic behaviour of a real two-dimensional differential system x'(f) = A(t)x(f) +
Sy Br(®)x (i (£) +h(t, x(t), x(61(1)), ..., x(0, (1)) with unbounded nonconstant delays t -0y (t) >
0 satisfying lim; _, ., 0k (t) = oo is studied under the assumption of instability. Here, A, By, and h are
supposed to be matrix functions and a vector function. The conditions for the instable properties
of solutions and the conditions for the existence of bounded solutions are given. The methods are
based on the transformation of the considered real system to one equation with complex-valued
coefficients. Asymptotic properties are studied by means of a Lyapunov-Krasovskii functional and
the suitable Wazewski topological principle. The results generalize some previous ones, where the
asymptotic properties for two-dimensional systems with one constant or nonconstant delay were
studied.

1. Introduction

Consider the real two-dimensional system

xX'(t) = A(D)x(8) + D Br(D)x(Bk (1)) + h(t, x(1), x(61(t)), .., x(Om(1))), (L.1)

k=1
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where 0 (t) are real functions, A(t) = (a;j(t)), Bx(t) = (bijx(t))(i,j = 1,2,k = 1,...,m) are
real square matrices, and h(t,x,y) = (hi(t,x,y1,...,Ym), ho(t, X, y1,...,Ym)) is a real vector
function, x = (x1,x2), Yk = (Y1k, Y2x)- It is supposed that the functions 6, a;; are locally
absolutely continuous on [tg, o), bijx are locally Lebesgue integrable on [ty, o), and the
function h satisfies Carathéodory conditions on [t, 00) x R2(m+1),

There are a lot of papers dealing with the stability and asymptotic behaviour of n-
dimensional real vector equations with delay. Among others we should mention the recent
results [1-13]. Since the plane has special topological properties different from those of n-
dimensional space, where n > 3 or n = 1, it is interesting to study the asymptotic behaviour
of two-dimensional systems by using tools that are typical and effective for two-dimensional
systems. The convenient tool is the combination of the method of complexification and the
method of Lyapunov-Krasovskii functional. For the case of instability, it is useful to add to
this combination the version of Wazewski topological principle formulated by Rybakowski
in the papers [14, 15]. Using these techniques, we obtain new and easy applicable results on
stability, asymptotic stability, instability, or boundedness of solutions of the system (1.1).

The main idea of the investigation, the combination of the method of complexification
and the method of Lyapunov-Krasovskii functional, was introduced for ordinary differential
equations in the paper by Rab and Kalas [16] in 1990. The principle was transferred to
differential equations with delay by Kalas and Bardkové [17] in 2002. The results in the
case of instability were obtained for ODEs by Kalas and Ositka [18] in 1994 and for delayed
differential equations by Kalas [19] in 2005.

We extend such type of results to differential equations with a finite number of
nonconstant delays. We introduce the transformation of the considered real system to one
equation with complex-valued coefficients. We present sufficient conditions for the instability
of a solution and for the existence of a bounded solution. The applicability of the results is
demonstrated with several examples.

At the end of this introduction we append a brief overview of notation used in
the paper and the transformation of the real system to one equation with complex-valued
coefficients.

R is the set of all real numbers,

R, the set of all positive real numbers,

R? the set of all nonnegative real numbers,
R_ the set of all negative real numbers,

R the set of all nonpositive real numbers,

C the set of all complex numbers,

C the class of all continuous functions [-7,0] — C,

ACioc(I, M) the class of all locally absolutely continuous functions I — M,
Lioc (I, M) the class of all locally Lebesgue integrable functions I — M,

K(IxQ, M) the class of all functions IxQ — M satisfying Carathéodory conditions
onlxQ,
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Rez the real part of z,
Imz the imaginary part of z, and

z the complex conjugate of z.

Introducing complex variables z = x1 +ix2, w1 = Y11 + iY12,-., W = Y1 + iYmp, We can
rewrite the system (1.1) into an equivalent equation with complex-valued coefficients

Z'(t) = a(t)z(t) + b(HZ(t) + i[Ak(t)Z(Qk(f)) + B (H)Z(0k(1))] 12)
k=1 .

+8(t z(t), z(01(1)), .., 2(Om (1)),

where Gk € ACIOC(]/R) for k = 1/-'-/m/ Ak/Bk € LIOC(]/(C)/ a/b € ACIOC(]/(C)/ g € K(] X
(Cm+1/ (C)r ] = [tOI OO)
The relations between the functions are as follows:
1 i
a(t) = E(au(t) +an(t)) + E(a21(t) —an(t)),
1 )
b(t) = E(ﬂn(f) —an(t)) + %(ﬂm(f) +an(t)),
1 .
Ak(®) = 5 (buae(®) + ba(®)) + 5 (b (1) = baze (1),
1 )
By (t) = E(bnk(t) — bk (t)) + %(bmk(t) + bk (1)),

1 .1 _. 1 _ 1 _
g(t;Z/wll---zwm) = h1<t,§(Z+Z), Z(Z_Z),E(wl +w1)1--'12(wm_wm))

. 1, _ 1 _ 1 _ .1 _ 1 _
it (1,3 (242), 31 (2-2), 3@+ D), 3 @1 T) - 5 (0= D) ).

(1.3)
Conversely, putting
a1 (t) = Rela(t) + b(t)], app(t) = Im[b(t) —a(t)],
ax (t) =Im[a(t) + b(t)], an(t) = Rela(t) - b(t)],
buk(t) = Re[Ax(t) + Bi(t)], biak (t) = Im[ Bk (t) — Ax(t)],
1.4
b1k (t) = Im[Ax(t) + Be(t)], bk (t) = Re[Ax(t) — Bk (t)], (4

hi(t,x,y1,...,Ym) = Reg(t, x1 +ix2, yi1 + i1z, - -, Y1 + iYm2),
ho(t, %, Y1, -, Ym) = Img(t,x1 +ix2, Y11 + Y12, -, Y1 + iYm2),

the equation (1.2) can be written in the real form (1.1) as well.
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2. Preliminaries

We consider (1.2) in the case when
1itminf<‘1ma(t)‘ - |b(t)|> >0 (2.1)

and study the behavior of solutions of (1.2) under this assumption. This situation corresponds
to the case when the equilibrium 0 of the autonomous homogeneous system

x' = Ax, (2.2)

where A is supposed to be regular constant matrix, is a centre or a focus. See [16] for more
details.

Regarding (2.1) and since the delay functions 6y satisfy lim;_, ,0x(t) = oo, there are
numbers Ty > to, T > T1, and p > 0 such that

lIma(t) >|b(t)|+pu fort>Ty, t>6k(t)>Ty fort>T(k=1,...,m). (2.3)
Denote
2
y(t) =Ima(t) + \/(Ima(t)) - |b(t)|2sgn<lm a(t)), c(t) = —ib(t). (2.4)

Notice that the above-defined function ¥ need not be positive.
Since |y ()| > |[Ima(t)| and |c(t)| = |b(t)], the inequality

[¥(®)| > [EH)| +p (2.5)

is valid for t > Tj. It can be easily verified that ¥, ¢ € ACjoc([T1, 0), C).
For the rest of this section we will denote

(2.6)

Re(F(OT' (1) - ST (1)) - |[F(OT (1) - ¥ (HE®)|

8(t) =
& 72 - 8t

The instability and boundedness of solutions are studied subject to suitable subsets of
the following assumptions.

(i) The numbers T; > ty, T > Ty, and u > 0 are such that (2.3) holds.

(ii) There exist functions >, i, @ : [T, 00) — R such that
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[Y(g(t z,w, ..., ww) +EBZ(E 2w, ..., ww)|

s A _ _ (2.7)
<EWB|F(Oz+EBZ] + Dok (D) |[F(Ok (1)) i + E(B (1)) Wk | + ()
k=1
fort>T, z,w, € C(k =1,...,m), where ¢ is continuous on [T, o).
(iin) There exist numbers R,, > 0 and functions 3, K,k : [T,o0) — R such that
| (gt z,w, ..., wy) +E(B)g(t,z,w1,. .., W]
~ ~ ~ Uiy ~ - _ 2.8
< SOz + EB)z] + S Ruc(t) |70k (1) + E@k (1)K 28)
k=1
for t > 1, > T, |z| + 3}, lwk| > Ry.
(iii) ﬁ € ACioc([T, ), R%) is a function satisfying
6, (HB(t) < Xk (t) a.e. on [T, o), (2.9)
where Xk is defined for t > T by

TP [F(O)] + 2@l

A () = ®ie(t) + (A (B)| + [Br(H)]) = = . (2.10)
[¥ Ok ()] = €Ok (1))]
(iiin) ﬁn € ACoc[T, 0),R?) is a function satisfying
0,(1fn(t) < -Lok(t)  ace. on [1,, ), (2.11)
where Xnk is defined for t > T by

- _ Y| + )

Anic () = Kni (£) + (|A(£)] + |Bi()]) [FO] + 120 (2.12)

|76k (1) = 2Bk (1))

(ivn) A, is a real locally Lebesgue integrable function satisfying the inequalities ﬁn(t) >
A, (t)ﬂn(t) O, (t) > A, (t) for almost all t € [Ty, o0), where O, is defined by

O, (t) = Rea(t) + D(t) - 5,(t) + mpP,(t). (2.13)

Obviously, if A, B, Kk, and 9;( are locally absolutely continuous on [T, o0) and Xk(t) >
0,0, (t) > 0, the choice B(t) = ~maxk_1,.. [1x () (6} (t)) '] is admissible in (iii). Similarly, if Ay,

,,,,,
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By, Knk, and 0, are locally absolutely continuous on [T, o0) and Xnk(t) >0, 0, (t) > 0, the choice
P (t) = —maxiet, . m [Lak (£) (0L ()) ] is admissible in (iiiy).

Denote

O(t) = Rea(t) + B(t) — 5(t). (2.14)

From assumption (i) it follows that

3] < i ) M L Y |+| I(EAC)
- 72 - e - —[ef? (2.15)
|?'|+|c| -
< (71+12))
Iyl -

therefore the function & is locally Lebesgue integrable on [T, o), assuming that (i) holds true.
If the relations 8, € ACioc([T, ), R_), % € Lioc([T, ), R), and f, () / Bu(t) < O, (t) for almost
all t > T, together with conditions (i) and (iin) are fulfilled, then we can choose Ay (1) = O,(t)
for t € [T, 00) in (ivy).

3. Results

Theorem 3.1. Let assumptions (i), (iiy), (iiiy), and (ivy) be fulfilled for some 7y > T. Suppose there
exist t1 > Ty and v € (—oo, 00) such that

}Ef[Jt Ao(s)ds —In(|F(t)| + |E(t)|)] > . (3.1)
Zh tl

If z(t) is any solution of (1.2) satisfying

min |z(s)| > Ry, A(t1) > Roe™, (3.2)

0(t)<s<t

where

o(t) = mm Qk (1),

,,,,,

) , (3.3)
At = ([F®)] - [EBN1z(0)] + Po(t) max |z(s)|2f ([7(s)] + [&(s)])ds,
(t)<s<t k=1 Y Ok(t)
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then

A(t) g~
|Z(t)| Z m eXp |:J‘t1 AO(S)dS] (34)

forall t > t1, for which z(t) is defined.
In the proof we use the following Lemma.

Lemma 3.2. Let ay, ap, by, by € C, |ay| > |by|. Then,

diz+ bz Re(aﬁz - b152> — |a1by — axb |

Re =2
az + bz las)? - |baf?

(3.5)

forze C, z#0.
The proof is analogous to that of Lemma 1 in [20, page 101] or to the proof of Lemma

in [16, page 131].

Proof of Theorem 3.1. Let z(t) be any solution of (1.2) satisfying (3.2). Consider the Lyapunov
functional

. m t
V() =U(t) + Po(t) D, U(s)ds, (3.6)
k=1 Ok(t)
where
U(t) = [yt)z(t) +e(t)z(t) |- (3.7)

For brevity we shall denote wi(t) = z(6k(t)) and we shall write the function of variable ¢
simply without indicating the variable ¢, for example, y instead of ¥ (f).
In view of (3.6), we have

. m t -
Vi=U + B U(s)ds + mPoy|yz + cZ|
k=17 6k(t)

- ieiﬁowwk(t))wk + C(Ok (1)) wi|

k=1

(3.8)

for almost all £ > t; for which z(t) is defined and U’(t) exists. Put X = {t > #

z(t) exists, |z(t)| > Ro}. Clearly U(t) #0 for t € K. The derivative U'(t) exists for almost
allt e XK.
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Since z(t) is a solution of (1.2), we obtain
UU' = Re|(72+32) (Fz +72 + &2 + &)
= Re{ (72 + Ez) I:?/z +3Z+ ?<az +bZ + D (Axwy + Bywy) + g>
k=1
+E<ﬁ + EZ) + é <kak + Ekwk + g)] } (39)

= Re{ (z+ ) ['y“'z +8%+ (Fa+2b)z + (fb+ca)z

+? (i(Akwk + Bkwk) + g> + E(i <kak + Ekwk> + §>] }

k=1 k=1

for almost all t € K. Taking into account

(Ya+ab)c= (yo+ca)y, (3.10)
we get
= — ¢
llll’>Re{ Yz+¢z)(ya+cb <z+:2>}
(72+22) (Fa+ ) (==
+ Re{ <T"E 52) I:YZ(Akwk + Bkwk) + Z(kak + Ekwk>] }
k=1
+ Re{ (?E +ez )(yg +0g) } + Re{ (YZ +Cz <}7’z + E’E) } (3.11)
Zque<a+ Yb> U(|Y| +|C|) <Z|Akwk+Bkwk|>
~ ey, Y2+CZ
U|yg +cg| + U’Re= Tt
By the use of Lemma 3.2, we get
RV ZFEE g (3.12)
Yz +cz

The last inequality together with (2.12), taken for n = 0, assumption (iip), and the

relation

Re<a + %E) —Rea (3.13)
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yields

uu' > u? (Re a+d- ;{0> — U (Rok |7 (Bk)wi + E(O) Wk |)
k=1

=1 o [ [Akllwk] + B[] ) ~
- 6k)| —1c(6

> U2 (Re a+d- ;;0) -
S| 7] + 14 ] - }
-u Al + By — T 1z 0
{kz:;[mk+(| Kkl +1 k|)|7(9k)|—|5(6k)| |¥(6k)wic + (k) wi|

> L (Re a+B- ;0> U Rk |7 (i) wi + E(00) |
k=1

for almost all t € K.
Consequently,

u's u(Re a+0- %0> = > Xok| F (@) wi + E(Ok)wr | (3.15)
k=1

for almost all ¢ € K. Inequality (3.15) together with relation (3.8) gives

V> U<Re a+8-5p+ mﬁo) - (XOk + e;ﬁo) |7 (6x)wi + &(64) k|
o = (3.16)
B fw 7(5)2(5) + E(5)2(5)]ds.
Using (2.11) and (2.13) for n = 0, we obtain
m t
V(1) 2 U)Oo(t) + By () U(s)ds. (3.17)
k=1 k(t)
Hence, in view of (ivy),
V() = Ao(HV(H) 20 (3.18)

for almost all t € XK. B
Multiplying (3.18) by exp[- f; No(s)ds] and integrating over [ti, ], we get

V(t) exp [- f /’io(s)ds] ~V(t) >0 (3.19)

t



10 Abstract and Applied Analysis

on any interval [t;, w), where the solution z(t) exists and satisfies the inequality |z(t)| > Ro.
Now, with respect to (3.6), (3.7), and fy < 0, we have

t t
(YD +E®DIz®)] 2 V(E) 2 V(tnepr &)(s)ds] > A(t) exp U &)(s)ds]. (3:20)

by ty

If (3.2) is fulfilled, there is R > Ry such that A(t;) > Re™. By virtue of (3.1), and (3.2), we can
easily see that

A(t) J't = .
B > Ao(s)ds| > Re™e’ =R 3.21
|Z( )|— |?(t)|+|5(t)|exp[ 8 O(S) S| 2z Kke € ( )
for all t > t;, for which z(t) is defined. O

To obtain results on the existence of bounded solutions, we shall suppose that (1.2)
satisfies the uniqueness property of solutions. Moreover, we suppose that the delays are
bounded, that is, that the functions 6y satisfy the condition

t—r<O(t)<t fort>ty+r, (3.22)

where r > 0 is a constant. Our assumptions imply the existence of numbers Ty = to+7, T > Ty,
and p > 0 such that

‘Ima(t) >bt)|+p fort>Ty, t>6k(t)2t—r fort>T(k=1,...,m). (%)

In view of this, we replace (2.3) in assumption (i) with (5'). All other assumptions we
keep in validity.

In the proof of the following theorem we shall utilize Wazewski topological principle
for retarded functional differential equations of Carathéodory type. Details of this theory can
be found in the paper of Rybakowski [15].

Theorem 3.3. Let conditions (i), (ii), and (iii) be fulfilled, and let K, 9;( (k=1,...,m) be continuous

functions such that the inequality A(t) < ©(t) holds a.e. on [T, ), where © is defined by (2.14).
Suppose that & : [T —r,00) — Ris a continuous function such that

~ ~ n t t
A(t) + ﬂ(t)kZG;(t) exp [— L o g(s)ds] —¢(t) > Q(t)C‘1 exp [— L §(s)ds] (3.23)
=1 k
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for t € [T, 0] and some constant C > 0. Then, there exist t, > T and a solution zy(t) of (1.2)
satisfying

C t
|zo ()] < m exp [L g(s)ds] (3.24)
fort > t.
Proof. Write (1.2) in the form
z' = F(t,z), 2)

where F : | x C — Cis defined by

m

F(t,¢) = a(t)g((0) + b(t)g(0) + Z [Ak () Ok (t) — 1) + Be(H) g (Ok (t) — 1)] (3.25)
k=1 .

+8(t,¢(0), gO1(t) = 1),..., ¢ (Om(t) - 1))
and z; is the element of C defined by the relation z(0) = z(t + 0), 6 € [-r,0]. Let T > T. Put

Ut z,2) = |7(t)z + E(1)Z| - p(t),
t
p(t) = Cexp [J §(s)ds],
T

Q= {(t,z) € (1,00) x C: Ul(t, z,Z) < 0},

(3.26)

Q= {(t,z) € (1,00) x C: U(t, z,Z) = o}.

It can be easily verified that Q° is a polyfacial set generated by the functions U (£) = 7—t,
U(t,z,z) (see Rybakowski [15, page 134]). It holds that Q; C 9Q°. As ([y(t)| + [e(t))|z(t)| >
[y (t)z + c(t)z|, we have

o(t) C !
= d 0 3.27
=2 w ol el MM+mmW%L“”4> (3:27)

for (t,z) € Q. It holds that

DU(t) = %(T -1)=-1<0. (3.28)
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Let (#,) € Q7 and ¢ € C be such that ¢(0) = ¢ and (t* + 6, $(0)) € Q° for all 0 € [-r,0). If
(t, ) € (1,00) x C, then

DU (t,¢(0),F(0)) : = lim sup<%> |G (t+h,¢0) + hE(t ¢),5(0) + RE (1,9

h—0+

-0t ¢(0),F0)]

_oU(t,¢(0) ,5(0)) Ut ¢(0),5(0))
= ot * oz F(ty)

AU (¢, ¢(0), 5(0)) —
L ou( qf((ﬁ) ¥ ( ))F(t,qr)-

(3.29)

Therefore,

P (g (0) +E(OF0)
F(Oy(0) + O 0)

+ 7090 205
A [FO(FOFO) + &g () + FOwO) +EOF0)ED|F(ty)

+[20) (FOF0) + 2O (0) + 70 (9 (0) + EBF0) | F(t,9) |
(3.30)

D*U(t,¢(0),%(0)) = |[F(t)p(0) + &()g(0) |Re 40)

provided that the derivatives ¥'(t), ¢'(t) exist and that ¢(0) #0. Thus,

. e - Y (e ©) +OFO0)
D*U(t, ¢(0),3(0)) = [F(t)g(0) + (1) (0)|Re 0w (0) + E0T0) —¢'(t)

+[7Bg(0) + EOFO)| " Re{F(1) (FOF ) + E)p(0) ) F(t, )

+ &0 (FOF) + E0y(0) ) F(t, ) |
ry© +eWgO)
YOy (0) + O (0)

+ [F0g(0) +EOFO)| ™ Re{ (FOF©O) +E)¢(0))

x (FOF (L) +E0F (L))}
(331)

= |7(H)g(0) + E(t)F(0)|Re

Using (3.10), (3.13), and (ii), similarly to the proof of Theorem 3.1, we obtain

D*U(t,¢(0),F(0)) > |[F(t)@(0) + E(HF(0)|Re a(t)

= D A (B (t) — 1) + B Ok (t) — ) [ (]F ()| + [E(1)])

k=1

= ()| (D (0) + EB)F(0)
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= D RDTOc(0) g Bk (£) — 1) + E(Ok (1)) F Bk (t) ~ )]
k=1

+ () |7 (1) g (0) + EOF0)| - o(t) — ¢/ (t)
(3.32)

and consequently, with respect to (iii),

Dt 90),5(0) 2 (Reat) + 5(0) - =) ) [F(1190) + EOFO)

= > B [FOc()p Bk (t) — £) + Ok ())F Bk () — D] - 0(t) — ¢' (1)

k=1

> 8(1)|7()(0) + EOFO)]
+ ﬁ(t)é%(t) |7(B(1) (B (1) ~ 1) + EOk (DT Ok (t) ~ D] ~ o(t) ~ ¢/ (1)
> A(0)[F(Hg(0) +EDF ()]
+ ﬁ(t)é%(t) |7(B(1) (B (1) — 1) + EOk(D)F(Ok(t) ~ D] ~ o(t) ~ ¢/ (1)
(3.33)

for almost all t € (7, ) and for ¢ € C sufficiently close to ¢. Replacing ¢t and ¢ by t* and ¢,
respectively, in the last expression, we get

A() T(Ok(E) Ok () — ) + E(Bk () P(Bk () — )

F(E)$(0) +E(E)P(0)| + () Y04 (t)
k=1
—Q(t") - ¢'(t)

> A(E) [F(E)E +E(H)¢

+B(E) D6, (1) Bk (1)) — o(t*) — ¢/ ()
k=1
> A(E)p(t) + () D0, ()90 (1)) - (") - ¢/ ()
k=1
5 t* N m Ok ()
= A(t")Cexp U g(s)ds] +B(t") D 0 (t)Cexp U §(s)ds]
T k=1 T

— (") — Cé(t*) exp UT §(s)ds]

_ ~ m t* t*
= {A(t*) + ﬂ(t*)kze;((t*) exp [— L - §(s)ds] - §(t*)}Cexp UT g(s)ds:I
=1 k

-o(t") > 0.
(3.34)
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Therefore, in view of the continuity, D*fl(t, ¢(0),(0)) > 0 holds for ¢ sufficiently close to ¢
and almost all ¢ sufficiently close to #*. Hence, QU is a regular polyfacial set with respect to
).

Choose Z = {(t,z) € QYU Q}, where t, > T + 7 is fixed. It can be easily verified that
Z N Q is a retract of Qp, but ZNQ; is not a retract of Z. Let 7 € C be such that 7(0) = 1 and
0<#5(0) <1for0 € [-r,0). Define the mapping p : Z — C for (f,,z) € Z by the relation

RO | (G5 +0) - e +0))2
(72(t2 + ) - E(t2 + O) ) p(t2) (3.35)

+(¥(t2 + 0)C(t2) — ¥ (t2)E(t2 + 6))Z]

p(t2,2)(0) =

The mapping p is continuous, and it holds that

p(ts,z)(0) =z for (t,z) €Z,  plta,0)() =0 for 6 € [-1,0]. (3.36)
Since
it + 0)p(ts, 2)(0) + (ks + O)p (2, 2)(0) = W ft)z+et)z),  (337)
we have
[F(t2)z + E(t2)Z] < p(t2), (3.38)
Ft2 +0)p(t2, 2)(6) + &(t2 + O)p(t2, 2) (6) | <t +0) (3.39)

for (t,z) € ZN QP and O € [-r,0]. Clearly, inequality (3.39) holds also for (t,,z) € ZN Qg
and 0 € [-1,0).

Using a topological principle for retarded functional differential equations (see
Rybakowski [15, Theorem 2.1]), we see that there is a solution zy(t) of (1.2) such that
(t,zo(t)) € QO for all t > t, for which the solution zy(t) exists. Obviously, zo(t) exists for
allt > t, and

(IF®| = 1e®DIzo)] < [F(t)z0(t) + EM)Zo(t)] < @(t)  for t > to. (3.40)
Hence
¢(t)
U

Theorem 3.4. Suppose that hypotheses (i), (ii), (iin), (iii), (iiin), and (iv,) are fulfilled for T, > T and
n € N, where R, > 0, inf,enR, = 0. Let A, 0, be continuous functions satisfying the inequality
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/N\(t) < C:)(t) a.e. on [T,o0), where ©is defined by (2.14). Assume that ¢ : [T —r,00) — Risa
continuous function such that

~ - m t t
A(t) + ﬂ(t)kZQL(t) exp [— L " §(s)d5] —¢(t) > p(t)C’1 exp <— JT g(s)ds> (3.42)
=1 k

fort € [T, 00) and some constant C > 0. Suppose that

. frx Y| -le®l]
hrtrls:jp [L <An(s) - §(s)>ds +1n m] = oo, (3.43)

tlim [ﬁ (t) max P [IT‘;(U) do'] i

w7 st | (s)| - [8(s)| &

t
f (|¥(s)| + IE(S)I)ds] =0, (3.44)
Ok (f)

inf [Jd An(o)do —In(|F()| + |E(t)|)] >y (3.45)

T, <s<t<oo s

for n € N, where 6(t) = ming-1, _,,0k(t) and v € (—oo, o0). Then, there exists a solution zy(t) of
(1.2) such that

lim min |zg(s)| = 0. (3.46)

t— 000(t)<s<t

Proof. By the use of Theorem 3.3 we observe that there is a t, > T and a solution zy(t) of (1.2)
with property

C t

T

for t > t,. Suppose that (3.46) is not satisfied. Then, there is £y > 0 such that

llrtxls;}pe(rtx;lglst|zo(s)| > £o. (3.48)
Choose N € N such that
2 _
max{RN, /:RNe "} < €. (3.49)

It holds that

2
min |zo(s)| > max{RN, /:RNe"} (3.50)

0(r)<s<t
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for some 7 > max{T, 7N, t,}. In view of (3.44), we can suppose that

exp|fr §(0) do]

o<z [F(s)] - [6(s)] £ J‘ ([7(e)] +1e(s))ds < 5 RNe

|Bn(@)]C m

(3.51)

Therefore, taking into account (2.5), (3.47), (3.50), and (3.51) and the nonpositiveness of i,

we have

(I7@)] = E@Dlz0(r)] + v (r) max |z0(s)] f (I7()] + &(s)])ds
(T)<s<r k=1 " k(1)

> (|¥(@)| = [E(7)])|zo(7)|
exp|[/f; &(o) do|

C max CPUrelo) doj
+Bn(T) o) oar [¥(s)| - [e(s)| &=

f (I(5)] + E(s) ) s
Ok (1)

-V

2 1
>u—Rne” = -Rye™” >R
b ## NE Shne > Rye

Moreover, (3.45) implies that

T<t<oo

inf Ut An(s)ds - In(|F(5)] + |E(t)|)] >V > —co.

By Theorem 3.1, we obtain an estimation

¥(7) f
|Zo(t)| Z m exp |:J; AN(S)dS]

for all t > 7, ¥ being defined by
W(r) = ([F(0)] - [6(7)])z0(7)| + pn (7) 03X IZo(S)IZI | +[E(s)l)ds.

Relation (3.47) together with (3.54) yields

W(T) t !
|?<t>|+|’c'<t>|eXpr N(S)ds] KOIE |<t>|eXpUT§(S)dS]’

that is

I?(f)l - IE(f)I

t ~

f An(s)ds - 1n[c 1‘1’(7‘)]

for t > 7. However, the last inequality contradicts (3.43) and Theorem 3.4 is proved.

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)
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From Theorem 3.1 we easily obtain several corollaries.

Corollary 3.5. Let the assumptions of Theorem 3.1 be fulfilled with Ry > 0. If

lim inf [

t—

t
f Ro(s)ds —In([F(t)| + |E(t)|)] =¢>v, (3.58)

t
then for any €, 0 < € < Roe™, there is t, > t; such that
|z(t)] > € (3.59)

forall t > tp, for which z(t) is defined.

Proof. Without loss of generality we can assume that € > Ry. Choose y, 0 < y < 1 such that
Ry < € < xRoe*™. In view of (3.58), there is t, > t; such that

t
f Ao(s)ds — In([F(H)] + [E(B)]) > ¢ +1Iny (3.60)
f

for t > t,. Hence,

f Ao(s)ds —In(|F()| + |E(1)]) > v+1nRi (3.61)
t 0

for t > t,. Estimation (3.4) together with (3.2) now yields

|2(t)] > Roe"’e”RiO =¢ (3.62)

for all t > t,, for which z(t) is defined. O
Corollary 3.6. Let the assumptions of Theorem 3.1 be fulfilled with Ry > 0. If

t
j Ro(s)ds —In(|F(t)| + |E(t)|)] = o, (3.63)

lim
t— oo t

then for any € > O there exists ty > t1 such that (3.59) holds for all t > t,, for which z(t) is defined.

The efficiency of Theorem 3.1 and Corollary 3.6 is demonstrated in the following
example.

Example 3.7. Consider (1.2) where a(t) =4 +3i,b(t) =2, Ax(t) =0, Bk(t) =0fork =1,...,m,
Ok(t) =t+ (1/2k)(coskt — 1), g(t, z,wn, ..., wp) =3z + XL (1/2m)e " wy.
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Obviously, t - (1/k) < 0 (t) <tand 1/2 < 0, (t) < (3/2). Suppose thatty =Tand T > 2.
Then, y =3 + v/5, ¢ = =2i. Further,
[y gt z,w, ..., wy) +E(B)Z(E z, w1, ..., wm)| <3|F(H)z+E(H)Z]

i ] 3.64
+§ﬁ & |F(0k(t))wi + E(0k (1)) T |. o

Taking 5 (t) = 3, Rox(t) = (1/2m)e™, 7o = T, Ry = 0, B(t) = 0, fo(t) = —(1/m)e”,
Ao(t) =0y (t) =1 —-e" (> 0) in Theorem 3.1, we have

O, (HPo(t) < -Xok(),  Byp(t) = Oo()Bo(t) (3.65)

for t € [T, o0) and Theorem 3.1 and Corollary 3.6 are applicable to the considered equation.

As a corollary of Theorem 3.3 we obtain sufficient conditions for the existence of a
bounded solution of (1.2) or the existence of a solution z(t) of (1.2) satisfying lim;_, ,,zo(f) =
0.

Corollary 3.8. Let the assumptions of Theorem 3.3 be satisfied. If

. 1 !
IH;ILSCEP [m exp <L g(s)ds>:l < oo, (3.66)
then there is a bounded solution zo(t) of (1.2). If
lim [; exp <It §(s)ds>] =0, (3.67)
t=o| [F(t)] - ()] T

then there is a solution zy(t) of (1.2) such that

tlim zo(t) = 0. (3.68)

The next example shows how Theorem 3.3 and Corollary 3.8 (namely the first part)
can be used.

Example 3.9. Consider (1.2) where a(t) = 4 +3i, b(t) =i, Ax(t) =0, Bx(t) =0, Ok(t) = t — e
fork=1,...,m, glt,z,wi,..., wy) = (1/2)z+ 37 (1/4m)wi + e

Obviously t =1 < 0x(t) < tand 0, (t) =1+ ke ™ > 1> 0 for t > 0. Suppose that ty = 1
and T > 2. Then,

2
¥(t) =Ima(t) + \/(Ima(t)) - |b(t)|25gn<lma(t)> =3+2V2, (3.69)
c(t) =—ib(t) = 1.
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Further,

[Y(Hg(t, z,w, ..., wy) +E(B)Z(E z,wi,. .., ww)|

7= E|?(t)z +2(h)z|
:}Y,IJF:Z: [ |7 Bk () k. + E(Bk (1)) wi| | + e

N o LN B
= 7|y(t)z +2(h)z| + \@é [4m

19

(3.70)

If we take () = V2/2, ®k(t) = V2/4m, (t) = 0, f(t) = —v2/4m, A(t) = O(t) =

4 — (1/2/2) in Theorem 3.3, we observe that
L —kt ~
0, (H)B(t) = —<1 +k e >E <——— = —A(b)
fort € [T, ). Then, for ¢ =0 and C = 1, we have

- - m t
A(t) + ﬂ(t)ZGL(t) exp [— L " §(s)ds] -§(t)
_4—£—£ (1 +k e >>4—£—£-2m:4—\@>1
2 m

Se=p(H)Clexp <— ft §(s)ds>
T

fort € [T, 00) and

liiisifp[|y<t>| EOIN <f o) S>]_2 22

and hence the assertions of Theorem 3.3 and the first part of Corollary 3.8 hold true.

4. Summary

(3.71)

(3.72)

(3.73)

We investigated the problem of instability and asymptotic behaviour of real two-dimensional
differential system with a finite number of nonconstant delays. We focused on the case
corresponding to the situation when the equilibrium 0 of the autonomous system (2.2) is
a focus or a centre and it is unstable. We obtained several criteria for instability properties
of the solutions as well as conditions for the existence of bounded solutions. We used the
methods of complexification, the method of Lyapunov-Krasovskii functional and a Wazewski
topological principle for retarded functional differential equations of Carathéodory type. At

the end we supplied several corollaries and explanatory examples.
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