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We discuss the initial value problem for the nonlinear fractional differential equation L(D)u =
f(t,u), t € (0,1], u(0) =0, where L(D) = D% —a,_1D%' —--- —a1D",0 <51 < s <--- <5, <1,
and a; < 0,j = 1,2,...,n -1, D% is the standard Riemann-Liouville fractional derivative and
f :[0,1] xR — R s a given continuous function. We extend the basic theory of differential
equation, the method of upper and lower solutions, and monotone iterative technique to the initial

value problem. Some existence and uniqueness results are established.

1. Introduction

Fractional calculus is a generalization of ordinary differentiation and integration to arbitrary
noninteger order, so fractional differential equations have wider application. Fractional
differential equations have gained considerable importance; it can describe many phenomena
in various fields of science and engineering such as control, porous media, electrochemistry;,

viscoelasticity, and electromagnetic.

In the recent years, there has been a significant development in fractional calculus
and fractional differential equations; see Kilbas et al. [1], Miller and Ross [2], Podlubny [3],
Baleanu et al. [4], and so forth. Research on the solutions of fractional differential equations is
very extensive, such as numerical solutions, see El-Mesiry et al. [5] and Hashim et al. [6], mild
solutions, see Chang et al. [7] and Chen et al. [8], the existence and uniqueness of solutions

for initial and boundary value problem, see [9-30], and so on.
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With the deep study, many papers that studied the fractional equations contained more
than one fractional differential operator; see [16-20].

Babakhani and Daftardar-Gejji in [16] considered the initial value problem of nonlin-
ear fractional differential equation

L(D)u=f(t,u), u(0)=0, 0<t<l. (1.1)

By using Banach fixed point theorem and fixed point theorem on a cone some results of
existence and uniqueness of solutions are established.

Zhang in [17] studied the singular initial value problem for fractional differential
equation by nonlinear alternative of Leray-Schauder theorem:

L(D)u = f(t,u), t"™"u(t)}o=0, 0<t<1. (12)

In above two equations, L(D) is defined L(D) := D — a,_1D* — .. — a1 D*', where
O<sy<sp<---<sy<l,anda;>0,j=1,2,...,n-1, D% is the standard Riemann-Liouville
fractional derivative.

McRae in [14] studied the initial value problem by the method of upper and lower
solutions and monotone iterative technique:

D= f(t,u), te(t,T], 0<q<1,
(1.3)
u(to) = 1’ = u(t)(t - to)' sy,

In this paper, we use similar method as in [16] to consider the initial value problem:

L(Dyu = f(t,w), te(0,1],
(1.4)
u(0) =0,

where L(D) = D" ~a, 1D*'—--—a1D*,0<s1 < s, <---<s,<1l,anda; <0,j=1,2,...,n-1,
D#i is the standard Riemann-Liouville fractional derivative and f : [0,1] x R — Ris a given
continuous function.
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Since f is assumed continuous, the IVP (1.4) is equivalent to the following Volterra
fractional integral equation:

n-1

u(t) = Zr(sn s]) J‘ (t = 5)* 5171y (s)ds + e n)f (t-s)"" f(s u(s))ds. (1.5)

j=1

In Section 2, we give some definitions and lemmas that will be useful to our main
results. In Section 3, we will use the basic theory of differential equation, the method of
upper and lower solutions, and monotone iterative technique to investigate the initial value
problem (1.4), and some existence and uniqueness results are established. In Section 4, an
example is presented to illustrate the main results.

2. Preliminaries

In this section, we need the following definitions and lemmas that will be useful to our main
results. These materials can be found in the recent literatures; see [1, 11, 16].

Definition 2.1 (see [1]). Let Q = [a,b](-o0 < a < b < +o0) be a finite interval on the real axis
R. The Riemann-Liouville fractional integrals I7, f and I, f of order a > 0 are defined by

a a-1
I7 f(x) = r()J‘(x H f(Hdt, x>a, .

If f(x) = T )f (x-0*'f(t)dt, x<b,

respectively. Here I'(a) is the Gamma function. These integrals are called the left-sided and
the right-sided fractional integrals. We denote I, f (x) by I* f(x) in the following paper.

Definition 2.2 (see [1]). Let Q = [a,b] (oo < a < b < +o0) be a finite interval on the real axis
R. The Riemann-Liouville fractional derivatives Dy, f and D;_f of order a > 0 are defined by

DZ+f(x)=<%> (I"7) f(x) = e a)< > f (x - f(Bdt, x>a,

D) = (-5 ) @0 = o (<) j (x- U f(ndt, x<b,

(2.2)

respectively, where n = [a] + 1, [@] means the integral part of a. These derivatives are called
the left-sided and the right-sided fractional derivatives. We denote Dy, f (x) by D” f(x) in the
following paper.



4 Abstract and Applied Analysis

Definition 2.3. Letting v,w € C([0,1],R) be locally Holder continuous with exponent s, <
A <1, we say that w is an upper solution of (1.4) if

L(D)w > f(t,w),
(2.3)
w(0) >0,

and v is a lower solution of (1.4) if

L(D)v < f(t,v),
(2.4)
v(0) <0.

Next, we will list the following lemma from [11] that is useful for our main results.

Lemma 2.4 (see [11, Lemma 2.1]). Let m € C([0,1],R) be locally Holder continuous with
exponent g < X <1 such that for any t; € (0,1], we have

m(t) =0, m(@t)<0 for0<t<t. (2.5)

Then it follows that Dim(t;) > 0.

Corollary 2.5. Let m € C([0,1],R) be locally Holder continuous with exponent s, < A < 1 such
that for any t; € (0, 1], we have

m(t1) =0, m()<0 for0<t<t. (2.6)

Then it follows that L(D)m(t,) > 0 provided a; <0, j=1,2,...,n—1.

Lemma 2.6. Let {u.(t)} be a family of continuous functions on [0,1], for each ¢ > 0, where
L(D)uc(t) = f(t,uc(t)), ue(0) = 0 and |f (¢, ue(t))| < M for 0 < t < 1. Then the family {ue(t)} is
equicontinuous on [0,1].

Proof. Since {u.(t)} is a family of continuous functions on [0, 1], there exists | > 0 such that
|lue(t)| <lfor0<t<1.

Let 6 < min{(Z/] el (sa—sj+1)/ (4l]a;))"/ ), (eI (s, +1)/ (4M))"/*}. For 0 < ; <
th<1,tph -t <6, weget

n-1 n-1
le(ta) = ue(t)] = | ST au(ts) — SIS ajut) + I f (t2, u(ta)) — I f (b, u(t))
j=1 jzl
n-1 t1 L "
B ]:1F(sn—s]) f (b =) = (=) ]u(s)ds

15}

nzlf(sn 5y ), T s s (fz — )" f(s,u(s))ds

T'(sn)



Abstract and Applied Analysis 5

tl
" T f — (b= )| f(s,u(s))ds

n-1 l a t
ZF(S| i|S ) [(tl B S)Snisjil B (tZ a S)Snisjil]ds
=1 n Ji

153

by
M
+ E t sisi~lgg 4 ty —s)*d
F(sn s]) (t2—s) s T(sn) )., (t2—s) 5

31

¥ % fo [t =) = (12 = 5)" "] s

nzl l|a]| <s,, s]_ Sp— s]>+nzl 21|a1| ( _tl)sn—s,-
ST(sn—sj+1) Sl(sn—sj+1)
M g 2M e
T ) iy )
v 2l 2M
< Il 2 A Sp———— R b
_gll"(sn—s,+1)(2 1) F(sn+1)(2 1)
2 2
(2.7)
Thus, {u.(t)} is equicontinuous on [0, 1]. O

Lemma 2.7 (see [16, Theorem 4.2]). Let f : [0,1] x R — R be continuous and Lipschitz with
respect to second variable with Lipschitz constant L. Let a; satisfy

L = gl

0< +
r(sn+1) =1 F(Sn—S]'+1)

<1 (2.8)

Then IVP (1.4) has a unique solution.
Lemma 2.8. Let v,w € C([0,1],R) be locally Holder continuous with exponent g < A <1, f €
C([0,1] x R,R) and

L(D)w > f(tw), L(D)v< f(tv), 0<t<l1 (2.9)

one of the nonstrict inequalities being strict. Then v(0) < w(0) implies v(t) <w(t), 0 <t < 1.

Proof. Suppose that v(t) < w(t), 0 <t < 1 is not true. We suppose the inequality L(D) >
f(t,w(t)). Letting m(t) = v(t) — w(t), there exists 0 < t; < 1 such that m(t) <0,0<t<t;, and
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m(t;) = 0. Then by Corollary 2.5, we can obtain L(D)m(t;) > 0. From the conditions and the
definition of m(t), we have

f(t,o(t)) 2 L(D)v(th) 2 L(D)w(t) > f(t, w(t)). (2.10)

This is a contradiction to v(t;) = w(t;). The proof is complete. O

Lemma 2.9. Assume that the conditions of Lemma 2.8 hold with nonstrict inequalities (2.3) and
(2.4). Furthermore, suppose that

flt,x) - f(t,y) < N(x-y), wherex>y, N>O0. (2.11)
Then v(0) < w(0) implies v(t) < w(t), 0 <t <1 provided N <1/T'(1-s,) - Z;’;ll a;j/T(1-sj).
Proof. Let w,(t) = w(t) + €. For small € > 0, we have
we(0) > w(0), we(t) >w(t), 0<t<1. (2.12)
Then, from (2.11) and (2.12) we get

L(D)w,(t) = L(D)w(t) + L(D)e

= f(t,wl(t I L
—f( rw( ))+€ r(l_sn)_].zlr(l—s])
[ fSn n-1 a]-t_sf ]
> f(t,we(t)) - Ne+e T(1-s,) - F(l—S-) (2.13)
| no =1 17 ]
[ 1 n-1 a] ]
> flbiwelt) =Ne+e| paos = Do
| no =l 17 ]

> f(t,we(t)), 0<t<1
Applying Lemma 2.8, we obtain v(t) < w,(t), 0 <t < 1. By the arbitrariness of € > 0, we can
conclude that v(t) < w(t). The proof is complete. O

Corollary 2.10. The function f(t,u) = o(t)u, where o(t) < N, is admissible in Lemma 2.9 to yield
() <0on0<t<1.

3. Main Results

In this section, we establish the existence and uniqueness criteria of solutions for initial value
problem (1.4).
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Theorem 3.1. Assume that f € C(Ry,R), where Ry = {(t,u) : 0 <t <1,|u(t)| < b} and |f(t,u)| <
M. Then IVP (1.4) possesses at least one solution u(t) on 0 < t < a, where a = min{1, (bI'(1 +
50)/ (2M))*, (S (s, = 57 +1)/ @lagl)) /).

Proof. Let uy(t) be a continuous function on [-6,0], 6 > 0, such that u(0) = 0, |ug(t)| < b and

IL(D)uo(t)] < M, where D uy(t), j = 1,2,...,n — 1 are the continuous fractional derivatives.
For 0 < € < 6, we define the function u.(t) = uy(t) on [-6,0] and

ue(t) = %ﬂ (t= )" (s, (s — € )ds+Zr( - s])f (t— 8)™ 5 u (s — e)ds
(3.1)

on [0,a;], where a; = min{e, a}. We observe that D%u.(t), j = 1,2,...,n exist for t € [0, a1]
and

1 ! _ o\sn—1 _ sp—sj—1 _
e (8)] Smfo (t=8)"""| f(s,ue(s e))|ds+zr( . s])J‘ (t-s) luc(s — €)|ds

t n-1
f (t—s)" 1ds+z | i f (t—s)" 5 ds
0 - 5))

<
~ I'(sn)

M = bla

— Sn tSn—S]'
I1(511"'1) 71 l"(sn—s,-+1)
..o blaj

=0 e EEE—
I'(s,+1) ].le"(sn—sj+1)

Sn—Sn-1

(3.2)

If &1 < a, we can employ (3.1) to extend u.(t) as a continuously fractional differentiable
function on [-6,az], @y = min{a,2e} such that u.(t) < b holds. Continuing this process, we
can define u.(t) over [-6,a] so that u.(t) < b; it has a continuous fractional derivative and
satisfies (3.1) on the same interval [-6, a]. Furthermore, [L(D)u.(t)| < M, since |f (¢, uc(t —
€))| < M on Ry. Therefore, from Lemma 2.6, the family {u.(t)} is an equicontinuous and
uniformly bounded function. An application of Ascoli-Arzela Theorem shows the existence
of a sequence {e,} such thate; > e > --- > €, — 0asn — oo, and u(t) = lim,, U, (t)
exists uniformly on [-6, a]. Due to f being uniformly continuous, we can obtain f(t, u,, (t -
€x)) which uniformly tends to f(t, u(t)), and u, (t — €,) uniformly tends to u(t) as n — oo.
Therefore, term by term, integration of (3.1) with € = ¢,,, a1 = a yields

1
u(t) = s Jo( —5)" ' f(s,u(s))ds +ZF( n s]) f (t - )" 9 u(s)ds. (3.3)

This proves that u(t) is a solution of IVP (1.4) and the proof is complete. O
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Theorem 3.2. Let v,w € C([0, 1], R) be lower and upper solutions of the IVP (1.4) which are locally

Holder continuous with exponent s, < A < 1 such that v(t) < w(t), t € [0,1] and f € C(Q,R),
where Q = {(t,u) : v(t) <u(t) <w(t),t € [0,1]}. Furthermore, suppose that

el 1/(Sn_sn—1)
ZF(Sn—S]'+1) > 1. (34)
2|aj -

j=1

Then there exists a solution u(t) of IVP (1.4) satisfying v(t) < u(t) < w(t) on [0,1].

Proof. For the need of proof, we define function p(t,u) : [0,1] xR — Ras
p(t,u) = max{ov(t), min{u, w(t)}}. (3.5)

Therefore, f(t,p(t,u)) defines a continuous extension of f to [0, 1] x R which is also bounded
because f is bounded on Q. Then by Theorems 3.1 and 3.2, we can obtain that the initial value
problem

L(D)u = f(t,p(t,u)), te(0,1],
u(0) =0,

(3.6)

has a solution on [0, 1].

Clearly, from the definition of function p(t, u), we know that if IVP (3.6) exits a solution
u(t) satisfying v(f) < u(t) < w(t) on [0,1], then u(t) is also a solution of IVP (1.4). In the
following, we will prove that the solution u(t) of IVP (3.6) satisfies v(t) < u(t) < w(t) on
[0,1].

For any e > 0, we consider

we(t) =w(t) +e, v(t) =v(t) — €. (3.7)

Then, we get

w:(0) = w(0) +¢, v:(0) =v(0) —e. (3.8)

Therefore, it follows that v.(0) < u(0) < w,(0). Next, we will show that v.(t) < u(t) < we(t),
t € [0,1]. Suppose that it is not true. Then there exists ¢; € (0, 1] such that

u(ty) =we(t1), ve(t) <u(t) <we(t), 0<t<t. (3.9)
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Therefore, u(t;) > w(t1), p(ti, u(t1)) = w(t) and v(t;) < p(t, u(t1)) < w(tr). Letting m(t) =
u(t) — we(t), we have m(t;) = 0 and m(t) < 0,0 <t < t;. Then from Corollary 2.5, we can
obtain L(D)m(t;) > 0 and

flt,w(t)) = f(t,p(t,w(t)))
= L(D)u(t1) > L(D)w(t1)
= L(D)w(t1) + L(D)e(t,)
(3.10)

_Sn n-1

£
ajty
r(l - j=1 r - S])

=L(D)w(t)) +¢€
>L(D)w(t) = f(t, w(t)),

which is a contradiction. The other case v¢(t) < u(t) can be proved similarly.
Hence, we get v¢(t) < u(t) < we(t) on [0,1]. Letting ¢ — 0, we obtain v(t) < u(t) <
w(t) on [0,1]. The proof is complete. O

Now, we will give the existence of maximal and minimal solutions of initial value
problem (1.4).

Theorem 3.3. Let f € C([0,1] x R,R), vy, wy be lower and upper solutions of (1.4) such that
vy < wy on [0, 1]. Furthermore, suppose that

flt,x)-f(t,y) >-N(x-vy), forvo<y<x<wy N>0, (3.11)
and a; satisfy

N ~ I G

0< +
[(sp+1) = [(sp—sj+1)

<1. (3.12)

Then there exist monotone sequences {v,} and {wy,} such that v, — p, w, — rasn — oo
uniformly on [0, 1], where p and r are minimal and maximal solutions of IVP (1.4), respectively.

Proof. For any n € C([0,1],R) satisfying vy < n < wy, we consider the following linear
fractional differential equation:

L(Dyu=f(t,n) - N(u-1n), te(0,1],
u(0) =0

(3.13)

Obviously, the right hand side of (3.13) satisfies the Lipschitz condition. From (3.11) and
Lemma 2.7, it is clear that for every 7], there exists a unique solution u of (3.13) on [0, 1].
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Define the operator T by T7 = u and use it to construct the sequences {v,}, {w, }. We need to
prove the following propositions hold:

(i) vo < Tvy, wo 2 Twy;

(ii) T is a monotone operator on the segment

(vo,wp) = {ueC([0,1],R) : vy < u < wp}. (3.14)

To prove (i), let Tvy = v1, where v; is the unique solution of (3.13) with 7 = v. Letting
p = vg — v1, we have

L(D)p = L(D)vy - L(D)v; < f(t,v0) - [f(t,0) — N(v1 — )] = -Np, 15)
p(0) = v9(0) - v1(0) < 0. '

By Corollary 2.10, we can obtain that p(t) < 0 on [0, 1], that is, vy < Tvy.

Similarly, we can get wy > Twy.

To prove (ii), let 171, 112 € (wo, wp) such that 1y < 11o. Assume that uy = Ty and up = T1p.
Setting p = u1 — up, then using the condition (3.11), we have

L(D)p = L(D)us - L(D)us = f(t,m1) = N(u1 —m1) = [f(t, 12) = N (u2 — 12)]
<-N(m -1m2) - N(u1-m) + N(uz - 1) =-Np, (3.16)
p(0) = u1(0) —u2(0) = 0.

From Corollary 2.10, we can obtain that p(¢) < 0 on [0, 1], which implies T#; < T1,. And (ii)
is proved.

Therefore, we can define the sequences v, = Tv,-1, w, = Tw,_1. From the previous
discussion, we can get

<< <o, <w, <---<wi; <wy on [0,1]. (3.17)

Clearly, the sequences {v,}, {w,} are uniformly bounded on [0,1]. From (3.13), we
have |L(D)vy|, |[L(D)w,| which are also uniformly bounded. By Lemma 2.6, we know that
{v,}, {w,} are equicontinuous on [0, 1]. Then applying Ascoli-Arzela Theorem, there exist
subsequences {vy, }, {w,,} that converge uniformly on [0,1]. From (3.17), we can see that
the entire sequences {v,}, {w,} converge uniformly and monotonically to p, r, respectively,
as n — oo. It is now easy to show that p, r are solutions of IVP (1.4) by the corresponding
Volterra fractional integral equation for (3.13).

In the following, we will prove that p and r are the minimal and maximal solutions
of IVP (1.4), respectively. We need to show that if u is any solution of IVP (1.4) satisfying
vo <u<wpon [0,1], thenwehave vy <p <u<r <wpon [0,1].
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We assume that for some n, v, < u < w, on [0, 1] and letting p = v,+1 — u, we have
L(D)p = L(D)vn+1 — L(D)u = f(t,vn) = N(vnr1 —vn) — f(t,u)
< —=N(vy —u) = N(vps1 —vn) = -Np, (3.18)

pP(0) = v5:1(0) —u(0) = 0,

which implies v,,,1 < u. Similarly, we have u < wj,.1 on [0, 1]. Since vy < u < wy on [0, 1], this
proves v, < u < w, for all n by induction. Letting n — oo, we conclude that p < u < r on
[0, 1] and the proof is complete. O

Theorem 3.4. Suppose that the conditions of Theorem 3.3 hold. In addition, we assume

f,x)-f(t,y) <N(x-y), v<y<x<wy, N>D0. (3.19)

Then p = r = u is the unique solution of IVP (1.4) provided N <1/I'(1 - s,) — 27:_11 a;j/T(1-sj).

Proof. We have proved p < r in Theorem 3.3, so we just need to prove p > r. Lettingp = r —p,
we get

L(D)p = f(t,r) - f(t,p) < Np,
p(0) = r(0) ~ p(0) = 0.

(3.20)

From Corollary 2.10, we obtain p < 0 on [0, 1], which implies p > r. Hence, p = r = u is the
unique solution of IVP (1.4). O

4. Examples
In this paper, we will present an example to illustrate the main results.

Example 4.1. Consider the initial value problem of fractional differential equation

08 06 u2t0.2 ut0.4
DY 0.4D%¢ = - , te(0,1],
u "= 10r02) ~ 2r(0.4) (01] 4.1)

u(0) =0.

Choose w = 5, v = -5; then we can obtain

2t0.2 wt0.4
DO.S 0.4D0'6 > w _ ,
wT “Z10r02)  2r(0.4)
4.2)

2t0'2 ,UtO.4
D8y + 0.4D%p < —2 - .
o = 10102) ~ 21(04)
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That is, v and w are the lower and upper solutions of initial value problem (4.1). Furthermore,
v and w are locally continuous with exponent 1 > 1 > 0.8.
Since

T(08— 0.6+ 1)\ /(0806
(%) ~1.9914> 1, (43)

then by Theorem 3.2, there exists a solution u(t) of initial value problem (4.1) satisfying -5 <
u(t) <5.

Next, we will prove the existence of maximal and minimal solutions for initial value
problem (4.1) by using Theorem 3.3.

Let vg = -5 and wy = 5 be lower and upper solutions of (4.1). Furthermore, for any
-5 <y <x <5 wehave

i 2402 (04 Y2102 Y04

F&x) = f(LY) = 5r02) ~ 2T 04) ~ 10702 2r(04)
t0'2 t0.4

= Tora) * Y EY) oo

(x-y) (4.4)

N PR
=Tor04) VY
Then let N = 1/2I'(0.4) = 0.2254. We get

N 1-0.4]

0 ~0.6777 < 1. 4
<T08+1) TO8-06+1) - 6777 <1 (45)

Thus, from Theorem 3.3, there exist monotone sequences {v,} and {w,} such that v, — p,
w, — rasn — oo uniformly on [0,1], where p and r are minimal and maximal solutions of
initial value problem (4.1), respectively.

In addition,

) x2402 04 Y2192 yt*4
f&) = f(tY) = {or02) ~ 2T 04 ~ 10502 * 2r(04)
to‘z t0‘4
= Torz) F V) ~ s K Y)
10 ~ (4.6)
< m (x y)
< N(x - y)l
0<N<——" 04 0308,

r(1-08) I(1-0.6)

Hence, by Theorem 3.4, initial value problem (4.1) has a unique solution.
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5. Conclusion

In this paper, we considered the initial value problem of nonlinear fractional differential equa-
tion

L(D)u=f(t,u), te(01],
u(0) = 0.

(5.1)

The basic theory of differential equation, the method of upper and lower solutions, and
monotone iterative technique have been applied for the existence and uniqueness of solutions
of the initial value problem. And several results were obtained. Besides, we studied the
existence of minimal and maximal solutions. In Section 4, we also give an example to illustrate
our results.
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