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A two-step difference scheme for the numerical solution of the initial-boundary value problem
for stochastic hyperbolic equations is presented. The convergence estimate for the solution of the
difference scheme is established. In applications, the convergence estimates for the solution of
the difference scheme are obtained for different initialboundary value problems. The theoretical
statements for the solution of this difference scheme are supported by numerical examples.

1. Introduction

Stochastic partial differential equations have been studied extensively by many researchers.
For example, the method of operators as a tool for investigation of the solution to stochastic
equations in Hilbert and Banach spaces have been used systematically by several authors
(see, [1-7] and the references therein). Numerical methods and theory of solutions of initial
boundary value problem for stochastic partial differential equations have been studied in [8-
16]. Moreover, the authors of [17] presented a two-step difference scheme for the numerical
solution of the following initial value problem:

do(t) = -Av(t)dt + f(t)dw;, 0<t<T,
1.1
v(0) =0, v(0) =0, -y

for stochastic hyperbolic differential equations. We have the following.

(i) wy is a standard Wiener process given on the probability space (Q, F, P).

(ii) For any z € [0,T], f(z) is an element of the space M2 ([0,T], H;), where H; is a
subspace of H.
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Here, M2,([0,T], H) [18] denote the space of H-valued measurable processes which
satisfy

(a) ¢(t) is F; measurable,a.e. in ¢,
(b) E fy ¢l < oo.

The convergence estimates for the solution of the difference scheme are established.
In the present work, we consider the following initial value problem:

do(t) + Av(t)dt = f(t)dw;, 0<t<T, 12)
1.2
v(0) =¢, ©(0)=g¢y,

for stochastic hyperbolic equation in a Hilbert space H with a self-adjoint positive definite
operator A with A > 61, where 6 > 6y > 0. In addition to (i) and (ii), we put the following.
(iii) ¢ and ¢ are elements of the space M2 ([0,T], Hy) of Hy-valued measurable
processes, where H, is a subspace of H.
By the solutions provided in [19] (page 423, (0.4)) and in [20] (page 1005, (2.9)), under
the assumptions (i), (ii), and (iii), the initial value problem (1.2) has a unique mild solution
given by the following formula:

t

v(t) = c(t)(p+s(t)qf+fos(t—z)f(z)dwz. (1.3)

For the theory of cosine and sine operator-function we refer to [21, 22].

Our interest in this study is to construct and investigate the difference scheme for
the initial value problem (1.2). The convergence estimate for the solution of the difference
scheme is proved. In applications, the theorems on convergence estimates for the solution
of difference schemes for the numerical solution of initial-boundary value problems for
hyperbolic equations are established. The theoretical statements for the solution of this
difference scheme are supported by the result of the numerical experiments.

2. The Exact Difference Scheme

We consider the following uniform grid space:

[0,T], = {tx =kr, k=0,1,...,N, N7 =T}, 2.1)

with step 7 > 0. Here, N is a fixed positive integer.
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Theorem 2.1. Let v(ti) be the solution of the initial value problem (1.2) at the grid points t = ty.
Then, {v(t) )’ is the solution of the initial value problem for the following difference equation:

(@) = 20(8) + 0(t0) + 5 (1= (D)) = 2 (Fuer + 5(7) fos — (D) fi),
tr t
fix = %f st — 2) f(2)dw.,  fox = %J‘ et -2)f(2)dw., 1<k<N-1, (22

te1 -1

v(0) =, v(r)=c(T)p+s(T)g+Tf1.

Proof. Putting t = t into the formula (1.3), we can write

tx

o(tk) = c(t)p + sty + fo stk — z) f(z)dw:. (2.3)

Using (2.3), the definition of the sine and cosine operator function, we obtain

kot
o(ty) = c(tk)(p+s(tk)qf+Zf s(te —tj+tj - z) f(z)dw.
t/'_l

=1
(2.4)
k
=c(t)p +s(ti)y + TZ (s(tx = tj) fo, + c(tx = tj) f1,/)-
71
It follows that
O(tes1) + 0(te-1) = [c(tksr) + c(tk-1) ]9 + [S(tks1) + s(tk-1) 1
k
+ ZC(T)TZ(S(i’k —tj) fo; + c(tk — ;) f1,/) (2.5)
=1
+T(frie + () for — c(T) fik)-
Hence, we get the relation between v(fx) and v(tx.1) as
V(trs1) + 0(tro1) = 2¢(T)0(tk) = T(free + S(T) fox = (T) fik)- (2.6)

This relation and equality (2.2) are equivalent. Theorem 2.1 is proved. O
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3. Convergence of the Difference Scheme

For the approximate solution of problem (1.2), we need to approximate the following expres-
sions:

tr tx
fir= g ste-Df@dw. =2 2w, .

exp <:|:iTA1/ 2> .
Using Taylor’s formula and Pade approximation of the function exp(-z) at z = 0, we get

iTAl/? irAl2\ "
eXp<:tiTA1/2>z<I:i: 5 ><1:F 5 > = R(+irA2),

ti t

fmr [ G-tf@dw=fu fumg| fE@dw.=fu

b1 k-1

(3.2)

Applying the difference scheme (2.2) and formula (3.2), we can construct the following
difference scheme:

1 2 1/~ ~ ~
5 (s = 2+ 1) + 5 (= (e =~ (Frmn + 500 fox —er(Mfix),  (33)
T T T
() = R(iTAY?) + R(—iTAl/z)’
2
: 1/2\ _ 3 1/2
s:(7) = 41 RUTAT) ZiR( A ), 1<k<N-1, (34)

Uy =@, U= CT(T)(P + ST(T)(F + Tfl/l’

for the approximate solution of the initial value problem (1.2). Using the definition of ¢ (7)
and s, (7), we can write (3.3) in the following equivalent form:

1 1 1
T—Z(Hkﬂ = 2Uj + Ug-1) + EAuk + ZAukH + Aug_q

1 1 ~ ~ 1 ~
= — I - 2A - I__ 2A
T<< + 17 )fl,k+1 +Tfok ( i )fl,k>, (35)
tk=kr, 1<k<N-1,

Uy =1, 1 =cr(T)p+ (T +Tfia.

Now, let us give the lemma we need in the sequel from papers [23, 24].
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Lemma 3.1. The following estimates hold:

le®ln_n<t [A7s@)] <1 ¢20),
leskm)ll—p <1, A 2sekn)||, <1 (k20),

1
|4 e ter) = e |, < €T, 0<as<s,

IN

||A‘(1/2+“)(57(k7‘) _ S(tk))||H—>H < Cr®/2+a), (k>0),

where

Rk (it AV/?) + RF(-iTAV?)
2 7
Rk (iTAl/Z) _ Rk(—iTA1/2)
2i '

cr(kt) =

sy (kT) = A™1/2

The following Theorem on convergence of difference scheme (3.5) is established.

Theorem 3.2. Assume that
E(l4agl}) <€ E(|| (Amq,w;) <C ELT Af®)|5dt < C,

then the estimate of convergence

k=1

N 1/2
<ZE||v<tk> - uk||i> < Ci(6)7

holds. Here, C1(6) does not depend on .

Proof. Using the formula for the solution of second order difference equation

definition of ¢, (k7) and s, (kT), we can write

(3.6)
(3.7)
(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

and the

k
uk = ¢ (k7)o + s (k) + TZ (ST((k —]')T)fz,]' +cor((k- j)T)fl,]), 1<k<N. (3.13)

j=1
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Using (2.4) and (3.13), we obtain

v(te) — ui = [e(kT) — cr(kT)]o + [s(kT) — s-(kT)]¢

k
+72(s(te = tj) fo + c(te = 1)) fu)
j=1

=~

=35 (5r (k=) oy + er (k= )i

= [e(kT) = cr(kT)]@ + [s(kT) = s-(kT)]¢s

+ TEST((’C -)7) <f2,j - fz;)

= (3.14)

+ TE(S(M - t]') - ST((k _j)T))fZ/f

+ Ticr((k -j)7) (fl/f _fl'])

j=1

Pl (= )) o

= Jig+Joxk+ 3+ Jak+ s+ Jok, 1<k<N,

where

Juk = (k) —cr(kT)]gp,  Jok = [s(kT) = s-(kT)]y,

k-1 ~
Jak = T.leT((k -j)7) <f2,j _f2,f>'
p=

k-1
Jak = T;(s(tk —t;) = s:((k=)7)) fais (3.15)

Jsi = 7S (k- )7) (g - For),

j=1

Jox = T% (c(tk=tj) = co((k=)7)) f1;-
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Let us estimate the expected value of ]« for all m = 1,...,6, separately. We start with J; x
and J, k. Using (3.6), (3.7), and (3.8), we obtain

1/2

N 1/2 N 2
<ZE||fl,k||é> - <ZE | 4" tetkr) ‘CT“‘T”A%"HH)
k=1 k=1

N 1/2 ”
2 2
SC(ZT3E||A¢||H> <l apl) ",

= 3.16
1/2 (3.16)

N 1/2 N 2
<kz:;E||]2,k||i[> = <gE”Al/2[s(kT) - ST(kT)]Al/zqf”H>

1/2

> 3 1/2 2 v 1/2 2
<c(Zreal,) swe(elal,)

Estimates for the expected value of [, x for all m = 3,...,6, separately, were also used in
paper [17]. Combining these estimates, we obtain (3.12). Theorem 3.2 is proved. O

4. Applications

First, let A be the unit open cube in the n-dimensional Euclidean space R” = {x = (x1,...,xy) :
O0<x;<1,i=1,...,n} withboundary S, A =AUS.In [0,T] x A, the initial-boundary value
problem for the following multidimensional hyperbolic equation:

din(t,x) = D (ar(X)uy,), dt = f(t,x)dw;, 0<t<T, x=(x1,...,%,) €A,
r=1 (4.1)

u(0,x) =¢p(x), u(0,x)=¢(x), x¢c A; u(t,x)=0, x€S, 0<t<T

with the Dirichlet condition is considered. Here, a,(x), (x € A), 6 > 0 and f(t,x) (t €
(0,1), x € A) are given smooth functions with respect to x and a,(x) > a > 0.

The discretization of (4.1) is carried out in two steps. In the first step, define the grid
space IN\;, = {x =xp, = (mmy,..., hym,);m = (my,...,my,), 0 <m, < N,, h, N, = 1,r =
1,...,n}, Ab=ANA, S, =A,NS.

Let Ly, denote the Hilbert space as

xXEAR

1/2
Lo = Lo(A) = 19" () : <Z |<ph<x>|2h1-~hn> <ot (42)

The differential operator A in (4.1) is replaced with

n

Aiuh (x) = —Z <ar(x)ugr>x

r=1 .

j +6u'(x), (4.3)
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where the difference operator A7 is defined on these grid functions u"(x) = 0, for all x € S,
As it is proved in [25], A} is a self-adjoint positive definite operator in Lyj,. Using (4.1) and
(4.3), we get

dil(t,x) + Axul'(t, x)dt = f'(t, x)dw, 0<t<T, x €Ay, s
Wh(0,x) = ¢"(x), @"(0,x)=¢"(x), x€An '

In the second step, we replace (4.4) with the difference scheme (3.5) as
L/on h h Txon
= (uk+1(x) = 2u(x) + ukfl(x)> + EAhuk (x)
1/ ., .
*t1 <Ah”2+1(x) + Ath—l(x)> = gp(x),

1 1 1
(pZ(x) == [<I + ZTZAi>‘P?,k+1(x) + T(pé‘,k(x) - <1 - Z#A’,j)(pi’,k (x)] ,
1 (& 1 (k& (4.5)
) =1 [ Gowftende.,  d@-1[ e,

k-1 ti

tr=kr, 1<k<N-1, Nt=T, x€Ay
T
W (x) = en (1) " (x) + 8o (7)™ (x) - j (z-7)fH(z X)dws, x € A,
0

ug (x) = ¢ (x).

Theorem 4.1. Let T and |h| = \/h? + - -+ + h3 be sufficiently small numbers. Then, the solution of
difference scheme (4.5) satisfies the convergence estimate as

N \ i 5 1/2 i
<k§E”u (t) _uk||L2;,> < C(6)<7—+|h| ) (4.6)

where C(6) does not depend on T and |h|.

The proof of Theorem 4.1 is based on the abstract Theorem 3.2 and the symmetry
properties of the difference operator A} defined by (4.3).

Second, in [0,T] x A, the initial-boundary value problem for the following multidi-
mensional hyperbolic equation:

du(t, x) - i(ar(x)ux,)xrdt +6u(t, x)dt = f(t, x)dw,

r=1
0<t<T, x=(x1,...,xn) EA, (4.7)

ou(t, x) _

- 0, x€85, 0<t<T
on

u(0,x) =¢p(x), u0,x)=¢(x), x€ A,
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with the Neumann condition is considered. Here, 77 is the normal vector to A, 6 > 0, a,(x),
(x € A), and f(t,x) (t € (0,1), x € A) are given smooth functions with respect to x and
ar(x) >a>0.

The discretization of (4.7) is carried out in two steps. In the first step, the differential
operator A in (4.7) is replaced with

n

A;L‘uh (x) = Z <ar (x)u > +6ul(x), (4.8)

e Xr/jr

where the difference operator A7 is defined on those grid functions D"u"(x) = 0, for all
x € Sp, where D"u"(x) = 0 is the second order of approximation of du(t, x)/0f. As it is
proved in [25], A} is a self-adjoint positive definite operator in Ly,. Using (4.7) and (4.8), we
get

dil(t, x) + Azul(t, x)dt = f'(t, x)dw;, 0<t<T, x € Ap,

_ (49)
u"(0,x) = (ph(x), "0, x) = (ph(x), x € Ay.
In the second step, we replace (4.9) with the difference scheme (3.5) as
1 1
= (1 () =200 + 1, () + S ATL) + (Axu2+l(x) + AT () = plh(x),
(x) = L0(1+ t2ax)y (x) + Tl (x) - (- Lraax)ph (x)
PiX) =2 27 )Pien P2k 27 )Pk ’
h 1 h h 1,
P (x) = ——J‘ (z—tx) f'(z,x)dw,, ¥y (%) = = f(z,x)dw:,
’ T )t ’ T i
tk=kr, 1<k<N-1, Nt=T, x€Ay,
T
W) = (D) + 5. (") - [ E=f' (a0
ug(x) = (ph(x), x € Ay.
(4.10)

Theorem 4.2. Let T and |h| = \/h3 + - - + hy, be sufficiently small numbers. Then, the solution of
difference scheme (4.10) satisfies the convergence estimate as

N N i 9 1/2 )
<é£”u (tk)—uk||L2h> <C@)(r+ ), (4.11)

where C(6) does not depend on T and |h|.

The proof of Theorem 4.2 is based on the abstract Theorem 3.2 and the symmetry
properties of the difference operator A; defined by (4.8).
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Third, in [0, T] x A, the mixed boundary value problem for the following multidimen-
sional hyperbolic equation:

din(t, x) = Y. (ar(x)uy,), dt + 6u(t, x)dt = f(t,x)dw,

r=1
0<t<T, x=(x1,...,%,) EN,
u(0,x) = (x), u(0,x) =g(x), xecA, (4.12)

ou(t, x)
of

=0, x€85,;, 0<t<T, S5US =85,

u(t,x) =0, x€85;

with the Dirichlet-Neumann condition is considered. Here, 7 is the normal vector to A, 6 >
0, a,(x), (x e A),and f(t,x) (t € (0,1), x € A) are given smooth functions with respect to x
and a,(x) >a > 0.

The discretization of (4.12) is carried out in two steps. In the first step, the differential
operator A in (4.12) is replaced with

n

A;l‘uh (x) = Z <ar (x)u > +6u'(x), (4.13)

o Xpjr

where the difference operator A is defined on those grid functions u'(x) =0, forall x € Sll1

and D"u"(x) = 0, for all x € S;, S, US; = S, where D"u'(x) = 0 is the second order
of approximation of du(t,x)/07. By [25], we can conclude that A} is a self-adjoint positive
definite operator in Ly;. Using (4.12) and (4.13), we get

di(t, x) + Asul'(t, x)dt = f'(t, x)dw, 0<t<T, x €Ay,
~ (4.14)
uh(0,x) = p(x), #"(0,x) = ¢(x), x€Ap

In the second step, we replace (4.14) with the difference scheme (3.5) as

%(uzﬂ(x) ~2uf(x) +ul (%)) + %Axu (x) + ~ (Axu’,;+1(x) + AR () = gl(x),

1 1 1
o) = (14 378 )i () + 790 = (1= 3745 )i,
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b b

@l (x) = -% f (z = t) f"(z, x)dw:, ¢} (x) = % ' (z, x)dw,,

te1 k-1

tk=kr, 1<k<N-1, Nt=T, xe€ly,
h _ h h ’ h
W (x) = en (1) " (x) + 50 (7)™ () - f (z = 1) f'(z, x)dws,
0

ug(x) = (ph(x), x € Ay.
(4.15)

Theorem 4.3. Let 7 and |h| = \/h?+ -+ h3 be sufficiently small positive numbers. Then, the
solution of difference scheme (4.15) satisfies the convergence estimate as

N N i 9 1/2 )
<k§_;5”u (t) ‘”k||L2h> < C(6)(T+|h| ) (4.16)

where C(6) does not depend on T and |h|.

The proof of Theorem 4.3 is based on the abstract Theorem 3.2 and the symmetry
properties of the difference operator A} defined by (4.13).

5. Numerical Examples

In this section, we apply finite difference scheme (2.2) to four examples which are stochastic
hyperbolic equation with Neumann, Dirichlet, Dirichlet-Neumann, and Neumann-Dirichlet
conditions.

Example 5.1. The following initial-boundary value problem:

2
din(t x) - 282 gy e xyde = £t ) duon,
0x?
f(t,x)=\ﬁcosx, wt=\/i§, O0<t<l, O<x<um, (5.1)

u(0,x) =cosx, u(0,x)=0, 0<x<u,

Uy(t,0) =u,(t,r) =0, 0<t<1

for a stochastic hyperbolic equation is considered. The exact solution of this problem is

u(t,x) = ft s'm(x@(t - s)) cos xdwg + cos(ﬁt) COoS X. (5.2)

0
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For the approximate solution of the (5.1), we apply the finite difference scheme (2.2) and we
get

k+1 k k-1 kK _ k k
Uy  — 2”71 T Uy + T _un+1 2uy + U +uk
T 2 h? "
Kkl _ okl o k+l k=1 _n, k-1, k-1
+ I _un+1 2“" T U + uk+1 _ Unn Zun T + uk—l — fk
4 h? " h2 L

fk= \/Eécosxn[\/@— -1+ TZZ;Z [7-(\/@—\/@) - %(\/ﬁ‘\/@‘\/ﬂ)]],

Nr=1, x,=nh, 1<n<M-1, Mh=mo, 1<k<N-1, t=krT,

4+
0 _ 1 0 _
U, = COSXp, U, —U, = G

2
T V273¢cosx,, 1<n<M-1,

(5.3)
The system can be written in the following matrix form:
Auy + Buy, + Cupy =Dy, 1<n<M-1,
(5.4)
Ug = Uy, UM = UM-1-
Here,
[0 0 0 0---0 0 0 0]
a 2a a 0---00 00
0O a 2aa---00 00
A=|: RN :
0 0 0-+-a2a a0 0
0 0 0O0--0 a 2aa
Sa =sa 0 0 -+ 0 0 0 Of npynmn
(5.5)
1 0 00 --- 000 0]
b ¢ b0---0000
0O b cb---0000
B=|: i :
0 000---bcbo
0 0 00---0bcb
sy =sp 00 --- 000 0]

(N+1)x(N+1)
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the matrixis C = A,

=T 1, . 22, LT
T 4n2’ T 2h2 47 T K22
(5.6)
s—T2 S 1+T2+T2
@ ap b e 4
0
n
1
2
fn: n 7

N
f (N+1)x1

2
-2
fL(:\fzécosxn[Vtkﬂ_ tk—1+T2T

x |T(\/h7—\/ﬁ)—§<\/t;”j—\/§—\/tii>” 1<k<N-1,

fgzcosxn, 0<n<M,

4 2
111\’: +6T V21r3¢cosx,, 0<n<M,

(5.7)

and D = Iy is the identity matrix,

U,= |4 , s=n-1,nn+1. (5.8)

s d(N+1)x1

This type of system was used by [26] for difference equations. For the solution of matrix
equation (5.4), we will use modified Gauss elimination method. We seek a solution of the
matrix equation by the following form:

Up = Apy1lpsl + ,Bn+1/ n=M - 1/ s /2/ 1/ (59)

where uy; = (I—aM)_lﬁM, a;j (j =1,...,M—1) are (N +1) x (N + 1) square matrices,
Bi j=1,...,M-1)are (N +1) x1 column matrices a; is an identity and f; is a zero
matrices, and

a1 = —(B+Cay) ' A,
(5.10)
Bui1 = (B+Cay) (D, - CB,), n=1,2,3,...,M-1.
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Example 5.2. The following initial-boundary value problem:

0%u(t, x)

du(t,x) - 2 dt +u(t,x)dt = f(t, x)dw,

f(t,x)=\f25inx, wt=\/f§, O<t<l O<x<u, (5.11)
u(0,x) =sinx, u(0,x)=0, 0<x<ur,

ut,0)=u(t,r)=0, 0<t<1

for a stochastic hyperbolic equation is considered. We use the same procedure as in the first
example. The exact solution of this problem is

u(t,x) = jt sin(ﬁ(t - s)) sin xdwg + COS(ﬁt) sin x. (5.12)
0

For the approximate solution of the (5.11), we can construct the following difference scheme:

_ k k
ubtl = 2uk Ukt o[ oul, - 2uf vl k
+—]- 5 + Uy
T h
k+1 kel |, ookl k-1 k=1, k-1
% T _un+1 B zun U, n uk+1 _ Upi — Zun U, i uk—l _ fk
4 h2 " h? L

fh=v2¢sinx, [\/tk+1 -Vt

(5.13)

2 -2 —  —\ 2/ /3 3 3
+ o [T< b1 = tk‘1>_§<\/tk+1_\/§_ Vtk—1>] ’
Nt=1, x,=nh, 1<n<M-1, Mh=mx, 1<k<N-1, =k,

o . 1 o 4+T? T
U, =sinx,, u,—u,= c V2r3¢sinx,, 1<n<M-1,
ub=uk, =0, 1<k<N,
and it can be written in the following matrix form:
Auy +Bu, +Cuyey =Df,, 1<n<M-1,
(5.14)

ug =up = 0.



Abstract and Applied Analysis 15

Here, the matrices A, B, C, D are given in the previous example, and

7
I
fu=| fn ,
N
fr (N+1)x1
T2 -2

f,’; = /2¢sinx, [\/tk+1 — Vi1 + 7

MR B (G e SRR

f,?:sinxn, 0<n<M,

X

4+ 72 .
N = 3 V27r3¢sinx,, 0<n<M.

(5.15)

For the solution of matrix equation (5.14), we will use modified Gauss elimination method.
We seek a solution of the matrix equation in the following form:

Up = Ap1lpsl + ﬂn+l/ n=M- 1/ e /2/ 1/ (516)

whereup =0, a; (j=1,..., M—1) are (N+1) x (N +1) square matrices, p; (j=1,..., M~-1)
are (N + 1) x 1 column matrices. a; and f; are zero matrices, and

a1 = —(B+Cay,) ' A,

(5.17)
Bui1 = (B+Cay) " (D, - CB,), n=1,2,3,...,M-1.
Example 5.3. The following initial-boundary value problem:
du(t, x) — %dt +u(t,x)dt = f(t, x)dwy,
f(t,x)=\/7§sin<g>, wt=\/ﬂ§, 0<t<l, O<x<u, (5.18)

u(0,x) = sin(%), 1(0,x)=0, 0<x<u,

u(t,0) =u,(t,r)=0, 0<t<1
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for a stochastic hyperbolic equation is considered. The exact solution of this problem is

u(t,x) = I:JZ sin<?(t - s)>d’ws + cos<§t>:| sin(%). (5.19)

We get the following difference scheme:

ke -2k k1 un - 2uk+uk A uktl - 2kl gkl
= Lyuk| = |-
T 2 h? 4 h?

k=1 _ o k=1, k-1
S | 2uy U, RSN B
Uy h2 Uy - fn ’

2T

X[T%_@_;(@_@_@”,

Nt =1, x,=nh, 1<n<M-1, Mh=mo, 1<k<N-1, t=krT,

V5 722
fr= —§ sin - 5V e — Vi +

u?l:sm%, ul —ul 573 x2", 1<n<M-1,
uS:O, u’fw:uﬁ/f_l, 1<k<N,
(5.20)
for the approximate solutions of (5.18), and we obtain the following matrix equation:
Auyy + Buy, + Cupy =Df,, 1<n<M-1,
(5.21)

k _ k _ k
uy=0, uy=uy ,, 1<k<N.

Here, the matrices A, B, C, D are same as in the first example, and

fa
fn
fn: f’% ’

N
fa (N+1)x1

V5 2 -2
fr= —§ sin 2Vt — Vi + o7

x [r(@—@)—%(@—@—@)” 1<k<N-1,
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. ox
f,?:sm?", 0<n<M,

4 2
fa =2 VErsin 2, 0<n< M.

(5.22)

For the solution of matrix equation (5.21), we use the same procedure as in the previous
examples. Moreover, uy = 0, a1 is an identity and f; is a zero matrices, and

a1 =—(B+Can)'A, P = (B+Cay) (D, —CBy), n=1,2,3,...,M~-1

Example 5.4. The following initial boundary value problem:
. Fu(t, x)
du(t,x) - Wdt +u(t, x)dt = f(t,x)dwy,
V5 x
f(t,x)—7c05<§>, wt—\/fg, O<t<l1l, O<x<u, (5.24)

u(O,x)=cos<§>, u(0,x)=0, 0<x<um,

Uy(t,0) =u(t,r) =0, 0<t<1

for a stochastic hyperbolic equation is considered. The exact solution of this problem is

u(t,x) = [JZ sin<\/75(t - s)>dws + Cos<\/?gt>:| COS<;>. (5.25)

The following difference scheme:

_'n+l n-1
h2

T 2 Ty

_ k k
u§+1 - zuﬁ + ufl ! 4 T [ Uy — 21/[’; + Uy k| T
h? "

[ Uk gkl 4 ke

k-1 _ 5, k-1
u, = 2u; +u

k-1
+ ul;“’l __n 2 n-1 +uﬁ1] — frll(/

2

V5 x T2 =
frlf: §C057n Vel — Vi1 + =

< (v vi) -3 (Vi - v ]
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Nt =1, x,=nh, 1<n<M-1, Mh=mx, 1<k<N-1, ft =k,

0 Xy Lo 4+
= COS — u,—u, =
n 4 n n 12

" 2
u’5=u’1‘, u’fVI:O, 1<k<N

\/5T3§COS%, 1<n<M-1,

(5.26)

is obtained for the approximate solutions of (5.24), and we obtain the following matrix
equation:

Auye + Buy, + Cupy =Df,, 1<n<M-1,
. (5.27)

Uy = Uy, Upy = 0.

Here, the matrices A, B, C, D are same as in the first example, and

;
Iy
fu=| fn ,
N
fo L vy
V5 X T2 -2
fk= 75? cos 7" Vs — Vi1 + o7

) BB s

x
f,?:cos?n, 0<n<M,

4 2
f,ll\]: IZT V573 cos%, 0<n< M.

(5.28)

Using (5.27) that we get a; is an identity and f; is a zero matrices and uy = (I —a M)_1 Pm.
The rest are the same as in Example 5.3.
For these examples, the errors of the numerical solution derived by difference scheme

(2.2) computed by
1/2
2
> (5.29)

N

E]]\\’/I = max Z|u(tk,xn) - u’,‘l

1<k<N-1,\ &
1<nsM-1 \k=

and the results are given in Table 1.

The numerical solutions are recorded for different values of N = M, where u(tx, x,)
represents the exact solution and uk represents the numerical solution at (tx, x,,). To obtain



Abstract and Applied Analysis 19

Table 1
N=M=10 N=M=20 N=M=40
Example 5.1 (Neumann) 0.3028 0.1219 0.0554
Example 5.2 (Dirichlet) 0.4004 0.2137 0.1342
Example 5.3 (Dirichlet-Neumann) 0.3040 0.1145 0.0494
Example 5.4 (Neumann-Dirichlet) 0.3439 0.1844 0.0957

the results, we simulated the 1000 sample paths of Brownian motion for each level of discret-
ization.
Thus, results show that the error is stable and decreases in an exponential manner.
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