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We investigate the existence and uniqueness of positive solutions for the following singular
fractional three-point boundary value problem Dg.u(t) + f(t,u(t)) = 0,0 <t <1, u(0) = v'(0) =
u"(0) = 0,u"(1) = pu" (1), where 3 < a < 4, D§. is the standard Riemann-Liouville derivative and
f:(0,1] x [0,00) — [0, c0) with lim;_,¢+ f(,-) = oo (i.e., f is singular at t = 0). Our analysis relies
on a fixed point theorem in partially ordered metric spaces.

1. Introduction

Fractional differential equations have been of great interest recently. It is caused both by the
intensive development of the theory of fractional calculus itself and by the applications (see,
e.g., [1-5]).

Recently, many papers have appeared dealing with the existence of solutions of
nonlinear fractional boundary value problems.

In [6], the authors studied the existence and multiplicity of positive solutions for the
boundary value problem:

Dg.u(t) + f(t,u(t)) =0, 0<t<1,
(1.1)
u(0) =u(l) =0,

where 1 < @« <2and f : [0,1] x [0,00) — [0, 00) is continuous, by using some fixed point
theorem on cones.
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In [7], the authors considered the following nonlinear fractional boundary value
problem:

D&u(t) + f(t,u(t) =0, 0<t<1,
1.2
u(0) =u'(0) =u"(0) =u"(1) =0, (12

where3 <a <4and f: [0,1] x [0,00) — [0, 00) is continuous. They obtained their results by
using lower and upper solution method and fixed point theorems.

In [8] the authors investigated the existence and uniqueness of positive and
nondecreasing solutions for a class of singular fractional boundary value problems by using
a fixed point theorem in partially ordered metric spaces.

Very recently, in [9] the authors studied the existence of solutions of the following
three-point boundary value problem:

Dg.u(t) + f(t,u(t)) =0, 0<t<1,

(1.3)
u(0) =u'(0) =u"(0) =0, u"(1) = pu"(1),

where3<a<4,0<1<1,0<pn*3<1and f:10,1] x [0,00) — [0, c0) is continuous.
Motivated by [8, 9], in this paper we discuss the existence and uniqueness of positive
solutions for Problem (1.3) assuming that f : (0,1] x [0,00) — [0,00) is such that

lim; o f(t,:) = oo (ie., f is singular at { = 0). Our main tool is a fixed point theorem in
partially ordered metric spaces which appears in [10].

2. Preliminaries and Basic Facts

For the convenience of the reader, we present some notations and lemmas which will be used
in the proof of our results.

Definition 2.1 (see [5]). The Riemann-Liouville fractional integral of order a > 0 of a function
f:(0,00) — Ris given by

1

I f(t) = @)

t

f (t—s)"" f(s)ds, (2.1)
0

provided that the right-hand side is pointwise defined on (0, o0) and where I'(a) denotes the

classical gamma function.

Definition 2.2 (see [2]). The Riemann-Liouville fractional derivative of order &« > 0 of a
function f : (0,00) — Ris defined as

DE.f(t) = — (%)nf S g 2.2)

I'(n-a) o (t—g)*

where n = [a] + 1 and [a] denotes the integer part of a.
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The following two lemmas can be found in [2] and they are crucial in finding an
integral representation of the boundary value problem (1.3).

Lemma 2.3 (see [2]). Assume that u € C(0,1) N L'(0,1) and a > 0.
Then the fractional differential equation

D& u(t) =0 (2.3)
has
u(t) = it L+ ot 4t (2.4)

wherec; €R,i=1,2,...,nand n = [a] + 1, as unique solution.

Lemma 2.4 (see [2]). Assume that u € C(0,1) N L'(0,1) with fractional derivative of order a > 0
that belongs to C(0,1) N L*(0,1). Then

IEDgu(t) = u(t) + it + cot™ 2 + -+ cut™ ", (2.5)
forsomec; €R,i=1,2,...,nandn = [a] + 1.

By using Lemma 2.4, in [9] the authors proved the following result.

Lemma 2.5 (see [9]). Let 0 <n < land p#1/n*%and h € C[0,1].
Then the boundary value problem

Dg.u(t)+h(t)=0, 0<t<1,

(2.6)
u(0) =u'(0) =u"(0) =0, u"(1) =pu’(n),
where 3 < a < 4, has as unique solution
1 pra-t 1
u(t) = L Gt he)ds + o f H(5)h(s)ds, 27)
where
Gts)=q o
t(rl—_s)/ 0<t<s<1,
() (2.8)
(d - 1)(“ - 2) a— a-3 a-3
PGt s) T[t (1-5)"" = (t-5) ] 0<s<t<l,
HL9) = =70 =) (a-D@-2)
A A e T 0<t<s<l.

I'(a)
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Remark 2.6. In [9] it is proved that G is a continuous function on [0,1] x [0,1], G(¢,5) > 0,
G(t,1) =0and

1 1 a-3 _ _
sup G(t,s)ds:; fH(rl,s)ds:n (-1 11).

0<t<1J 0 (a=2)T(a+1)’ 0 T(a) (2.9)

In the sequel, we present the fixed point theorem which we will use later. Previously,
we present the following class of functions.

By S we denote the class of functions  : [0,00) — [0,1) satisfying the following
condition:

p(t,) — 1 implies t, — 0. (2.10)

Examples of functions belonging to .S are p(t) = kt with 0 < k <1 and f(t) =1/(1 +1).
The fixed point theorem which we will use later appears in [10].

Theorem 2.7 (see [10]). Let (X, <) be a partially ordered set and suppose that there exists a metric
d in X such that (X, d) is a complete metric space. Let T : X — X be a nondecreasing mapping such
that there exists an element xo € X with xo < Txy. Suppose that there exists f € S such that

d(Tx,Ty) < p(d(x,y))d(x,y) for x,y € X with x > y. (2.11)
Assume that either T is continuous or X is such that
if (x,) is a nondecreasing sequence in X such that x, — x then x, < x VYn € N. (2.12)
Besides, if

for all x,y € X there exists z € X which is comparable to x, y, (2.13)

then T has a unique fixed point.

In our considerations, we will work in the Banach space C[0,1] = {x : [0,1] —
R, x is continuous} with the classical metric given by d(x, y) = sup ., |[x(t) — y(t)|.
Notice that this space can be equipped with a partial order given by

x,y€C[0,1], x<y<x(t)<y(t) foranyte][0,1]. (2.14)

In [11] it is proved that (C[0, 1], <) satisfies condition (2.12) of Theorem 2.7. Moreover, for
x,y € C[0, 1], as the function max{x, y} € C[0, 1], (C[0,1], <) satisfies condition (2.13).

3. Main Result

Our starting point of this section is the following lemma.
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Lemma 3.1. Suppose that 0 < 0 <1,3 <a <4,and F : (0,1] — R is a continuous function with
lim; - F(t) = oo. If t° F(t) is a continuous function on [0,1] then the function defined by

1
L(t) = L G(t,s)F(s)ds (3.1)

is continuous on [0, 1], where G(t, s) is the Green’s function appearing in Lemma 2.5.

Proof. We divide the proof into three cases.

Case 1 (tp = 0). It is clear that L(0) = 0.

Since t F(t) is a continuous function on [0, 1], we can find a constant M > 0 such that
[t°F(t)] < M for any t € [0,1].

Then, we get

1 1
|L(t) — L(0)] = |L(#)| = fo G(t,s)F(s)ds| = fo G(t,s)s s’ F(s)ds

s7%s°F(s)ds

_ J-t tu71(1 _ S)a—3 _ (t _ S)a—l

1 a— a-3
r(a) SfGSUF(S)dS + f tl(l—_s)
0

t [(a)

Sl teta-s)* L, (=9t L,
= fo @ S F(s)ds -[o T ° 8 F(s)ds

< J.: %s‘os“}"(s)ds + J‘; %s‘“s“l—"(s)ds
< Alil(t:)l Jj (1-5)"3s%ds + % :) (t—s)"'s™%ds

= ]\;I(t:)l J‘: (1-9)"3sds + Alif(t:)l JZ (1 - ?)ailsf"‘ds

- Alif(t:;lﬂ(l -o,a-2)+ ]\;I(t;l ; <1 - ?)u_ls_“ds.

(3.2)

If in the integral fé (1-(s/1))*'s79ds we use the change of variables u = s/t then we have

t a-1 1
[ (=5 seds = [ @-w e edu=rop- o, (33)
0 0

This and (3.2) give us

a1 pa—o

IL(t)| < A;I(”L—a)ﬁa —0,a-2)+ A;I(—a)pa —0,a) (3.4)

and letting t — 0, we see that |L(t)| — 0.
This proves the continuity of L at ty = 0.
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Case 2 (to € (0,1)). We take t, — to and we have to prove that L(t,) — L(to).

Without loss of generality, we can take t, > f; (the same argument works for
t, < to).
In fact,

Jtﬂ tz—l(l _ S)a—?) _ (tn _ S)a—l

IL(t) = Lto)| = @

s ?s°F(s)ds

1 -1 a-3
(1 -
+ f LI (1-5) s79s°F(s)ds

t, [(a)

to tu—l 1-— a=3 _ o — a-1
—J‘ 0 179 (fo=9) s 9s°F(s)ds

0 [(a)

fl e (1-5)"7°

s795s°F(s)ds
R (&)

1 ga-1 a=3 t a-1
(1 - " (t, —
J n (1-5) s 9s°F(s)ds — (b~ 5) s 9s°F(s)ds

0 I'(a) o T(a)

1 tu—l 1-— a-3 to _ o\a-l
—f 0 (1-9) s°s°F(s)ds + (-9

) @ . T@ s?s°F(s)ds

Jl (tﬁ‘l _ tg_l) (- s)“ﬂ” s ?s°F(s)ds
0

I'(a)

O tn=8)" — (b —5)"

s 7s°F(s)ds

0 [(a)
ty _ a-1
-, —(t"F(Z; s 9s°F(s)ds

M- 1)

1
_ o\ 3,0
< @) fo (1-s5)""s"9s

N % J:<(tn _ S)a—l _ (tO _ S)a—1>s—ods

M (M i
+ — t, —s)* s %s
), Y
Mt - 1) Mo, M,
< T(a) ﬁ(l_o'a_2)+F(a)I"+F(a)I"'

(3.5)
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where

to
1—711 — J‘O ((tn _ S)a—l _ (t() _ S)a—1>s—0'ds,

, (3.6)
2= (t,-s)"'sds.
to
In the sequel, we will prove that I} — 0 whenn — oo.
In fact, as t, — ty, then
((tn —5)" ! — (- s)‘H)s“’ — 0 when n — oo. (3.7)
Moreover,
|((tn=9)"" =t =) )s7| < (Jtu=sI"" + Ito — 5[ ) s < 257 (38)
and, as
1 —o+1 1 2
f 257%ds = 2| 2 - < o, (3.9)
0 —-o+1 0 l1-0

we have that the sequence ((t,— $) "= (ty—5)" s converges pointwise to the zero function
and |((t, - s)"‘_1 - (t - s)“"l)s“’| is bounded by a function belonging to L![0,1], then by
Lebesgue’s dominated convergence theorem

Il —0 whenn— oo. (3.10)

Now, we will prove that I2 — 0 whenn — co.
In fact, as

t t
n n 1
-1 - _ - -
Iﬁ = (ty —5)""s79ds < f s%ds = 1T<t111 7 - t(l) U) (3.11)

to to

and letting n — oo and, taking into account that t, — to, from the last expression we get

I —0 whenn— oo. (3.12)

Finally, from (3.5), (3.10), and (3.12) we get

|L(t;) — L(tg)] — 0 when n — oo. (3.13)

This proves the continuity of L at fo.
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Case 3 (to = 1). It is easily checked that L(1) = 0.
Now, following the same lines that in the proof of Case 1, we can demonstrate the

continuity of L at ty = 1.
This finishes the proof. O

Lemma 3.2. Suppose that 0 <0 <1,3<a<4,0< ﬂq“‘3 <1,and F : (0,1] — R is a continuous
Sfunction with limy_, - F(t) = oo.
Ift°F(t) is a continuous function on [0, 1] then the function defined by

ﬂta—l 1
NO = e ) fo H(y,5)F(s)ds (3.14)

is continuous on [0, 1], where H(t, s) is the function appearing in Lemma 2.5.

Proof. Since t°F (t) is continuous on [0, 1], there exists a constant M > 0 such that |t°F(t)| < M
for any t € [0, 1].
Taking into account that

2(a-1)(a-2)
<—F .
) (3.15)
we have
1 1
f H(n,s)F(s)ds| = f H(n,5)s s F(s)ds
’ ’ (3.16)
2M(a—1)(a—-2) fl 50 4o = PM(a@-1)(a-2)
S = o,
I'(a) 0 [(a)(1 - a)
and, consequently, the function N is continuous at any point ¢ € [0, 1]. O

Remark 3.3. Notice that the function H(t, s) appearing in Lemma 2.5 which is defined as

%[t“*(l -~ - (t-9)?], 0<s<t<y,
HEs) =1 1)‘(’; . (3.17)
- - a— a=3
Tt 3(1—5) ’ OStSSSl/

is continuous function on [0, 1] x [0, 1] and, moreover, H (¢,s) > 0.
In fact, for 0 <t < s < 1itis clear that H(¢t,s) > 0.
In the case, 0 < s <t <1, we have

H(t, S) _ ((X —112‘(:)[ - 2) [ta{’)(l _ S)a—3 _ (i’ _ S)a—?;] (3 18)
G Clnb)) _11%;0)( -2 [(t —ts)" 0 — (t - s)“_a] > 0.

This proves the nonnegative character of the function H on [0, 1] x [0, 1].
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Lemma 3.4. Suppose that 0 < o < 1. Then
1

Ods = 2 (B(l—c.a—2) - B(1—
Os;g 0G(i.‘,s)s ds_l“(a)(ﬂ(l oa-2)-p(l-o,a)),

where G(t, s) is the function appearing in Lemma 2.5.

Proof. By definition of G(t, s), we have

1 t 1
f G(t,s)s%ds = f G(t, s)s""ds+f G(t,s)s%ds
0 0 t

t a1 _ a-3 _ _ oya1 1 4a-1 _ o\a3
=J‘t (1-19) (t-1s) s“’ds+’[t (1-19) s

0 I'(a) ¢ T
~ 1 ta71(1 _ S)a—3 & t (t _ S)a—l »
= J‘O Ts ds — . T(X)S dS

— ta_l ! a-3 _-o 1 ' a-1l.-o
_mfo(l_S) S ds—mJ‘O(t—S) s7%ds.

As we saw in Case 1 of Lemma 3.1.

! a-1_-o _ e
fo (t-s)""s9%s = F(zx)ﬁ(l -0o,a)

and, therefore,

ta—l o

t
fo G(t,s)s%ds = mﬂ(l -o,a-2)- mﬁ(l -0,a).

Now, using elemental calculus it is easily seen that the function

_ ,[3(1—0',0(—2) a- [5(1—0,0() a-o
p(t) = T ot~ @ t

is increasing on the interval [0, 1] and, therefore,
1

sup | G(t,s)s%ds = sup p(t) = (1) = ﬁ(ﬁ(l -o,a-2)-p(1-0,a)).

0<t<170 0<t<1

Lemma 3.5. Suppose that 0 < o <1 then

1 s @mD@=2) (s oo
IOH(q,s)s ds = T (@) (11 - 2>ﬁ(1—o,a—2),

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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where H(t,s) is the function appearing in Lemma 2.5.

Proof. By definition of H(t, s), we have

1 1 1
j H(n,s)s%ds = f H(n,s)s%ds + f H(n,s)sds
0 0 1
(o — -
e
+ J‘l ((X - 1)(“ - 2) rla—3(1 _ S)a—3s—o'ds

! (a_l)(a_z)na—B(l _S)a—3sads_JqI (a—l)((x—2)( S)a -3 Ods

o T I'(a)
(“ 1)((1 2) a -3 a-3 5 C (d—l)(“—Z) K a-3 ¢
T(a) I (=9 ds = 5y f (=s) s ds
-1)(a-2 1)(a-2 a3 o
Spiab Lok ing )71“_3ﬂ(1 -o,a-2) - la-lia-2) ang ) f (1-5)"s7ds.
(3.26)
By a similar argument that the one used in the Case 1 of Lemma 3.1, we have
' s @-D@=2) (@-1D@-2) o
LH(q,s)s ds-Tq 3ﬁ(1—0,a—2)—Tq 2B(1-0,a-2)
—“ 1) (-
_ (a rzt(xi 2) <rllX*3 _ 1’1“70‘72>ﬁ(1 —0,a- 2)
(3.27)
This finishes the proof. O
By commodity, we denote by K the constant given by
~ 1 ﬁ(,,la—S _ na—a—Z)
K = @ [<1 + 1= e p(l-oc,a-2)-p(l-0,a)]. (3.28)

Moreover, we introduce the following class of functions which will be used in the main
result of the paper. By «+# we denote the class of functions ¢ : [0,00) — [0, o) satisfying
the following:

(i) ¢ is nondecreasing.

(ii) ¢(x) < x for any x > 0.

(iii) p(x) = ¢(x)/x € S, where S is the class of functions introduced in Remark 2.6.
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Theorem 3.6. Let0 <0 <1,3<a<4,0<n<1,0<pn*3<1,and f:(0,1] x [0,00) — [0, 0)
is a continuous function with lim; o+ f(t,-) = oo and such that t° f (t, y) is a continuous function on
[0,1] x [0, 00). Assume that there exists 0 < A < 1/K such that for x,y € [0, 00) with y > x and
te[0,1]

0<E(f(ty) - f(L,%) < 1p(y ), (329)

where ¢ € A.
Then Problem (1.3) has a unique positive solution (this means that x(t) > 0 for t € (0,1)).

Proof. Consider the cone:
P ={uecC[0,1] : u(t) > 0}. (3.30)

Since P is a closed set of C[0,1], P is a complete metric space with the distance given by
d(u,v) = sup,.,, [u(t) —o(t)|, foru,v € P.

It is easily checked that P satisfies conditions (2.12) and (2.13) of Theorem 2.7.

Now, for u € P we define the operator T by

1 ptot
) = | G0 uonas o

1
= fH(n,s)f(s,u(s»ds. (3.31)
a ) 0

By Lemmas 3.1 and 3.2, for u € P we have Tu € C[0,1].

Moreover, in view of the nonnegative character of G(t,s), H(1, s), and f (s, x), we have
that Tu € P for u € P.

In what follows, we check that assumptions in Theorem 2.7 are satisfied.

Firstly, we will prove that T is nondecreasing.
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In fact, by (3.29), for u > v we have

1 ﬁtu—l
T = | G 9)f(sue)ds + — -t (-

13) I: H(n,s)f(s,u(s))ds

1
- f G(t,5)s77s% f (s, u(s))ds
0

ﬁta_l
+
(a-1)(a-2)(1-pn
> Jd G(t,s)s s f(s,v(s))ds (3.32)
0

" J‘1 H(1,s)s™%s" f(s,u(s))ds
a ) 0

ﬁta—l
+
(@a-1)(a-2)(1-p
1

= f G(t,s)f(s,v(s))ds
0

1
5 | HO19)s 75 s vt

ﬂtafl
+
(a-1)(a-2)(1-p

1°3) J‘: H(n,s)f(s,v(s))ds = (Tv)(t).

This proves that T is a nondecreasing operator.
On the other hand, for u > v and u # v, we have

d(Tu, Tv) = sup|(Tu)(t) - (Tv)(t)| = sup ((Tu)(t) - (Tv)(t))

0<t<1 0<t<1

0<t<1

1
= sup UO G(t,s)(f(s,u(s)) - f(s,v(s)))ds

ﬁta—l 1
T a-Da- 2)(1-pn*3) fo

H(n,s)(f(s,u(s)) - f(S,v(s)))ds]

1
< sup | Gt,5)ss% (f(s,u(s)) - f(5,0(s)))ds

0<t<170

N p
(a=1)(a-2)(1-pn

1
) J‘o H(n,5)s s (f(s,u(s)) — f(s,v(s)))ds

< sup 1 G(t,5)s A (p(u(s) —v(s)))ds

0<t<170

. P
(a=1)(a-2)(1-pn

1
=y fo H(n,5)s A (¢p(u(s) —v(s)))ds.
(3.33)
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Since ¢ is nondecreasing, the last inequality implies

1
d(Tu,Tv) < Ap(d(u,v))sup | G(t,s)s %ds
0<t<0J0

p
" (a—1)(a—-2)(1-pn*3) A

1
(d(u,v)) .[0 H(n,s)sds

_ ! -o ﬁ ! -o
- A¢(d(u,v))|:§;§)fo G(t,s)s7 ds + ) Jo H(n,s)s ds].
(3.34)

Now, from Lemmas 3.4 and 3.5 it follows:

p
a—1)(a-2)(1-pn*3)

d(Tu,Tv) < Ap(d(u,v)) I:ﬁ BAl-o0,a-2)-pQ1- O',LX))+(

« (a —112((:)( -2) (71%3 _ na—072>[5(1 —0,a— 2)]
= Ap(d(u,v)) [%a) (pl-0,a-2)-p(1-0,a))

L PO )
(1-pn*3)T(a)

a-3 _ a—0-2
= Ap(d(u, v)) [ﬁ [<1 + M>ﬁ(1 —Ga-2)-p-o, a)]]

p(l-o,a- 2)]

1-pn*=
= Ap(d(u,v))K.
(3.35)
Since 0 < A < 1/K, from the last inequality we obtain
d(Tu, Tv) < Ap(d(u,v))K < ¢p(d(u,v)), (3.36)
and, since u#v,
d(Tu, To) < "S(d‘igl"v Z;)) d(u,v) = p(d(u, v))d(u,v). (3.37)

Since this inequality is obviously satisfied for u = v, we have

d(Tu,Tv) < p(d(u,v))d(u,v) for any u,v € P with u > v. (3.38)
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Finally, since the zero function satisfies 0 < T0, Theorem 2.7 says us that the operator T has a
unique fixed point in P, or, equivalently, Problem (1.3) has a unique nonnegative solution x
in C[0, 1].

Now, we will prove that x is a positive solution.

In contrary case, we can find 0 < #* < 1 such that x(t*) = 0.

Taking into account that the nonnegative solution x of Problem (1.3) is a fixed point of
the operator, we have

ﬁta—l
(@ =1)(a=2)(1-pn*3)

1 1
x(t) = fo G(t,s)f(s,x(s))ds + JO H(n,s)f(s,x(s))ds  (3.39)

and, particularly,

ﬂt*a—l
(a-1)(a-2)(1-pn

1
u—B) 4[0 H(Tl’ S)f(S,x(S))ds =0.
(3.40)

1
x(t) = fo G(t*,s)f(s,x(s))ds +

Since both summands in the right hand are nonnegative (see Remarks 2.6 and 3.3) we have

1
f G(t*,s)f(s,x(s))ds =0,
0

) (3.41)
f H(n,s)f(s,x(s))ds = 0.
0
Given the nonnegative character of G(t,s), H(#,s), and f (s, u), we have
G(t,5)f(5,x(s) =0 ace. (s),
(3.42)

H(n,s)f(s,x(s)) =0 a.e. (s).

Taking into account that lim;_.¢+ f(f,0) = oo, this means that for M > 0 we can find 6 > 0
such that for s € [0,1] N (0,6) we have f(s,0) > M. Notice that [0,1] N (0,6) C {s € [0,1] :
f(s,x(s)) > M} and pu([0,1] N (0, 6)) > 0, where u is the Lebesgue measure on [0, 1].

This and (3.42) give us that

G(t',s) =0 a.e. (s),
(3.43)
H(n,s)=0 ae. (s),

and this is a contradiction since G(#*, s) and H (7], s) are rational functions in the variable s.
Therefore, x(t) > 0 fort € (0,1).
This finishes the proof. O

In order to present an example which illustrates our results, we need to prove some
properties about the hyperbolic tangent function.
Previously, we recalled some definitions.
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Definition 3.7. A function f : [0,00) — [0, o) is said to be subadditive if it satisfies
flx+y) < f(x)+ f(y) forany x,y € [0,00). (3.44)

An example of subadditive function is the square root function, that is, f(x) = v/x.

Remark 3.8. Suppose that f : [0,00) — [0, 00) is subadditive and y < x then

f@) - f(y) < flx-y) (3.45)
In fact, since
f) =flx-y+y) < flx-y)+f(y) (3.46)
this inequality implies that
f)-f(y) < f(x-y). (3.47)

Recall that a function f : [0,00) — [0, 00) is concave if for any x,y € [0,00) and
Ae0,1].

fla+ 1 -Vy) 2A4f(x) + 1 -V f(y). (3.48)

Lemma 3.9. Let f : [0,00) — [0, o) be a concave function with f(0) = 0. Then f is subadditive.

Proof. We take x,y € [0, o).
Since f is concave and f(0) = 0, we get
x

X X

- Yy Yy -
f0 = F(F 0+ T+ w)) 2 0+ S f ey = Fflxey),
_ X Y X Y __Y
£ = F(5 0+ 5 (x+9) ) 2 T fO + o fery) = oflxey).
(3.49)
Adding these inequalities, we have
x y _
f@+fy) 2 T flrry) « i fxry) = flx+y). (3.50)
This proves the lemma. O
In what follows, we will prove that the function
e -1
— —_— 3.51
f(x) =tanhx T (3.51)

belongs to the class «/ previously defined.
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Lemma 3.10. The function f : [0,00) — [0, o) defined as

(x) = tanh x = ex-1 (3.52)
flx) = e +1 .
satisfies:
(a) fed
(b) f is subadditive.
Proof. (a) Since f'(x) = 4e**/(e* + 1)?> 0 forx >0, f is nondecreasing.
Moreover, the function
(x)—x—tanhx—x—ezx_l (3.53)
g\ = B e +1 .
has as derivative
2x _ 1 2
g'(x) = u >0 forx>0 (3.54)
(e>* +1)

and, consequently, g is strictly nondecreasing on (0, o).

Since g(0) = 0, we have 0 = g(0) < g(x) for x > 0 or, equivalently, f(x) = tanhx < x
for x > 0.

In order to prove that f(x) = tanh x/x € S, notice that if f(t,) — 1 then the sequence
(tn) is a bounded sequence.

In fact, in contrary case t, — oo and we have

_ tanht,

n

P(tn)

—0 (3.55)

which contradicts the fact that (t,) — 1.

Now, we suppose that p(t,) — 1landt, » 0.

Then, we can find € > 0 such that for each n € N there exists ¢, > n with t,, > e.

Since (t,) is a bounded sequence (because f(t,) — 1) we can find a subsequence of
(to,), which we will denote of the same way, such thatt,, — a.

As B(t,) — 1, it follows that

tanht h
pto,) =——" _ama (3.56)

On a

and, as the unique solution of the equation tanhx = x on [0, ) is xg = 0, we deduce that
a=0.
Therefore, t,, — 0 and this implies that there exists 7y € N such that t,,, < ¢ for n > ny.
This contradicts the fact that t,, > € for any n € N.
Therefore, t,, — 0.
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This proves that f(x) = tanhx/x € S.
Therefore, f € 4.
(b) Since tanh 0 = 0 and

~ 8e? (1 - e*)

@ 1 1) <0 forx>0, (3.57)
e +

this means that f(x) = tanhx is a concave function with tanh0 = 0 and, by Lemma 3.9,
f(x) = tanh x is subadditive. O

Remark 3.11. By Remark 3.8 and by (b) of Lemma 3.9, for x, y € [0, 00) with y < x
tanhx — tanh y < tanh(x - y). (3.58)
Now, we present an example which illustrates our result.
Example 3.12. Consider the following singular fractional boundary value problem

A +1) tanhu(t)

1172 0, O<t<l1,

DJ*u(t) +

. (3.59)
u(0)=u'(0)=u"(0)=0, u"(1)= ”H<Z>'

In this case, 0 =1/2,n=1/4,p=1anda =7/2.
Moreover, in this case f(t,u) = A(#> + 1) tanh u/t'/? for (t,u) € (0,1] x [0, o0).
Notice that f is continuous in (0, 1] x [0, c0) and limy ¢+ f (£, ) = co.
Now, we check that f(t, u) satisfies assumptions appearing in Theorem 3.6.
It is clear that t'/2 f (t,u) = A(t* + 1) tanh u is a continuous function on [0, 1] x [0, c0).
Moreover, by Lemma 3.10 and Remark 3.11, for u > v and ¢ € [0,1] we have

0< t2(f(t,u) - f(t,0))
= A<t2 + 1> (tanh u — tanh v) (3.60)

< A<t2 + 1> tanh(u — v) < 2\ tanh(u - v),

where f(x) = tanh x is a function belonging to « (see, Lemma 3.10).
Finally, Theorem 3.6 says us that Problem (3.59) has a unique positive solution for

I(7/2) 30

(1+ (/9" =1/4)/(1- (1/9?))(1/2,3/2) - B(1/2,7/2) e
(3.61)

20 <

A=

Or, equivalently, for A < 15/7+/or.
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