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By using an iteration procedure, regularity estimates for the linear semigroups, and a classical
existence theorem of global attractor, we prove that the reaction-diffusion equation possesses a

global attractor in Sobolev space H for all k > 0, which attracts any bounded subset of H*(Q) in
the H*-norm.

1. Introduction

This paper is concerned with the following initial-boundary problem of reaction-diffusion
systems involving an unknown function u = u(x, t):

‘2)_1: =alu-g(u) in Qx(0,),
u=0, indQx (0,00), (D

u(x,0) =¢, inQ,

where a > 0 is a given constant. A is the Laplace operator. Q2 denotes an open bounded set of
R" (n = 1,2,3) with smooth boundary 0Q. g(s) is a polynomial on s € R!, which is given by

14
g(s) = D ais", (1.2)
k=1
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where p should be an odd number, thatis, p =2m +1 (m > 1), and

a, > 0. (1.3)

The reaction-diffusion systems (1.1) have been extensively studied during the last
decades, one of the motivations being that such systems could account for phenomena
occurring in living organisms. In 1952, Turing [1] proposed that a combination of chemical
reaction and diffusion produces spatial patterns of chemical concentration, under certain
conditions. Such patterns are of interest because they give a possible explanation for the
development of pattern and form in developmental biology [2-4] and experimental chemical
systems [5]. Schneider et al. [6-9] have studied existence of periodic travelling wave solutions
and positive periodic solution of reaction-diffusion systems. In [10-17], asymptotic behaviour
of the nonlinear reaction-diffusion equation, such as global attractors, inertial manifolds, and
approximate inertial manifolds, has been studied.

The global asymptotical behaviors of solutions and existence of global attractors
are important for the study of the dynamical properties of general nonlinear dissipative
dynamical systems. So, many authors are interested in the existence of global attractors such
as [12-19]. As for the reaction-diffusion equation (1.1), the existence of global solutions and
global attractors in L?(Q) has been proved by Temam [16], Marion [18, 19], and Zhong et al.
[17]. For convenience, we introduce the main results as follows.

Lemma 1.1. Under the conditions (1.2) and (1.3) for ¢ € H, the following three claims hold.

(1) Equation (1.1) has a unique global weak solution u € C((0, 00); H) (\L*((0,T); H12), for
T>0;

(2) Equation (1.1) has a unique strong solution u € C([0,T); Hy,2) N\ L*>((0,T); Hy) for any
T>0;

(3) Equation (1.1) has a global attractor &# C H, which attracts any bounded set of H in the
H-norm.

Here the spaces H, H /> and Hy are defined as follows:

H=1*Q), Hp=HjQ), H=HQ[HQ). (1.4)

In this paper, we shall use the regularity estimates for the linear semigroups,
combining with the classical existence theorem of global attractors, to prove that the reaction-
diffusion equation possesses, in any kth differentiable function spaces H*(Q), a global
attractor, which attracts any bounded set of H*(Q) in H*-norm. The basic idea is an iteration
procedure, which is from recent books and papers [20-24].
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2. Preliminaries

Let X and X; be two Banach spaces and X; C X a compact and dense inclusion. Consider the
abstract nonlinear evolution equation defined on X, given by

d—Ltl =Lu+ G(u),

d (2.1)

u(xr 0) = Uo,

where u(t) is an unknown function, L : X; — X a linear operator, and G : X; — X
a nonlinear operator.

A family of operators S(t) : X — X (t > 0) is called a semigroup generated by (2.1)
provided that S(t) satisfies the properties:

(1) S(t) : X — X is a continuous mapping for any f > 0;

(2) S(0) =id : X — X the identity;

(3) S(t+s) =5(t) - S(s) for all t,s > 0, and the solution of (2.1) can be expressed as

u(t, ug) = S(t)uo. (2.2)

Next, we introduce the concepts and definitions of invariant sets, global attractors,
w-limit sets for the semigroup S(t).

Definition 2.1. Let S(t) be a semigroup defined on X. A set X C X is called an invariant set of
S(t) if S(t)= = X for all t > 0. An invariant set X is an attractor of S(t) if X is compact, and
there exists a neighborhood U C X of X such that for any u € U:

inf ||S(H)up —v||xy — 0, ast— oo. (2.3)
veEX

In this case, we say that X attracts U. Especially, if X attracts any bounded set of X, =
is called a global attractor of S(f).
For a set D C X, we define the w-limit set of D as follows:

w(D) =(\UJs®D, (2.4)

s>0t>s

where the closure is taken in the X-norm. The following Lemma 2.2 is the classical existence
theorem of global attractor by Temam [16].

Lemma 2.2. Let S(t) : X — X be the semigroup generated by (2.1). Assume that the following
conditions hold:

(1) S(t) has a bounded absorbing set B C X, that is, for any bounded set A C X there exists a
time to > 0 such that S(t)up € B for all uy C Aand t > ta;

(2) S(t) is uniformly compact, that is, for any bounded set U C X and some T > 0 sufficiently
large, the set \J5r S(t)U is compact in X.
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Then, that the w-limit set A = w(B) of B is a global attractor of (2.1), and <4 is connected
providing B is connected.

Note that we used to assume that the linear operator L in (2.1) is a sectorial operator which
generates an analytic semigroup e't. It is known that there exists a constant A > 0 such that L — \I
generates the fractional power operators L% and fractional order spaces X, for a € R, where £ =
—(L — XI). Without loss of generality, we assume that L generates the fractional power operators L%
and fractional order spaces X, as follows:

=(- L Xg— X, aelk’, .
L5 L) : X X R! (2.5)

where X, = D(L%) is the domain of £*. By the semigroup theory of linear operators (Pazy [25]), we
know that Xg C X, is a compact inclusion for any > a.
Thus, Lemma 2.2 can be equivalently expressed in the following Lemma 2.3 [24].

Lemma 2.3. Let u(t, up) = S(H)ug (up € X, t > 0) be a solution of (2.1) and S(t) the semigroup
generated by (2.1). Let X, be the fractional order space generated by L. Assume

(1) for some a > 0, there is a bounded set B C X,; for any ug € X,, there exists t,,, > 0 such
that

u(t,up) € B, Vt>t,; (2.6)

(2) thereis a p > a, for any bounded set U C Xy there are T > 0 and C > 0 such that

lu(t, uo)llx, <C, VE>T, upe U (2.7)

Then (2.1) has a global attractor # C X,, which attracts any bounded set of X, in the X,-
norm.
For sectorial operators, we also have the following properties, which can be found in [25].

Lemma 2.4. Let L : X; — X be a sectorial operator which generates an analytic semigroup T (t) =
e'L. If all eigenvalues A of L satisfy Re A < —\g for some real number Ay > 0, then for £* (£ = —L)
we have

(1) T(t) : X — X, is bounded forall « € R* and t > 0;
(2) T(t)L*x = LT (t)x for all x € Xg;
(3) foreacht >0, L*T(t) : X — X is bounded, and

| L5T (t)|| < Cot "™, (2.8)

where some 6 >0, C, > 0is a constant only depending on a;
(4) the X ,-norm can be defined by

ll*llx, = I1£%x]lx; (2.9)
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5) if £ is symmetric, for any a, p € R, we have
( Y Yy

(L, v)y = <£“‘ﬂu,1ﬂv>H. (2.10)

3. Main Results

Let H and H; be the spaces defined as in (1.4). We define the operators L : H; — H and
G: Hl — Hby

Lu = alAu,
(3.1)
Gu = _g(u)r

where g(u) is the same as one of (1.2). Thus, the reaction-diffusion equation (1.1) can be
written in the abstract form (2.1). It is well known that the linear operator L : H; — H
given by (3.1) is a sectorial operator and £ = —L. The space H; is the same as (1.4), Hy/; is
given by Hj, = closure of H; in H(Q), and Hy = H?**(Q) N H; for k > 1.

The main result in this paper is given by the following theorem, which provides the
existence of global attractors of the reaction-diffusion equation (1.1) in any kth order space
Hy.

Theorem 3.1. Lef the function g be a polynomial of order p
p
g(u) = Zakuk, p=2m+1(m=>1,meN), (3.2)
k=1
with leading coefficient

a, > 0. (3.3)

Assume p = 3 for n = 3. Then, for any a > 0 (1.1) has a global attractor # in H,, and #
attracts any bounded set of H, in the H,-norm.

Proof. From Lemma 1.1, we know that the solution of system (1.1) is a weak solution for any
¢ € H. Hence, the solution u(t, ¢) of system (1.1) can be written as
t
u(t,p) =elo+ f e ILG(u)dr. (3.4)
0
By (3.1), we rewrite (3.4) as

t
u(t, ) =e'lp - f e g(u)dr. (3.5)
0

Next, according to Lemma 2.3, we prove Theorem 3.1 in the following six steps.
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Step 1. We prove that for any bounded set U C Hj, there is a constant C > 0 such that
the solution u(t, ¢) of system (1.1) is uniformly bounded by the constant C for any ¢ € U
and ¢t > 0. To do that, we firstly check that system (1.1) has a global Lyapunov function as

follows:

F(u) = j@<%|Vu|2 +f(u)>dx,

where

_ - dz = - 1 k+1
f(z)—fog(z) z—kzzllk+1akz .

In fact, if u(t, -) is a weak solution of system (1.1), we have

d d
Fut9) = <DF(u), d—”t‘>H

By (3.1) and (3.6), we get

% =Lu+ G(u) = -DF(u).

Hence, it follows from (3.8) and (3.9) that

dl;(t”) = (DF(u),~DF (u))y; = ~|IDF w3,

which implies that (3.6) is a Lyapunov function.
Integrating (3.10) from 0 to  gives

F(u(t 9)) = —jo |DF (u)|3,dt + F (p).

Using (1.2) and (3.6), we have

_ 1 2 _ 1 2 1 p+l = 1 k+1
F(u) = fg<2|Vu| +f(u)>dx—fg<2|Vu| +p+lapu +k§:;k+1aku dx

1 2 1 1 =1 k+1
> — pri_ d
> fg<2|Vu| + P+1apu kzzlk+1|ak||u| > x

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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1,0, 1 = 1 _—(k+1)/(p—k)
ZIQ<§|Vu| +p+1apuer —§k+1|ak|(5|u|p + g7 ) dx

f <1 , 1 . =1 “ pz_l 1 (k+1)/ (p=k)
= =|Vul|"+ — p—k ubt — ¢ lak| )|ulf™ - lak|e PR ) dx.
a\2 p+17 “k+1 “k+1

(3.12)

Choosing ¢ such that S(Z 1(1/(k +1))|axl) = (1/2(p + 1))ap, and noting that p is an odd
number, thatis, p=2m+1 (m > 1), we get

1., 1 1 L 2 . .
F(u) > =|Vul” + a,uf* - aplul’™ = D ——|arle”*/ PR ) dx
) 2 ,[9<2| | p+1°7 2(p+1) vl k:1k+1| Kl

1 5 1 | . .
= =|Vul~+ aplul™ - agle"®D/ 7k dx
jg(Z' | 2(p+1) plu :1k+1| d

k

> C1f (|Vu|2 + |u|”+1>dx -Gy
Q

(3.13)
Combining with (3.11) yields
t
C J‘ (IVu|2 . |ulp+1>dx -G < —f IDF (w)||7,dt + F(¢p),
Q 0
t
ol f (IVul + ™ )b + J IDF (u)|%dt < F(p) + Cs, (3.14)
Q 0
f (|vu|2 + |u|r’+1)dx <C, Vt>0, pel,
Q
which implies
[lu(t, ) ”Hl/2 <C, Vt>0, peU C Hyp. (3.15)

where C;, Cy, and C are positive constants. C only depends on ¢.
Step 2. We prove that for any bounded set U C H, (1/2 < a < 1) there exists C > 0
such that

||z (t, ) ||Ha <C, Vt>0,9el a<]l. (3.16)
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By Hi/» < L?(Q), we have

2

2 _
p-1
dx < f [ap|u|” + Z|ak|(£|u|?’ + g—k/(P—k)>] dx
Q

k=1

2 2 _
sl = [ IsPax= [

P
Zakuk
k=1

< c(f luPdx + 1> < c(||u||§j,’l/2 + 1),
Q

(3.17)
which implies that g : Hi,, — H is bounded.
Hence, it follows from (2.9) and (3.5) that
‘ L ' L
luCt @), = #V+LwﬂgWWTHSnﬂm+LLﬂwﬂgWMﬁh

t

<llgll, + [ 27" sl uar
0 (3.18)

t
<Nl +C [ [r2re 8 (i + 1)

t
<lolly, + €[ wetar<c, wizo0, peuch,
0

where f = a (0 < f < 1). Hence, (3.16) holds.
Step 3. We prove that for any bounded set U C H, (1 < a < 3/2) there exists C > 0
such that

luCt @)l <C VE20, pelic Hy a<?. (3.19)
In fact, by the embedding theorems of fractional order spaces [25]:
H, = C'QnHY(Q), a> Z, (3.20)

we have

2

P
> kau* V| dx

k=1

p
sl = | [9stlas= [ |o( Sou)
Q Q k=1

2
dxsf
Q
2

p-1
< J [pa,,lul”1 + Z:k|ak|<e|u|’H + e‘(k‘l)/(”‘k)>] |Vu|*dx
Q k=1
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< cf <|u|2p_2 + 1>|Vu|2dx
Q

< Cf suplu[*? +1 )|Vuldx
Q \ xeQ

2p-2 2 2p-2 2
< C(Illyy + 1) el , < ClmlF + 1) el

a

(3.21)
which implies
. 3
g : Hy — Hyy is bounded for a > T (3.22)
Therefore, it follows from (3.16) and (3.22) that
3
I, <C Vt20, p €U C H,, gSa<lL (3.23)
Then, by using same method as that in Step 2, we get from (3.23) that
t t
et @)1, = || + f et gwyr| <ol + f | 2eet )|, dr
0 H, 0
t
<llpll, + [ 27 sl e
0 (3.24)

< ”(P”H +Cft||ﬂ“‘(1/2)e(t‘T)L
“ 0

8@ 1ls,, 7

t
< llelly, + Cf e Pdr <C, Vt>0, peUCH,,
0

where f=a—-1/2 (0 < f <1). Hence, (3.19) holds.
Step 4. We prove that for any bounded set U C H, (3/2 < a < 2) there exists C > 0
such that

||u(t,(p)||Ha <C, Vt>0, peUCH,, a<2. (3.25)

In fact, by the embedding theorems of fractional order spaces [25]:

H> > W w4 H, - CYQ)nH*(Q), a>1, (3.26)
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we have

2
dx

p
sl - [, lasefax= | [a(Sou)

-

< [ {pr-Dalul 2V + payhup s
Q

2

p
Z [k(k —Dau®? (Vu)? + kakuk‘lAu] +ai1Au| dx

k=2

p-1
+ 3 [kl = Dax (eluf? + <2/ #70) (7u)?
k=2

2
+kay (‘slulpf1 + g‘(k‘l)/(”‘k)>Au] + a1|Au|} dx
. (3.27)
<C f (Il 2V + [V + [ | Aue] + | Au])
Q

<C f (PP 1Vl + |Vl + [l | Auf + | Auf ) dx
Q

xeQ xeQ

< Cf <sup [ulP 1 Vul* + |[Vul* + sup [u|*~*|Aul* + |Au|2>dx
Q

2p-4 4 4 2p-2 2 2
< C (Il Wl + Ml + Ty aele + Nl )

2p-4 4 4 2p-2 2 2
< C (e Vit + loalle + )y, Nl + el )

2 4 2
< C(julfhe + il + el ),

which implies that

g : Hy — H; is bounded for a > 1. (3.28)
Therefore, it follows from (3.19) and (3.28) that

||g(u)||Hl <C, Vt>0,peUCH, 1<a< g (3.29)
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Then, we get from (3.29) that

[[u(t 9)]

. ot [ et gt o

t
ety + f e Io(uydr
0

t
H"+Jo'
t
H"+Jo'

t
< llolly, + Cf e Pdr <C, Vt>0, peUCH,,
0

< el
Hy

< el

270 || g(w) | b
(3.30)

< el

ﬂa—le(t—T)L || ”g(u) ||H1 dar

where f=a -1 (0 < <1). Hence, (3.25) holds.
Step 5. We prove that for any bounded set U C H, (a < 0) there exists C > 0 such that

””(t"/’)”m <C, Vt>0, peUCH, a>0. (3.31)
In fact, by the embedding theorems of fractional order spaces [25]:

H - W WwY,  H oW W?,  H,—C(QnHQ), a> ;

we have

2
dx

P
gy, , = L |VAg(w)| dx = J; ‘VA <§akuk>

P

=J’ <Z[k(k-1)(k-2)ak|u|k-3|Vu|3+3k(k-1)ak|u|k-2|Vu||Au|
Q \ k=2
2
+kak|u|k*1|Vu|] + a1|Vu||Au|> dx
< fQ{P(P = 1) (p = 2)aplul > |Vul + 3p(p ~ 1) aplul’*|Vul| Aul + pay|ul’ ™ |Vul
p-1
+ 3 [kl = 1) (k = 2)ax (elup + e /00 ) 7y

k=3

+3k(k - 1)ax <e|u|p_2 + e k-2)/ <P-’<>> |Vul|Aul
+kag <5|u|p_1 + s‘(k‘l)/(”‘k)> |VAu|]

2
+6a2| V|| Au| + 2a0|ul| Vu| + a1|VAu|} dx
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< CIQ(|u|P-3|Vu|3 +|Vul® + [ulP 2| Vul|Aul + [Vul|Aul
HulP YV Aul + u]|Vul + |VAu|>2dx

< CIQ<|u|2p6|Vu|6 +|Vul® + [ Vul | Aul + V)| Aul
HulP 2V AuP + [uPVul + |VAu|2>dx

< Cf <sup [u? | Vul® + |Vul® + sup|ul* | Vul*|Aul* + |Vu*|Aul?
Q

xEQ xEQ
+sup [ul* 2|V Aul® + [ul|Vul* + |VAu|2>dx
xeQ

2p—6 6 6 2p-4 2 2 4
< C<|lu||Hu el + lellyyns + luellyy, Noellpn llllyee + llellyyes

2p-2, 12 201,112 2
Il el + el el + IIuIIWs,z>

2p-6 6 2p-4 4 2p-2, 2 6 4 2
< C<I|u||Ha llllFr, + el Mollyyas + el |l + lullps + [l + ||u||H3>

2p 2p-4 4 2p-2 2 6 4 2
C<||u||Ha +ully, Nully, + ey, Nl + el + llully, + IIuIIHa>

IN

2 6 4 2
< C Il + ully, + oy, + Nely,),

(3.33)
which implies that
g : Hy — Hj3/p is bounded for a > g (3.34)
Therefore, it follows from (3.25) and (3.34) that
I8, <C VE20, peUcH, 5 <a<2 (3.35)

Then, we get from (3.35) that
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t t
)l = e+ [ e gt N e O

H, =

< llol
H,

t
<lell,, +C f [ 2e-cr et (3.36)
: 0

18|, a7

t
<ol +C [ etar<c, vizo, peucH,
0

where f=a—-3/2 (0 < <1). Hence, (3.31) holds for 2 < a < 5/2.

By doing the same procedures as Steps 1-4, we can prove that (3.31) holds for all & > 0.

Step 6. We show that for any a > 0, system (1.1) has a bounded absorbing set in H,.
We first consider the case of a = 1/2.

It is well known that the reaction-diffusion equation possesses a global attractor in H
space, and the global attractor of this equation consists of equilibria with their stable and
unstable manifolds. Thus, each trajectory has to converge to a critical point. From (3.31) and
(3.10), we deduce that for any ¢ € H;,, the solution u(t,¢) of system (1.1) converges to a
critical point of F. Hence, we only need to prove the following two properties:

(1) F(u) — oo & [lully,, — oo;
(2) theset S = {u € Hy/» | DF(u) = 0} is bounded.

Property (1) is obviously true, we now prove property (2) in the following. It is easy
to check if DF(u) = 0, u is a solution of the following equation:

alu—g(u) =0,
(3.37)
ulag =0,

where g(u) is given by (1.2). Taking the scalar product of (3.37) with u, then we derive that

2m+1
f <|Vu|2 + akuk+1>dx =0. (3.38)
Q

k=1

By (1.3) and (3.38), we have

2m
f <|Vu|2 + g 2D - Z|ak||u|k+1>dx <0. (3.39)
Q

k=1

Using Holder inequality and the above inequality, we have

f (|Vu|2 + u2<m+1>)dx <C, (3.40)
Q

where C > 0 is a constant. Thus, property (2) is proved.
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Now, we show that system (1.1) has a bounded absorbing set in H, for any a« > 1/2,
that is, for any bounded set U C H, there are T > 0 and a constant C > 0 independent of ¢
such that

||z (t, ) ”Ha <C, Vt>T, pel. (3.41)
From the above discussion, we know that (3.41) holds as a« = 1/2. By (3.5), we have
t
u(t, ) = e Dlu(T, p) —f eI o(uydr. (3.42)
0
Let B € Hy, be the bounded absorbing set of system (1.1), and Ty > 0 such that
1
u(t,p) €B, Vi>Ty, peUCH, (az E) (3.43)

It is well known that

||.efL || < Ceth, (3.44)

where A; > 0 is the first eigenvalue of the equation:

alu—-g(u) =0,
(3.45)
Ulpq = 0.
Hence, for any given T >0 and ¢ € U C H, (o > 1/2), we have
”e(t_T)Lu(t, ®) ”H = ) L5y (1, ) HH — 0, ast— oo. (3.46)
From (3.42)-(3.43) and Lemma 2.4 for any 1/2 < a < 1, we get that
t
ol < e ucop)], + [ [2rettg]ar
o (3.47)

t—T()
< e, +c[ et
a 0

where C > 0 is a constant independent of ¢.

Then, we infer from (3.46) and (3.47) that (3.41) holds for all 1/2 < a < 1. By the
iteration method, we have that (3.41) holds for all a > 1/2.

Finally, this theorem follows from (3.31)-(3.41) and Lemma 2.3. The proof is
completed. O
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