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We are interested in studying the stable difference schemes for the numerical solution of the
nonlocal boundary value problem with the Dirichlet-Neumann condition for the multidimensional
elliptic equation. The first and second orders of accuracy difference schemes are presented. A
procedure of modified Gauss elimination method is used for solving these difference schemes
for the two-dimensional elliptic differential equation. The method is illustrated by numerical
examples.

1. Introduction

Methods of solution of the Bitsadze-Samarskii nonlocal boundary value problems for elliptic
differential equations have been studied extensively by many researchers (see [1-22] and the
references given therein).

Let Q be the unit open cube in R™ (x = (x1,...,x5) : 0 < x¢x < 1,1 < k < m) with
boundary S, Q=QuUS.In [0,1] x Q, the Bitsadze-Samarskii-type nonlocal boundary value
problem for the multidimensional elliptic equation

—Uy —Z(ar(x)ux,)xr +nu=f(t,x), 0<t<l, x=(x1,...,xm) €Q,

r=1

J
u(0,x) = p(x), u(l,x)= Zaju(zlj,x) +g(x), xe€Q,
i=1



2 Abstract and Applied Analysis
J
Dlaj| <1, 0<h<-o<hy<,
j=1

ou(t, x)

— =0, Stus’=s
on xeS?

u(t, x)|x€51 =0,

(1.1)

is considered. Here a,(x), (x € Q),¢(x),¢(x) (x € Q), and ft,x) (t € (0,1), x € Q) are
given smooth functions, a,(x) > a > 0, 7 is a positive number, and 1 is the normal vector to
Q. We are interested in studying the stable difference schemes for the numerical solution of
the nonlocal boundary value problem (1). The first and second orders of accuracy difference
schemes are presented. The stability and almost coercive stability of these difference schemes
are established. A procedure of modified Gauss elimination method is used for solving these
difference schemes in the case of two-dimensional elliptic partial differential equations.

2. Difference Schemes: The Stability and Coercive Stability Estimates

The discretization of problem (1) is carried out in two steps. In the first step, let us define the
grid sets

Qp = {x=x,=(my,... hymy),m=(my,..., my,),
OSmrSNrrhrNr=1rr=1r~-/m}/ (21)
Q=0,nQ, S =Q,nS, r=1,2

We introduce the Hilbert space Ly, = L, (Q;) and W3, = W2(CQy,) of the grid functions ¢" (x) =
{o(hymy, ..., hym,,)} defined on f!h, equipped with the norms

1/2
m 2
ol = 1o+ (5 S, oo
- 7=
1/2
) <Z i ("), . 2hl"'hm> : (2.2)
xeQ, =1 XrXrtir
1/2
H‘Ph Lo(S) = <x§h)¢h(x)|2hl"'hm> .

To the differential operator A generated by problem (1), we assign the difference operator A;
by the formula

x h _ _
Aju’ =

Mz

<a,(x)u%> . + quh(x), (2.3)

Xr/]

]
—_

r
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acting in the space of grid functions u"(x), satisfying the conditions 1/ (x) = 0 for all x € S}
and Dyu"(x) =0 forall x € Si. Here, Dj,u" (x) is an approximation to 0u/dii. It is known that
Aj is a self-adjoint positive definite operator in L, (Qy). With the help of A%, we arrive at the
nonlocal boundary value problem

d2uh(t, x
_—d,fz ) + Afu(t,x) = f"(t,x), 0<t<1, x€Qy,
h h h I h h ~
W'(0,x) = 9" (), w'(Lx) = Dau (4, x) +¢" (%), x€Q (2.4)
j=1

J
Z|zx]~|§1, O<h<--<Ay<l,
i=1

for an infinite system of ordinary differential equations. In the second step, we replace
problem (2.4) by the first and second orders of accuracy difference schemes

_uzﬂ(x) - ZuZ(x) + uZ_l(x)

) + Ajug (x) = fi (%),

filx) = f"tk,x), ti=kr, 1<k<N-1, Nr=1, x€Q,

ul(x) = p"(x), xeQy, (2.5)

] ~
Ui () = Dy () +¢"(x), x€Qp
j=1

_”Z+1 (x) — ZuZ(x) + uﬁ_l (x)

= FAU(x) = {0, [l = ),

tk=kr, 1<k<N-1, Nt=1, x€Qy,

up(x) = ¢"(x), xe€Q,

h \ h h h A A h O
uly (%) = lea]- s oy (@) + (Ul ) =y @) (2= [L]) ) +9" @), x e
]:

(2.6)

To formulate our result on well-posedness, we will give definition of C{,([0,1],, H) and
C([0,1],, H). Let F([0,1],, H) be the linear space of mesh functions ¢” = {¢k }]1\[_1 with values
in the Hilbert space H. We denote C([0, 1],, H) normed space with the norm

ll” ”C([O,l]T,H) = Kr,fg\’f_l”‘Pk 1% (2.7)
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and Cg, ([0, 1],, H) normed space with the norm

(N -F)1)*((k +1)7)"

. = [lo” + su - - (28
cs ([0,1],, H) ”‘P ”C([O,l],,H) Lkt N )" ||‘Pk+r ‘Pk"H (2.8)

ll”]

Theorem 2.1. Let T and |h| be sufficiently small positive numbers. Then, the solutions of difference
schemes (2.5) and (2.6) satisfy the following stability and almost coercive stability estimates

+ ”(ph +
Lop Lon

N-1
h}
u
'{ kfa

()"

< o |
C([O, 1]71 LZh)

N-1
4}
1
C([0,1], Lan)

h h h N-1
{ U,y =2 + Uy }
1

> (2.9)

2
C([0,1],,Lon) 01l Way)

N-1

1
w0l U4,

<t o

+[lo| -
w3, C([0, 1], Lan)

Here, My and M do not depend on 7, h, ¢"(x), ¢"(x), and f{'(x), 1<k <N -1.

Theorem 2.2. Let T and |h| be sufficiently small positive numbers. Then, the solution of difference
schemes (2.5) and (2.6) satisfies the following coercive stability estimate:

h h h N-1
Up,q = 2Up + Uy
2

LN
{uk }1 2

i Coi ([0, 1], W)

C& ([0, 11, Lap) (2.10)

v (A

w2, * a(l-a)

1

< o

+ ||(I)‘h| .
145 a
2h Col([ol 117, Lan)

M is independent of T, h, ¢"(x), ¢"(x), and f(x), 1<k <N -1
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Proofs of Theorems 2.1 and 2.2 are based on the symmetry properties of operator A;
defined by formula (2.3) and on the following formulas:

uZ(x) = (I - R2N>71

% {(Rk _ RZN—k>(Ph(x)+<RN—k _ RN+k>ui]zV(x)_(RN—k _ RN+k>

N-1
(I +7B)(2I + TB) B (RN-i - RN“> fih(x)T}
i=1

+ (I +7B)(2I + TB)*lB-lN_1 R - RR) £y,
2. fi

J _
u]h\,(x) =D <Zak (I - R2N> '
k=1

x { <Rmk/ﬂ _RzN—uk/ﬂ)(Ph (x)— (RNfuk/r] _RN+[Ak/T1> (I+7B)(2I+7B)'B™!

2

-1
x (RN i RN“>fh(x T} + (I +7B)(2I +TB)"'B!

i

I
[

[\ /7] ) N-1 '
x> R+ Y REMWTfx)r

i=1 i=[\g/T]+1
= A/ i ch h
- R/l ] (x)T> + (x)>,
i=1
(2.11)

for difference scheme (2.5), and

i () = (Za (1-rnY

% { <R[Am] _RZN—[Ak/T]>(ph (x)— (RN—[Ak/rl _RN+[Ak/rl> (I+7B)(2I+7B)™

N-
xB! Zl<RN-" - RN) fl.h(x)T} +(I+7B)(2I +7B)"'B!
i=1

/7] . N-1 N-1 A
x Z R f\k/r]—lfh(x Z RI—[Ak/T]fih(x)T_ ZR[”/T]“fih(x)T
i i=1

i=[A/T]+1
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« {TB(R /el sz-[Ak/r]>(Ph(x) _ <RN—[)Lk/T]—1 _ RN+[Ak/T]>(21 i TB)—l

N-1
X

(RN—i _ RN+i>fih(x)T2}

i=1

[Ae/7] ) N-1 _
+@I+7B) > RMWTH ()2 N REDWTIL fh(x) 72

i=1 i=[Ai/7]+1

N-1 _
-ZR[*k/T]*’fi”(x)#) +<p”<x>>,

i=1

(2.12)
for difference scheme (2.6). Here,
R=I+1B)7},
TA ‘ [T2A?
B = 7 + 4 + A, A = A'Z/
D=1 RZN J R N-[A /7] R N+[A /7] f 25
=1- - ;ak< - ) or (2.5), (2.13)

J e w1
D=I—R2N—Zak<RN“k/]_RN“k/I__<)lk_ [ﬁ]’r>
p T T

XB(RN_[MC/T] _RN+[/\k/T]+l>> for (26),

and on the following theorem on the coercivity inequality for the solution of the elliptic
difference problem in Lyy,.

Theorem 2.3 (see [22]). For the solution of the elliptic difference problem

Al (x) = wh(x), x€Qy,

(2.14)
uh(x)leS}l = O/ Dhuh(x)L(ESﬁ = O/ S}l U S%z = Sh’
the following coercivity inequality holds:
m
S Mot (2.15)
r=1 XrXr, Jr Loy Lo

where My does not depend on h and w" (x).
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Note that we have not been able to obtain sharp estimate for the constants figuring in

the stability estimates. Hence, in the following section, we study difference schemes (2.5) and
(2.6) by numerical experiments.

3. Numerical Results

For the numerical result, we consider the nonlocal boundary value problem

_Qu(t,x)  dPu(t,x)
ot? O0x?

1 t
+u =2exp(—t)<x— §x2+ 3 —1>,

O<t<1l, 0O<x<l],

u(0,x) = x* - 2x, (3.1)

1 x? 3x2  3x 1
u(l,x) = u(i,x> + <? - x> exp(-1) - <T - ?> exp<—§>, 0<x<1,

for the elliptic equation. The exact solution of (3.1) is
tx?
u(t,x) = tx - - +x° =2x ) exp(-t). (3.2)

For the approximate solution of the nonlocal boundary Bitsadze-Samarskii problem (3.1), we
consider the set [0,1], x [0,1];, of a family of grid points depending on the small parameters
T and h

[0,1], x[0,1],, = {(tk, xn) stk =kT,1<k<N-1,N; =1
(3.3)
x,=nh,1<n<M-1,Mh=1}.

Firstly, applying difference scheme (2.5), we present the first order of accuracy difference
scheme for the approximate solution of problem (3.1) is
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uktl = 2uk 4 kT, - 2uf v

- T2 - h2 + uﬁ = f(tkl xn)/

1<k<N-1, 1<n<M-1,

u =p(x,), 0<n<M,

2
ulN = N2 (% - xn> exp(-1)

3x2  3x 1 (3.4)
-( -5 - <n<
< 12 >eXp< ;) osnsM
kK _ ok
uf = 2 huMl—O, 0<k<N,
2
f(tk, xn) = 2exp(~tx) <xn x2" + %" - 1>,

p(xy,) = x% - 2x,.

Then, we have an (N + 1) x (M + 1) system of linear equations and we will write them in the
matrix form

AUy +BU, +CU,y =Dy,, 1<n<M-1,

i . (3.5)
Up=0, Um-Um-1=0,
where
000-0-000
0aOO-0-000
A= ) ,
000-0-0a0
000-0-00 (N+1)x(N+1)
(3.6)
100 0 -000
cbec 0 -000
B= .

(N+1)x(N+1)

and C = A, Disan (N +1) x (N + 1) identity matrix and
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R
u;
Us= | , (3.7)
ul¥-t
ull
L d (Nix1
wheres=n-1, n, n+1,
R
Pn
Pn = (3.8)
o
oy
L 4 (N+1)x1
Here,
1 2 2 1
a——ﬁ, b:7'_2+ﬁ+l’ C:—T—z,
(xgl - zxn)’ k = 0/ (39)
k_ ) [tk xn), 1<k<N-1,

‘Pn - 2 2
X5 3x;,  3x, 1 3
<_2 - xn> exp(-1) - < T o ) exp<—§>, k=N.

So, we have a second-order difference equation with respect to n matrix coefficients. To solve
this difference equation, we have applied a procedure of modified Gauss elimination method
for difference equation with respect to n matrix coefficients. Hence, we seek a solution of the
matrix equation in the following form:
Uj=ajulUju +pfjin, j=M-1,...,1,
Uwm = (I -am)™ Bum,
5 (3.10)
Qjy1 = —(B + Ca]) A,

= (B (b, -C j=1,...,M-1

pjs1 = (B +Ca;) < o~ ﬂj)r j=1...,.M-1,

wherea; (j=1,..., M) are (N+1)x (N +1) square matrixand f; (j =1,..., M) are (N+1)x1
column matrix and a; is the (N + 1) x (N + 1) zero matrix and f; is the (N + 1) x 1 zero
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matrix. Secondly, applying difference scheme (2.6), we present the following second order of
accuracy difference scheme for the approximate solutions of problem (3.1):

- k
it = 2u sy = 2un tu

T2 h?

1<k<N-1, 1<n<M-1,

k
1
=+ uﬁ = f(tk/xn)/

u =p(xy), 0<n<M,

N [N 2
ulY = uLN/Z] + (uLN/z]+1 _ ”LN/H) (7 — [? > + <% - xn> exp(-1)

3x%  3x 1
- n_ -1 = <n<
<4 > >exp< 2), 0<n<M,

ub =0, uk, ,—4uk,  +3uh,=0, 0<k<N,

(3.11)

2
f(tk, xn) = 2exp(~tx) (xn - 7” to - 1>,

p(xy,) = xfl - 2x,.

So, we have again an (N + 1) x (M + 1) system of linear equations and we will write in the
matrix form

AUpn +BU,+CUy 1 =Ryp,, 1<n<M-1,
. - (3.12)
UO =0, uM_z —4LIM_1 + SUM =0,

where

000-00-000
0aO-00-000
0

| ’ ’ 0] (N+1)x(N+1)

]
o
]
o -
]
o
Q

100-00-000
cbc-00-000

| ’ ’ d (N+1)x(N+1)
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C=A, R=D,
u
u;
us = . ,
ul¥-t
N
Us' 1 (nvyxa
(3.13)
¥
on
wheres=n-1, n, n+1land ¢, = %Nll
o 1 (N+1)x1
Here,
1 2 2 1 N N
a——ﬁ, b=ﬁ+?+1l C=—;, d=[7:|—7, €=—1—d,
(x2 = 2x,), k=0, (3.14)
k_ ) f(txn), 1<k<N-1,
¥n = x2 3x2  3x, 1
5 X exp(-1) - 1 )P —§>, k=N.

Thus, we have a second-order difference equation with respect to n matrix coefficients.
To solve this difference equation, we have applied the same procedure of modified Gauss
elimination method (3.10) for difference equation with respect to n matrix coefficients with

Uy = (3[ +apap-1 — 4aM)_1 (—ﬁMaM_l _ﬂM—l +4‘[5M) (315)

Now, we will give the results of the numerical analysis. The errors computed by

o\ 2
h> (3.16)

1<k<N-1

M-1
EN = max <Z |u(tk,xn) —uk
n=1

of the numerical solutions for different values of M and N, where u(ty, x,) represents the
exact solution and uX represents the numerical solution at (f,x,). Table 1 gives the error
analysis between the exact solution and solutions derived by difference schemes for N =
M =20, 40, and 60, respectively.

4. Conclusion

In this work, the first and second orders of accuracy difference schemes for the approximate
solution of the Bitsadze-Samarskii nonlocal boundary value problem for elliptic equations
are presented. Theorems on the stability estimates, almost coercive stability estimates, and
coercive stability estimates for the solution of difference schemes for elliptic equations are
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Table 1: Error analysis.

Difference schemes N=M-=20 N=M=40 N =M =60
Difference scheme (2.5) 0.0049 0.0025 0.0012
Difference scheme (2.6) 3.7155e - 005 9.4107e — 006 2.3679e — 006

proved. The theoretical statements for the solution of these difference schemes are supported
by the results of numerical examples. The second order of accuracy difference scheme is more
accurate comparing with the first order of accuracy difference scheme. As a future work, high
orders of accuracy difference schemes for the approximate solutions of this problem could
be established. Theorems on the stability estimates, almost coercive stability estimates, and
coercive stability estimates for the solution of difference schemes for elliptic equations could
be proved.
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