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In our present investigation, motivated from Noor work, we define the class R} (b) of functions of
bounded radius rotation of complex order b with respect to symmetrical points and learn some
of its basic properties. We also apply this concept to define the class #; (a, b, 6). We study some
interesting results, including arc length, coefficient difference, and univalence sufficient condition
for this class.

1. Introduction

Let o/ denote the class of analytic function satisfying the condition f(0) =0, f'(0) -1 =01in
the open unit disc 4 = {z : |z| < 1} and in more simple form:

f(z)=z+ i a,z" (zelU). (1.1)
n=2

By S, C, and S*, we means the well-known subclasses of <# which consists of univalent,
convex, and starlike functions, respectively. In [1], Sakaguchi introduced the class S} of
starlike functions with respect to symmetrical points and is defined as follows: a function
f(z) given by (1.1) belongs to the class S}, if and only if

zf'(2)
Re{f,(z)_—f(_z)} >0 (ZEM). (12)
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Motivated from Sakaguchi work, Das and Singh [2] extend the concepts of S} to other class

in %, namely, convex functions with respect to symmetrical points. Let C; denote the class of
convex functions with respect to symmetrical points and satisfying the following condition:

Re{ (zf’(z))'

m} >0 (zel). (1.3)

Let Pr(6), 0 £ 6 <1, be the class of functions p(z) analytic in « with p(0) =1 and

JAZJF
0

This class was introduced in [3]. For 6 = 0, we obtain the class Dj defined by Pinchuk [4],
and for k = 2, the class i reduces to the class 0 of functions with positive real part.

Rep(z) -6
1-6

‘d@ <krw, z=re? k>2. (1.4)

Now, with the help of the aforementioned concepts, we define the class R} (b) of
functions of bounded radius rotation of complex order b with respect to symmetrical points
as follows.

Definition 1.1. Let f(z) € # in U. Then f(z) € R (b), if and only if

1 2zf'(z) }
1+ ———-1rePr (z€N), 1.5
Neni= Ll 49
where k >2 and b € C - {0}.
Using the class R} (b), we define the class <} (a, b, 6) as follows.

Definition 1.2. Let f(z) € o4 in U. Then f(z) € H;(a,b,0), if and only if there exists g(z) €
R; (b) such that

zf'(2) 2f(z) )“
o (s -503) PO (1)
wherea >0,0< 6 <1,and b € C - {0}.

It is noticed that, by giving specific values to &, b, 6, and k in R} (b) and H;(a, b, ),
we obtain many well-known as well as new subclasses of analytic and univalent functions;
for details see [5-11].

Throughout this paper, we will assume, unless otherwise stated, that k > 2, > 0,0 <
6<1,and b e C-{0}.

Lemma 1.3. Let p(z) be analytic in U where p(0) = 1 belongs to P(5). Then

| 1+ (4(1 -6)% - 1)r2

2
E 0 |P(Z)|d9S 1- 12

(1.7)

(see [8, 12]).
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Lemma 1.4. Let s1(z) be univalent function in U. Then there exists ¢ with |&| = r such that for all z,
|Z| =T,

2
2= dllsi @)l < Ty (1.8
(see [13]).
2. Some Properties of the Classes R; (b) and H}(a,b,0)
Theorem 2.1. Let f(z) € R} (b). Then the odd function
$(2) = 517(2) - f(-2) @
belongs to Ry (b) in U.
Proof. Let f(z) € R{(b) and consider
P(z) = %[f(z) - f(-2)]. (2.2)
From logarithmic differentiation of the previous relation, we have
¢z _ f(z)-f(=2)
@) @ fD) 22
or, equivalently,
& GG 24
with
__22f(9) _2(-2)f'(-2)
S Oy e G [ R 16 29
belongs to Pk (b). Since Dk (b) is a convex set, we have
z9'(2)
5) © Pr(b) (z €U), (2.6)

and hence ¢(z) € Rk (b). O
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Theorem 2.2. Let f(z) € R} (b). Then

7@ = 3@ -1 e {2 [ 3 (b0 -peo -7 ). 27)

0

Proof. Let f(z) € R} (b). Then by definition we have

1 2zf'(z) B
+ E [m — 1] = p(Z), p(Z) € pk- (28)
Simple computation yields us
TOIED o2 [ 4p@-peo- 7). 9)

Using (2.8) in (2.9), we can easily obtain (2.7).
If we put b = 1 and k = 2 in Theorem 2.1, we obtain the integral representation for .S
given by Stankiewiez in [14]. O

Theorem 2.3. Let f(z) € R} (b). Then
|az| < - (2.10)
The function fo(z) € R} (b) defined by
() k+2\ /1-z k-2\ /1+z
fW)"WH( )(2) - () () a0 e

shows that this bound is sharp.

Proof . Since f(z) € R} (b), there exists an odd function ¢(z) € Ri(b) with

P = 5 [f(2) - f-2)], 212)
such that
zf'(z) = p(2)p(2), (2.13)

with p(z) € Pr(b). Let

P(z)=z+ Z byn1 2271, p(z) =1+ Z cnz". (2.14)
n=2 n=1
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Then (2.13) implies that

z + Z na,z" = [z + Z brp1 22""1] [1+ Z cnz”]. (2.15)
n=2 n=2 n=1
Equating the coefficients of z?, we have 2a, = ¢, and so
klb
Mﬂsii, (2.16)
2
where we have used the coefficient bounds |¢1| < k|b| for the class Dy (b). O

Corollary 2.4. The range of every univalent function f(z) € R} (b) contains the disc

2

@l < Tk

(2.17)

Proof . The Koebe one-quarter theorem states that each omitted value w of the univalent
function f(z) of the form (1.1) satisfies

w4>§:ﬁg- (2.18)
Using (2.18) and Theorem 2.3, we obtain the required result. O
By using the same method as in [1], we obtain the following result.
Theorem 2.5. Let f(z) € R} (b). Then, for z = ret? and 0 < 0y < 0, <2,
o G
Re ~——2d0 > —(k - 1)|b|r. (2.19)
f o f'(2) (k-1
Theorem 2.6. Let f(z) € H;(a,b,0). Then, for z = re,
0>
I Re J(a, f(z))dO > —(alb|(k - 1) + 1), (2.20)
01
where 0 < 01 < 6, < 2ar and
Zf"(z)> 2f'(2)
a,f(z)=(1+—= ) +(a-1 . 2.21
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Proof. We can define, for z = re®, r < 1, 0 real, the following:

S(r,0) = arg [z (2) f"“l(z)], (2.22)

V(r,0) = arg [W] B (2.23)

The functions S(z) and V(z) are periodic and continuous with period 2. Since f(z) €
e@i(tx, b,0), therefore from (2.22), it follows that we can choose the branches of argument
of S(z) and V(z) as

1S(r,0) = V(r,0)| < Jz—f (2.24)
Now we have from (2.22)
~ 6, Z('b,(Z)
V(r,0,) = V(r,0) = aLl Re Wd@, (2.25)
where ¢(z) is an odd function of the following form:
1
#() = 5 [3() - g(-2)]- (226)
Since g(z) € R} (D), therefore by using Theorem 2.5, we have
6> Z(i),(Z)
’[61 Re WdQ > —(k - 1)|b|.71' (227)
From (2.22), (2.23), (2.24), and (2.27), we have
|S(r,62) = S(r,01)| = |S(r,02) = V(r,02) = (S(r,601) = V(1,61)) + (V(r,02) = V(r,61))]
< % + Jz—f +a(k - 1)|b|r = (afb|(k - 1) + 1) (2.28)
Moreover, from (2.22)
d 3 zf"(z) B zf'(z)
ES(T,Q) = Re[(l + 2 > +(a-1) @ | (2.29)
Therefore
0>
f Re J(a, f(z))dO > —(a|b|(k — 1) + 1) (2.30)
01
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Theorem 2.7. Let f(z) € Hj(a,b,6). Then for a(k/2+1)Reb > 1,

1 a(k/2+1)Reb
C(a,b,6,k)M1’“(r)<m) , 0<ac<l,
L f(z) < (2.31)
a(k/2+1)Reb
C(a, b,6,k)rr1"“1(r)<1 — r)

, a>1,

where m(r) = ming—|f(z)|, M(r) = maxp-|f(z)|, and C(a,b,8,k) is a constant depending
upon a,b, 6, and k only.

Proof. We know that

27
L.f(z) = fo |zf'(2)|d0, z=re®, 0<r<1. (2.32)

Since f(z) € Hj(a,b,0), therefore

zf'(2) ( 2f(2)

f(z) \g(2) —g(—z)> =p(2), p(z) D). (2.33)

By Theorem 2.1, we have, for g(z) € R} (b), the odd function ¢(z) = (1/2)[g(z) - g(-2)] €
Rk (b). This implies that

z2f'(2) = (f(2)) 7 ($(2))"p(2). (2.34)

Therefore, we have

27T
Lf(z) < fo £ 6(2)||p(2)]de,

" (2.35)
<M [ el
0
Since ¢(z) € Ri(b), therefore we have for odd functions s1(z), s1(z) € S*,
1- —a (s (Z))(k/4+1/2)b a
=Y )I (s2(z ))(k/4 1/2)b |p(z)|d6,
vy [P |(s1(2)) /4172 ReD . N
<cM (r)J‘0 (52 (2)) {7417 —|p(2)|d6, c=e ' 06

20T
< ch—tx(r)zvc(k/Z—l)Rebr—u(k/4—1/2)RebJ‘ |(51(Z))|a(k/4+1/2)Reb|p(2)|d9.
0
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Now using Cauchy Schwarz inequality, we have

1/2
1 201
L, f(2) < cM'# ()20 K/ 2D Rebpalk/4-172) Reb<g fo Ip(2) |2d9>

1 27T 1/2
% <EJ‘ |(Sl(Z))|2u(k/4+1/2)Rebd6> .

0

(2.37)

By Lemma 1.3 and distortion results for the class $* with a subordination result, we obtain

17214+ (4(1-6)*-1)r2 v
L f(Z) < CMl—u(r)za(k/Z—l)RebruReb 1 * < ( B ) B >T
r = 1- r)4rx(k/4+1/2) Reb-1 1-72
) 1\ &(k/2+1)Reb
= C(LX,b,6, k)M (T)<E> .
(2.38)
Similarly for a > 1, we have
a(k/2+1)Reb
L.f(z) <C(a,b,6, kym*(r) <E> . (2.39)
O

Theorem 2.8. Let f(z) € H;(a,b,6). Then for a(k/2+1)Reb > 1

Ci(a,b, 6, k) M (1) (n)**/2DReb=1 =0 o g <1,
lan| < (2.40)
Ci(a,b, 6, k)ym*" (n) (m)* /2 VR g 51,

where m and M are the same as in Theorem 2.7 and Cyi(a,b,6,k) is a constant depending upon
a,b,6,and k only.

Proof. Since, with z = re'® Cauchy theorem gives

1 27 0
= ! —m 241
na, T Io zf'(z)e™"d0, ( )

therefore

1
< — . 242
Mlanl < 5L, f(2) (242)
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Now using Theorem 2.7 for 0 < a < 1, we have

) a(k/2+1)Reb

1 -
< _- a
nla,| < 2ﬂ_rnC(az,b,S,k)M (r)(1 —

Putting r =1 -1/n, we have

|aq| < C1(a, b, 6, k) M (r) (n)**/> D Reb=1,

Similarly we obtain the required result for a > 1.

Theorem 2.9. Let f(z) € Hj(a,b,6). Then for a(k/2+1)Reb >3,

Ca(a, b, 8, k)M (r) (n)*k/2DReb=2 g« g <1,
Ca(a,b, 6, k)m*(r) (n)*k/2DReb2 5 5 1,

llansa| = lanll < {

Proof. We know that for¢ € Y and n > 1,

27
[(n+1)éana —nay| SJ‘ |z-¢l|zf'(z)|d6, z=re®, 0<r<1, 0<0<2m.
0

Since f(z) € H#;(a,b,0), therefore

zf'(2) ( 2f(2)

f(z) g(z)—g(_z)> =p(2), p(z)€DE).

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

By Theorem 2.1, we have, for g(z) € R} (b), the odd function ¢(z) = (1/2)[g(z) - g(-2z)] €

R (b). This implies that
zf'(2) = (f(2) " ($(2))"p(2).
Thus, for { € X and n > 1, we have

27
(1 + 1) 21 — nan] < MI(r) jo 12— &|6(2)|“|p(2)| 6.

Since ¢(z) € Rk (b), therefore we have for odd functions s;(z), s1(z) € S*,

2a(k/2-1)Reb ,Im b(Jr/Z)Ml—u(r) 201

+1 - <
|(n+1)¢ans1 —nay| < 2 rpnti-a(k/2-1)Reb o

(2.48)

(2.49)

|z = ¢&||(s1(2))|“®/H/DR |y (2) | d6.

(2.50)
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By using Lemma 1.4, we have

2u(k/2—1) Re beIm b(yr/2)M1—a (1") 27

zyrrn—l—a(k/Z—l) Re b(l _ T) 0

< |(51(Z))|a(k/4+1/2)Reb_1|P(Z)|d9. (2.51)

Now using Cauchy Schwarz inequality, we have

|(n+1)¢ana — na,| <

2orpn-1-a(k/2-1Reb (1 — y) 2 0

1 2 1/2
2

By Lemma 1.3 and distortion result for the class S* with a subordination result, we obtain

172
2a(k/2—1) Re b ,Im b(]r/Z)Ml—a 1 27
e (r) J‘ |(51(2)) P/ 41/ Reb2 4

(2.52)

1 a(k/2+1) Reb-5/2+1
|(11 + 1)§an+1 _ nan| < CMl—a (T)Za(k/4)—Re bra Reb-n+1 < >

(1-7)

1+ (4(1 -6)* - 1>r2 i (2.53)

X
1-7r2

Now putting |¢| = =n/(n + 1), we obtain
llanel = |aull < Ca(a, b, 6,k) M (r) (n)**/> D Reb=2, (2.54)
Similarly for « > 1, we have

llansa| - |an|| < Ca(a, b, 6, k)ym® ' (r) (n)**</> D Reb=2. (2.55)
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